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Abstract

In this project, we combine a dark matter minimal model with a stochastic back-
ground of gravitational waves to investigate if it is possible to link a GW signal with
dark matter production mechanisms. We use a simplified minimal model to describe
dark matter where we expand the Standard Model with four new particles and a
new gauge U(1)D symmetry. The two relevant mechanisms to dark matter in the
early Universe, UV and IR Freeze-In, are given by one operator which changes dur-
ing the cosmological evolution when the new gauge symmetry spontaneously breaks
and one particle in the operator takes a non-zero vacuum expectation value. If this is
a first order phase transition, i.e. if there is a barrier between the true and false vac-
uum, this can lead to a stochastic background of gravitational waves. In such a phase
transition, the field must tunnel from the false to the true vacuum thereby creating
nucleation bubbles. These bubbles expand in the plasma and create sound waves in
it that lead to the stochastic background. That background could possibly be seen in
interferometers such as LISA, BBO and the Einstein Telescope. In the framework of
the minimal model, it is investigated if the peak frequency of the GW signal can iden-
tify the type of dark matter production mechanism in the early Universe. This will
provide a concrete example of the connection between dark matter Freeze-In models
and gravitational wave signatures.
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This master’s thesis came about during the period in which higher education was subjected to
a lockdown and protective measures to prevent the spread of the COVID-19 virus. The process
of formatting, data collection, the research method and/or other scientific work the thesis involved
could therefore not always be carried out in the usual manner. The reader should bear this context
in mind when reading this master’s thesis, and also in the event that some conclusions are taken
on board.
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1 Introduction

This thesis combines two of the most examined topics currently in the world of high-
energy physics, namely dark matter and gravitational waves. In particular the main
investigation of this thesis will be examining the properties and parameters of a minimal
dark matter model and trying to link them to a gravitational wave signal coming from
a stochastic background of gravitational waves. Such a background will be created by
a first-order phase transition that might be observed in upcoming interferometer experi-
ments like LISA and the Einstein Telescope.

Dark matter is an unknown form of matter that does not interact via the electro-
magnetic force. Its existence has been confirmed by multiple independent observations.
There are multiple ways to describe dark matter, some models use fundamental particles
while other models hypothesise dark matter as primordial black holes or other massive
objects. In this thesis, a simplified minimal dark matter model is used expanding the
Standard Model with four new particles and a new U(1) gauge symmetry. When consid-
ering the particle models of dark matter, there exist multiple production paradigms that
generate dark matter in the Early Universe. The most researched production regimes for
dark matter as fundamental particles are Freeze-Out and Freeze-In production.

In section 2, after a short summary of some important cosmological parameters, we
give an overview of the evidence for dark matter, what it could be and what are the
relevant Early Universe production mechanisms.

In section 3 and 4, the original investigations of this thesis regarding dark matter
production and phenomenology are developed. In section 3, the original dark matter
minimal model is introduced which is the one that will be studied for the rest of this
thesis. The relevant particles, interactions and parameters of the minimal model are also
discussed in this section. For this particular model, two production mechanisms, called
UV Freeze-In and IR Freeze-In, will contribute to the dark matter abundance during the
cosmological evolution of the Universe. It is possible to describe both production mech-
anisms using only one operator in the presence of a symmetry that is spontaneously
broken by a scalar field that takes a non-vanishing vacuum expectation value. The scale
at which this happens is important for the generation of the gravitational wave signal as
discussed later on.

In section 4, both dark matter production mechanisms are discussed in detail. The
dark matter yield and relic abundance are calculated for different scenarios. There will be
an analysis of the yield for different values of parameters in the model leading to various
dominating production mechanisms. Depending on the parameters, in one regime, the
UV production will be dominant, while in another region of parameter space, the IR
production will be dominant. A third possibility is that there is a mixed contribution
and that neither production regime is dominating over the other. We will also scan the
different parameters to find the regions in the parameter space where the correct relic
abundance as observed by Planck, Ωh2 = 0.12, is recovered. Within this parameter space,
we also point to the regions where the different mechanisms dominate the dark matter
production.

The next part of the investigation starts with discussing gravitational waves or GW,
especially those coming from a stochastic background, or SBGW for short, as a result
of a first-order phase transition. Phase transitions happen all the time in our life, one
of the most simplest examples is boiling water. However, a phase transition can also
have a more exotic source. In the case of the thesis, the phase transition will come from
the aforementioned spontaneous symmetry breaking of the new gauge symmetry, i.e.
the changing from one vacuum, the false one, to a true vacuum. To describe this phe-
nomenon, we introduce the finite temperature effective potential, which adds one-loop
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and thermal corrections to the tree-level potential. There exist two types of phase tran-
sitions, a first-order phase transition or FOPT and a second-order one. The difference
between the two is that in a second-order phase transition, one can just roll smoothly
from the false to the true vacuum. In a first-order phase transition, one needs to tunnel
between these two vacua. It is the latter process that will be of interest in this thesis since
this will result in the creation of gravitational waves. The process of tunneling will create
nucleation bubbles in the Early Universe in which the field has tunneled to the true vac-
uum of the potential. These bubbles, by releasing energy into the plasma around them,
can create sound waves in this plasma. These sound waves will then be responsible for
the generation of gravitational waves.

In Section 5, we will give a short introduction to gravitational waves as well as intro-
ducing the concept of a stochastic background of gravitational waves. After going over
the possible sources for such a stochastic background and how to quantify the sensitivity
of an interferometer experiment, we will investigate the intricacies of the finite temper-
ature effective potential for a scalar field and also show an example for the Standard
Model.

In subsection 5.5, we discuss in detail the difference between a second-order and a
first-order phase transition illustrated by a simple toy model for both cases. After that,
we examine the tunneling process from the false vacuum to the true vacuum first at
zero temperature and after that at finite temperature. Here, the concept of the bounce
action will be introduced. The bounce action will lead us to the nucleation condition
which helps us in computing the nucleation temperature, the characteristic temperature
at which the first-order phase transition happens.

In subsection 5.6, we will introduce the GW spectrum and how to compute it for a
first-order phase transition as well as give an overview of the possible sources of a GW
spectrum coming from the FOPT. There will be a focus on sound waves generated in the
plasma surrounding these bubbles, since this is the relevant production mechanism for a
GW signal in the thesis.

Section 6 contains the original investigations for the dark matter minimal model in-
troduced in section 3 regarding the SBGW where we will use the relevant concepts and
parameters from section 5 to study the phase transition. However, this study depends on
the scale of the problem. Three scales will be chosen corresponding to three possible sce-
narios for dark matter production, a UV Freeze-In dominated production, IR Freeze-In
dominated production and a mixed Freeze-In dark matter production. For each of these
scales, a benchmark will be chosen for which the GW spectrum will be computed. In this
section, we will also explore the parameter space of the model by examining the proper-
ties of the GW spectrum parameters for a varying gauge coupling of the new gauge U(1)
symmetry.

Until now, everything has been computed numerically, however in section 6.2, a pos-
sible semi-analytical approach to the story of the effective potential and the phase tran-
sition is investigated. There, we perform a high T expansion for the thermal part of the
effective potential and do a comparison with the full computations for the potential. The
high T expansion will be useful to explain when a phase transition is first-order depend-
ing on the parameters of the dark matter minimal model.

As a conclusion to the thesis, in section 6.3, there will be a short study of the possible
detectability of the GW spectra coming from the first-order phase transitions in the dark
matter minimal model whereby the spectra will be compared to the sensitivity curves of
experiments. We will find that the GW signal corresponding to the different production
mechanisms, UV, IR or mixed Freeze-In contribution, will peak at different frequencies
and therefore potentially detectable at different interferometers. This will provide, in a
minimal model, an example of an interplay between the dark matter dynamics in the
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Early Universe and the expected properties of a corresponding SBGW signature.
In this thesis, natural units are used. That means that

c = kb = ~ = 1. (1.1)
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2 Dark Matter

In this section, a small introduction to dark matter physics is given, including existing
evidence for dark matter, and basic aspects of the dark matter dynamics in the Early
Universe. First of all, some useful parameters, definitions and background information
about cosmology will be given. After a small summary of the energy distribution of the
Universe, there will be an overview of the experimental evidence of dark matter in section
2.2. One may also wonder what the possible options are that can explain the nature of
dark matter, these can be found in section 2.3. As a last part of the intricate dark matter
puzzle, we examine how dark matter is produced during the cosmological evolution of
the Universe. The production mechanisms of dark matter are investigated in section 2.4.

2.1 Short Introduction to Cosmological Parameters

To begin this introductory section to dark matter, some useful cosmological parameters
and definitions will be given which will be important for the calculations and analysis
performed in the thesis.

The number density n The evolution of particles can be followed when considering
the number density n of such a particle. It is defined as the number of particles N in
a certain volume V, n = N/V . The number density is useful, because the amount of
particles does not change by itself. Interactions with other particles however can change
the amount of particles and the number density. When the particles are present in an
expanding Universe their number density decreases even if N stays the same, because
V ∼ a3 increases, with a the scale factor of the Universe which quantifies the expansion
of the Universe.

One may ask then when the amount of particles does not change in the Universe. This
happens when the particle is in thermal equilibrium meaning that interactions happen in
such a way that N is constant. This process is quantified by the equilibrium number
density nEQ defined as

nEQ = g

∫
d3p

(2π)3
e−m/T , (2.1)

where m is the mass of the particle in equilibrium, T is the temperature of the Universe
and g is the degeneracy or the degrees of freedom of the particle. The equilibrium density
has two asymptotic states as a function of T

= g

(
mT

2π

)3/2

e−m/T if m� T ,

= g
T 3

π2
if m� T.

(2.2)

If a particle is in thermal equilibrium, its number density is equal to the equilibrium num-
ber density. In the limit m � T , if the particle stays in thermal equilibrium, it becomes
Boltzmann suppressed.

The Friedmann equations One can derive the Friedmann equations from the Einstein
equations using the Friedmann-Lemaître-Robertson-Walker metric for an expanding Uni-
verse [1]. These equations relate the scale factor to the energy-momentum density of the
Universe. The first Friedmann equation is given by [1]

H2 =
8πG

3
ρ− k

a2
, (2.3)
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where the Hubble parameter is defined as H = ȧ/a, ȧ = da/dt, G is Newton’s gravita-
tional constant and k represents the curvature of the Universe. The second Friedmann
equation is [1]

ä

a
= −4πG

3
(ρ+ 3p) , (2.4)

where p is the pressure and ä = d2a/d2t. The energy density in this case is a combination
of all the different energy-matter contributions present in the Universe

ρ = ρR + ρm + ρk + ρΛ , (2.5)

where ρR is the radiation contribution, ρm is the matter contribution consisting of bary-
onic matter and dark matter, ρk is the curvature contribution and at last, there is the dark
energy contribution ρΛ. In the cosmological evolution of the Universe, the dominant con-
tribution to the energy density changes from radiation, which dominates after inflation,
to matter and eventually to dark energy. In this thesis, all important events happen at a
time where the Universe is radiation dominated. When the Universe is radiation domi-
nated, the energy density is given by

ρR(T ) =
π2gρ∗
30

T 4 , (2.6)

with gρ∗ the effective number of degrees of freedom for the energy density. If the Universe
is flat and has no curvature, k = 0, then the Hubble parameter in a radiation dominated
Universe becomes

H(T ) =

√
8πGρR(T )

3
=

1.66
√
gρ∗T 2

MPl
, (2.7)

where the Planck Mass is MPl =
√

1
8πG = 2.435× 1018 GeV.

Temperature of reheating Tre The Universe can go through multiple stages in its evo-
lution. One is the aforementioned radiation dominated stage. Before that stage, the Uni-
verse is dominated by the inflaton during the inflation phase of the Universe [2]. Not
much is known about this phase of the Universe yet. However, the precise dynamics of
inflation are not so relevant to the work done here and hence are not discussed. The infla-
tion phase of the Universe comes to an end when the inflaton decays into the particles of
the Universe thereby starting the process of reheating [3]. In this thesis, it is assumed that
reheating takes place at one specific moment in time, i.e. at a fixed temperature called
the temperature of reheating Tre. It is possible to introduce more complex procedures of
reheating spanning multiple moments in the cosmological evolution. However, this is
beyond the scope of this thesis and will also not have a significant impact on the results.
After reheating, the Universe will be radiation dominated for all moments relevant to the
subject of this thesis.

The expansion rateH0 The Hubble constantH0 gives information about the current ex-
pansion rate of the Universe. Disregarding the current discrepancy between the different
measurements of this constant one can define

H0 = 100 h km s−1 Mpc−1 , (2.8)

where h encapsulates the result of the measurement. In this thesis the Planck results
are followed, hence h ∼ 0.67 [4]. The smaller the value of h, the slower the Universe is
expanding.
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Yield Y Due to the expansion of the Universe, the number density n = N/V will drop
even if the amount of particlesN stays the same. Therefore it is useful to define a quantity
that is not affected by this expansion. Starting from the number density of dark matter, it
is possible to define the comoving number density or yield Y = n/S, where

S =
2π2

45
gS∗ T

3 (2.9)

is the entropy and gS∗ is the effective number of degrees of freedom for the entropy. The
yield stays the same even for an expanding Universe if the amount of particles N does
not change.

Density parameter Ω This parameter specifies the density of a certain component, which
could be any energy or matter distribution, in the Universe. It is defined as

Ω =
ρ

ρc
, (2.10)

where
ρc = 3H(t)2/8πG , (2.11)

is the critical density, defined as the density for an Universe which is flat, or in other
words where the curvature k is zero, see Eq.(2.3). The density parameter is a function of
time and the present value of the parameter is denoted as Ω0.

One can rewrite the first Friedmann equation using the density parameter as

Ω− 1 =
k

H2a2
, (2.12)

where the concept of the critical density becomes clearer since it is that density where Ω =
1. It is possible to find an equation for the relic abundance for dark matter χ as a function
of the final yield

Ωχh
2 =

16π3G

135ε2
gS T

3
0mχY

∞
χ = 0.14

mχ

1GeV

gS
100

Y∞χ
2× 10−11

, (2.13)

where Y∞χ can come from any of the dark matter production mechanisms, T0 = 2.725K
is the current temperature of the Universe, mχ is the mass of the dark matter particle and
ε = 2.131× 10−42 GeV.

Figure 2.1: The energy-matter distribution of the Universe. The highlighted part repre-
sents the dark matter density consisting of 27 % of the complete energy-matter distribu-
tion of the Universe [5].
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It is observed that the Universe consists of around 69% dark energy, 4% visible matter and
27% dark matter [5], as shown in the pie chart in Figure 2.1. This experimental knowledge
of dark matter comes from observations of the CMB by WMAP [6] and more recently by
Planck [7]. These experiments give a constraint for the dark matter relic abundance Ωχh

2

= 0.12, which has to be accounted for when building dark matter models.
This project will not talk about the intricate mysteries of dark energy or about the

well-known world of baryonic matter. The interests of this thesis lay in the discussion
of dark matter and its properties. In the next section, we will give a short summary of
the evidence around us in the Universe for this hypothetical form of matter. It seems to
only interact gravitationally with other particles. Possibly, it could also interact via an
unknown dark force. After that, we will look at what this dark matter can be and the
possible proposed production mechanisms in the Early Universe for it.

2.2 Evidence for Dark Matter

The main evidence for dark matter comes from observing the Universe, both in and out-
side the Milky Way. Dark matter does not interact via the electromagnetic force and only
seems to interact with the Standard Model or SM via the gravitational force or other
unknown dark forces. It is seen as a hidden, meaning not visible, kind of matter. By ob-
serving motion in space, ranging from stars to galaxies, it is possible to find evidence for
the existence of dark matter by calculating the expected gravitational forces only consid-
ering the visible matter. If these calculations do not agree with the observations of these
motions, it is possible to attribute the discrepancy to the presence of dark matter. We will
list some of the evidence in this section [8].

Rotation velocity curve One of the most famous examples of evidence for dark matter
are the rotation velocity curves of galaxies. These curves show the velocity of matter
rotating in a spiral disk as a function of the radius from the center of the galaxy in which
they are rotating. To compute such a curve, the laws of Newton can be used. Take a
galaxy with a mass M(R) within the radius R, then the balance between the centrifugal
force and the gravitational force demands that the velocity of a moving object at a radius
R obeys

v2

R
=
GM(R)

R2
, (2.14)

or

v =

√
GM(R)

R
. (2.15)

At large distances, when all the visible mass is enclosed in the radius R, the velocity
should drop off via v ∼

√
1/R. However, when the velocity is measured at these larger

distances, this specific behaviour is not found as shown in Figure 2.2. It is observed
that the velocity stays rather constant at larger distances. This is only possible if there is
additional dark mass at the outer regions of the galaxy which cannot be observed directly.
This extra mass would lead to an extra gravitational effect on the rotation velocity curves
making them constant. Therefore, these galaxy rotation curves are one indication for the
existence of dark matter.

The hot gas in galaxy clusters The gas in a cluster is heated by falling into the gravita-
tional well of the cluster. However, the self-gravity of the gas does not produce enough
attraction to counteract the outgoing pressure due to the high temperature of the gas,
thereby leading to the conclusion that the gas should not fall into the cluster.
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Figure 2.2: The observed rotation velocity curve from the spiral galaxy NGC3198 is
shown together with a possible dark matter halo profile and the disk profile where mostly
visible matter resides. As stated in the text, it is seen in the figure that the velocity stays
rather constant at higher radii outside the visible part of the galaxy. This is not in accor-
dance with the observed amount of visible matter in this galaxy and therefore implies the
existence of extra, dark matter distributed in a halo profile. Figure taken from [9].

However, we can observe that it does. Hence, this can be seen as another indication for
the existence of dark matter, because the dark matter would create an additional gravita-
tional effect pulling the gas towards the center of the cluster [10].

Gravitational lensing Gravitational lensing happens when a massive object present in
space bends the light coming from behind it. This happens because the curvature of
space near a mass deflects these passing rays of lights. The bending will give a deformed
image of the light when observed on Earth. The amount of deformation depends on the
mass of the massive object, therefore it is possible to determine the mass of the object. It
seems like the light is bent more than we would expect when only looking at the amount
of visible matter, hence this is also an indication for the existence of dark matter [11].

Bullet Cluster The Bullet Cluster is the result of the collision of two smaller clusters.
In theory, since dark matter does not interact electromagnetically, it should flow further
through the other cluster without any friction, while the visible sector should feel friction
and it cannot flow as far as dark matter. Hence, there will be a slight difference in the
distribution of the two masses in the Bullet Cluster. The baryonic matter will be concen-
trated more in the center, while dark matter would be more present in the outer layers.
This is confirmed by using observations of gravitational lensing [12].
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CMB The CMB or Cosmic Microwave Background radiation is a relic of the Early Uni-
verse. The CMB came to life when recombination happened in the Early Universe and
photons were allowed to travel freely because there are no longer hindered by inter-
actions with electrons which have bonded with protons to form hydrogen atoms. It is
a stochastic background of radiation with a spectrum of small temperature anisotropies.
The power spectrum of these anisotropies is the best known observable of the CMB. From
this power spectrum, it is possible to get information about the amount of dark matter in
the Universe.

Figure 2.3: This plot shows the results of the Planck 2018 data. We only focus on the
first plot, which shows the power spectrum for the CMB. In the plot, the peaks of the
spectrum mentioned in the text are clearly visible. It is then when examining the relative
and absolute value of these peaks that it is possible to deduce information about dark
matter. Figure taken from [13].

We give the results of the Planck Collaboration in Figure 2.3 [13]. We will not go into the
details of the peaks in the power spectrum from the CMB that give information about the
abundance of dark matter. One only needs to know that the relative and absolute height
of the peaks cannot be explained without the presence of dark matter.

2.3 What can Dark Matter be?

Dark matter is responsible for about a fourth of the energy-mass distribution of the Uni-
verse. Hence it is important to investigate and find ideas to explain its presence. The
possible explanations of dark matter can roughly be put into two main classes: a (new)
particle or some compact object [8]. A suitable particle candidate for dark matter should
be electromagnetically neutral, stable and cannot decay, as it would otherwise not be
present anymore.
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Already known particles The only possibility in the group of Standard Model particles
are neutrinos. Other particles interact via the electromagnetic force such that they can
be observed and are almost by definition not dark or are not stable. The neutrino on the
contrary is almost massless and interacts very weakly with other particles. However, the
SM neutrinos are hot dark matter and also too light to account for all the dark matter in
the Universe. Hot dark matter refers to particles, such as neutrinos, which are travelling
at relativistic velocities. This has an effect on the structure formation in the Universe [14].
If dark matter would be mostly hot, the structures of the Universe would be different.
Results have given constraints on the mass of such hot dark matter where it is required
thatmχ > 0.5 keV [15]. Therefore neutrinos are excluded, because their mass is too small,
for example there is a bound on the mass of the electron anti-neutrino of mν̄e < 0.8 eV
[16].

Unknown elementary particles It is possible to introduce one or more particles and
add them to the SM to account for dark matter. One example is adding a sterile neutrino
[17] or an axion [18]. Another example is looking at supersymmetry and taking the light-
est possible supersymmetric particle, the neutralino, as a possible candidate for the dark
matter particle.

Compact Objects Possible compact objects are for example Primordial Black Holes
which are formed in the Early Universe. They could account for all the dark matter, but
are not yet discovered. Another example are so called MACHO’s or MAssive Compact
Halo Objects. They are proposed to be objects like for example brown dwarfs. However
it seems that they cannot account for all the dark matter in the Universe [19].

2.4 Dark Matter production mechanisms

In this section, we will talk about the two leading production mechanisms for dark matter
particles during the Early Universe. These are the Freeze-Out and the Freeze-In produc-
tion mechanisms. The Freeze-Out mechanism involves couplings and interactions whose
strength is comparable to the weak interaction of the Standard Model. Particles that un-
dergo this mechanism are WIMPs or Weakly Interacting Massive Particles. However,
this kind of production mechanism is falling slightly out of favour due to experimental
constraints even though it has not been completely ruled out yet [20, 21]. Instead, in the
Freeze-In case the couplings and interactions have a very weak or feeble strength, much
smaller than in the Freeze-Out mechanism. The particles that experience the Freeze-In
mechanism are FIMPs or Feebly Interacting Massive Particles. The Freeze-In production
will be the main focus of the thesis, but it will not hurt to compare these two mechanisms
and explain the differences between them [22, 23].

2.4.1 Freeze-Out

The concept for Freeze-Out production of dark matter is as follows [24]. In the Early
Universe, right after inflation ends and the Universe is reheated, it is assumed that there
is an existing abundance of dark matter. This abundance is in thermal equilibrium with
the thermal bath. The thermal bath fills the very Early Universe and consists of a plasma
of particles interacting at a constant temperature. To be part of the thermal bath, the
dark matter needs to be able to interact with the SM particles via some force mediated
by another possibly new particle, an example of such an interaction is shown in Figure
2.4. Dark matter particles that undergo the Freeze-Out mechanism are called Weakly
Interacting Massive Particles or WIMPs.
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The strength of interactions in the thermal bath is very high such that the density of
the particles in the bath is consistent with the equilibrium density. A particle is in thermal
equilibrium with the bath as long as the interaction rate Γ is higher than the expansion
rate H of the Universe meaning that the interactions that keep the particle in equilibrium
are happening faster than the expansion of the Universe.

Figure 2.4: An example of a possible Feynman diagram for the Freeze-Out mechanism.
It is a two-by-two scattering process. The dark matter particle is represented by χ, the
mediator which might be a new particle as ˜̀and the resulting leptons are given by `.

The Universe expands faster and faster throughout time making it more difficult for dark
matter to stay in thermal equilibrium with the bath. At some point H > Γ and the in-
teraction will not happen anymore fast enough to make sure that the number density of
dark matter follows the equilibrium density. This process is called Freeze-Out, since the
dark matter will be frozen-out away from the equilibrium density. Once the particle is
frozen-out, its yield stays the same for the rest of the evolution of the Universe if it is a
stable particle, which is required for a dark matter particle.

By investigating the Boltzmann equation, see appendix A.1 for more details, it is pos-
sible to calculate the number density of dark matter for the Freeze-Out production mech-
anism

a−3d(nχa
3)

dt
= 〈σv〉

((
nEQχ

)2 − n2
χ

)
, (2.16)

where we have the scale factor of the Universe a, nχ is the number density of the dark
matter, 〈σv〉 is the thermally averaged cross section as defined in Eq.(A.9) and nEQχ is the
equilibrium density for dark matter.

This can be rewritten in terms of the yield Y = nχ/S

dY

dT
= −S(T )

〈σv〉
H(T )T

(
Y 2
EQ − Y 2

)
, (2.17)

where S(T ) is the entropy, YEQ is the equilibrium yield and T is introduced as the new
time variable via Ṫ ∼ −HT . This equation also shows more clearly the interplay between
the interaction rate Γ ∼ n 〈σv〉 and the expansion rate H , since they appear as a ratio.

To get the correct relic abundance for dark matter, the coupling of the interaction in
the Freeze-Out case should be approximately 0.5, depending on the mass of the dark
matter. This will be different in the Freeze-In case. If mχ ∼ 100 GeV and an interac-
tion cross section around the order of magnitude of that of the electroweak interaction
is taken, then the WIMP miracle is recovered. This miracle is the interesting result that
the correct relic abundance is achieved when considering the cross section of a weakly
interacting particle with a mass around the same order of magnitude of already known
heavy particles such as the W boson. The relic abundance in this case would be [25]

Ωh2 = 0.3
(xf

10

)( gS
100

)1/2 10−39 cm2

〈σv〉
, (2.18)
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where 10−39 cm2 is a typical cross section for a weak interaction and xf = mχ/Tf is the
moment of freeze-out. This shows explicitly the WIMP miracle where the correct relic
abundance, around Ωh2 =0.12 is recovered for a WIMP particle. Since Freeze-Out is not
the focus of this thesis, more details of the paradigm will not be investigated in this case.

2.4.2 IR Freeze-In

The second possible production mechanism for dark matter particles in the Early Uni-
verse is the Freeze-In paradigm. Contrary to Freeze-Out, the dark matter particle in
Freeze-In is always out of thermal equilibrium with the thermal bath. In other words,
in the Freeze-In regime the coupling of dark matter to the thermal bath is assumed to
be so feeble that dark matter is thermally decoupled. In this scenario, the dark matter is
created by the decay of another particle which is called the mediator that is in thermal
equilibrium with the bath particles. This mediator can be a Standard Model particle or
it could also be a new particle. A second fundamental part of the Freeze-In paradigm is
that we assume that there is no dark matter coming from the inflaton decay, so that the
dark matter abundance right after reheating is approximately zero. Dark matter will all
be created by the decay of the mediator.

The mediator will decay into the dark matter particle and some other (SM) particle(s).
In the Freeze-In production regime, the coupling of the interaction must be a lot smaller
than in the Freeze-Out regime to get the correct relic abundance. The coupling here will
be of the order of magnitude 10−11, hence the coupling strength is feeble. If the coupling
would be higher, then the dark matter would come into thermal equilibrium with the
bath and therefore we would be back in the Freeze-Out case. In the common Freeze-
In case, the decay of the mediator is described by the following operator and relevant
process

L ⊃ λ B1B2 χ =⇒ B1 → B2 χ , (2.19)

where λ ∼ 10−11 is the small coupling, B1 is the mediator which is a bath particle, B2 is
another bath particle and χ is the dark matter particle. These bath particles are assumed
to be in thermal equilibrium and therefore are Maxwell-Boltzmann distributed, meaning
that the phase space distribution functions of these particles are given by fi ≈ e−Ei/T . In
the Freeze-In regime, the small coupling is assumed to exist. In this thesis, we will try to
come forth with a physics explanation for the smallness of the coupling.

The dark matter particles are created steadily as long as the mediator is abundantly
present. The number density of the mediator will eventually be negligible compared
to the dark matter density due to Boltzmann suppression and there will be no longer
a significant contribution to the dark matter density coming from this decay. The dark
matter yield will stay constant from that point on. Most of the dark matter in the Freeze-
In regime will be produced at T ∼ mB1 , hence at lower temperatures, thereby coining the
name IR Freeze-In production.

We can examine the (simplified) Boltzmann equation for the decay process in Eq.(2.19)

(2.20)ṅχ + 3Hnχ = gB1

∫
d3pB1

(2π)32EB1

ΓB1fB1

γB1

,

with gB1 the degrees of freedom of particle B1, γB1 = EB1/mB1 , where EB1 is the energy
of the mediator and mB1 is its mass. The decay rate ΓB1 corresponds to the decay from
Eq.(2.19). The Boltzmann equation can then be rewritten into

ṅχ + 3Hnχ = a−3d(nχa
3)

dt
= gB1ΓB1

〈
1

γB1

〉
nEQB1

, (2.21)
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where 〈
1

γB1

〉
=

∫ d3p
(2π)32EB1

fB1
1
γB1∫ d3p

(2π)3
fEQB1

=

∫ d3p
(2π)32EB1

fB1
1
γB1

nEQB1

(2.22)

is the thermally averaged Lorentz factor and

nEQB1
=

∫
d3p

(2π)3
fEQB1

, (2.23)

is the equilibrium number density. It is possible to take Γ and 〈1/γB1〉 together to define
the thermally averaged decay rate in analogy to the thermally averaged cross section.

Again investigating Eq.(2.21), it is seen that it is analogous to Eq.(2.16). On the left
side, there is the time derivative of the number density, while the right hand side of the
equation consists of a thermally averaged object and the equilibrium number density. In
the Freeze-Out case, we are looking at a scattering process therefore it is the thermally
averaged cross section that is important, while in the Freeze-In, a decay is investigated,
therefore the thermally averaged decay rate is important. It can be computed that this
particular Boltzmann equation leads to the following yield Y = nχ/S for dark matter

Y IR
∞ =

135 gB1 MPl

8π3(1.66)gS∗
√
gρ∗

(
ΓB1

m2
B1

)
, (2.24)

To derive this yield, the integral over momentum space is converted to one over energy
and then carried out

ṅχ + 3nχH = gB1

∫
d3pB1

(2π)3

fB1ΓB1

γB1

,

= gB1

∫ ∞
mB1

dEB1

mB1ΓB1

2π2

(
E2
B1
−m2

B1

)1/2
e−EB1

/T ,

=
gB1m

2
B1

ΓB1

2π2
TK1 (mB1/T ) ,

where K1 is the first modified Bessel function of the second kind. Again changing the
number density to the yield Y = nχ/S and changing the integration variable twice, once
from t to T via Ṫ ≈ −HT

YIR ≈
∫ Tmax

Tmin

gB1m
2
B1

ΓB1

2π2

K1 (mB1/T )

SH
dT, (2.25)

then another time from T to x = mB1/T

YIR ≈
45

(1.66)4π4

gB1MPlΓB1

m2
B1
gS∗
√
gρ∗

∫ xmax

xmin

K1(x)x3dx , (2.26)

where we filled in S, see Eq.(2.9), and H , see Eq.(2.7). The integral over x can be analyt-
ically performed using the bounds xmin = 0 and xmax = ∞. The result is 3π/2, leading
to Eq.(2.24). These boundaries are approximations from the real boundaries, however
one can only find an analytical expression for the yield if these boundaries are chosen.
This is not an out of nowhere approximation, since xmax = mB1/T0 is anyway close to
∞ because T0 is close to zero. The other boundary of the integral is also an approxima-
tion. However since it is assumed that Tmin � mB1 , this is reasonable, if one takes into
account that most IR Freeze-In dark matter production happens at T ∼ mB1 .
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In Figure 2.5, there is a comparison given between the evolution of the yields in the
Freeze-In and Freeze-Out case. In the beginning, the Freeze-Out yield follows the equi-
librium density, since the dark matter is in thermal equilibrium until the dark matter is
frozen-out. From that moment on, the yield stays constant. One can examine Eq.(2.17) to
get an idea why this happens. There we see the interplay between the ratio of the inter-
action rate 〈σv〉n and the Hubble rate H and the difference between Y 2 and Y 2

EQ. If the
ratio of the rates is large as it is at high temperature, then Yχ will want to keep close to
YEQ, hence the Freeze-Out yield follows the equilibrium density. At a certain point, the
ratio of the rates will become smaller when the temperature decreases and the interaction
rate cannot keep up with the expansion rate of the Universe anymore. From then on, Y
will go away from YEQ and the dark matter will freeze-out.

There are three coloured full lines in the Freeze-Out case. These lines represent a dif-
ferent coupling strength. The direction of the arrow indicates an increasing coupling. A
bigger coupling strength in the Freeze-Out case results in a bigger thermally averaged
cross section, hence the interaction rate can keep up longer with the expansion rate. That
means the moment of Freeze-Out will happen later and the yield will follow the equilib-
rium density longer, such that the final density is lower as indicated in the plot by the
arrow.

Figure 2.5: A comparison between the yield as a function of x = m˜̀/T for the Freeze-
Out case is plotted here, shown as a full line, and the Freeze-In case, shown as a dotted
line. The different colours account for different coupling strengths. The arrows show
increasing values of the coupling for both cases. As seen these arrows are in an opposite
direction to each other, indicating a different effect on the yield for the different proce-
dures if the coupling changes.

In the plot, there are also three different dotted coloured lines shown for the IR Freeze-In
yield. The Freeze-In yield does not exist at first and then rises until it also becomes con-
stant, when the mediator is no longer significantly present in the Universe. Since this is
a logarithmic plot, we observe that the most significant contribution to the dark matter
yield in this production regime is for low temperatures close to the mass of the mediator
mB1 . This is the reason why this particular type of Freeze-In production is also called
IR Freeze-In as mentioned before. This will be the opposite of the temperature proper-



2 DARK MATTER 18

ties of the Freeze-In production mechanism examined in the following section, namely
UV Freeze-In. The three different colours correspond to an increasing coupling strength.
However, an increased coupling strength in the Freeze-In regime will give a larger de-
cay rate, hence a larger yield for the dark matter, see Eq.(2.24). The increase in coupling
strength indicated by the arrow is therefore in the opposite direction than for Freeze-Out.

Until now, the more common case for Freeze-In production, IR Freeze-In, with renor-
malisable operators was discussed. However there exists another type of Freeze-In pro-
duction which is UV Freeze-In production that utilises non-renormalisable operators.
The reason this is called UV will become clear later on in Section 3.2.

2.4.3 UV Freeze-In

The second type of Freeze-In production regime for dark matter we will explore in this
thesis is the UV Freeze-In production mechanism. In analogy with the IR Freeze-In dis-
cussed in the previous section, in UV Freeze-In the dark matter particle is thermally de-
coupled from the Standard Model. However, differently than in IR Freeze-In, the feeble
coupling of dark matter with the thermal bath is encoded in an higher-dimensional op-
erator and dark matter is produced through scattering and not through the decay of the
mediator.

In general, in the UV Freeze-In paradigm, dark matter is coupled to the thermal bath
with a non-renormalisable higher-dimensional operator like [22]

LHDO =
α

Mn
(ϕ1ϕ2 . . . ϕn)χψ1ψ2 , (2.27)

where α is an order 1 coupling, χ is the dark matter, ψ1 and ψ2 are two fermionic bath
states and ϕi is a Higgs-like state which is assumed to be in thermal equilibrium. One can
take n = 1 with one Higgs-like state. The following operator can then be written down

LHDO =
α

M
ϕχψ1ψ2, (2.28)

where M is the high scale characterizing the higher-dimensional operator assumed to be
larger than the temperature of reheating. A contribution to the dark matter yield will
come from the non-renormalisable operator via a four-particle interaction such as ψ1ϕ
→ χψ2. This contribution is dominated by high temperatures, depending on parameters
such as the reheating temperature Tre.

One can investigate what is the contribution of this process to the dark matter pro-
duction by utilising the following Boltzmann equation

ṅχ + 3Hnχ =

∫
dΠϕdΠψ1 dΠψ2 dΠχ(2π)4δ(4) (pψ1 + pϕ − pψ2 − pχ)

×
[
|M|2ϕψ1→χψ2

fϕfψ1 − |M|2χψ2→ϕψ1
fχfψ2

]
,

(2.29)

where dΠi = d3pi
(2π)3

1
2Ei

and fi is the distribution function for a given state. It is assumed
that all states except dark matter are in thermal equilibrium and are Maxwell-Boltzmann
distributed such that fi ≈ e−Ei/T . Since it is assumed to be out-of-equilibrium, the dark
matter has a temperature T w 0, implying that fχ w 0, such that the initial dark matter
number density is nχ w 0, because

nχ =
gi

2π3

∫
d3pfχ , (2.30)

as is required for Freeze-In. As a result the latter term in the Boltzmann equation Eq.(2.29)
can be neglected. The Boltzmann equation can be rewritten as [22, 26]

ṅχ + 3nχH ≈
T

2048π6

∫
dsdΩ

√
s |M |2ϕψ1→χψ2

K1(
√
s/T ) , (2.31)
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where s is the center of mass energy of the interaction at a temperature T and the masses
of the relevant particles are assumed to be negligible compared to the temperature at
which we are working. In this approximation the Feynman amplitude of a scattering
process from the dimension five operator is |M |2ϕψ1→χψ2

= α2s/M2, see [22], such that

ṅχ + 3nχH ≈
Tα2

512π5M2

∫ ∞
0

dss3/2K1(
√
s/T ). (2.32)

Using the definition Y = nχ/S, switching variables from t to T and performing the
integral over s, it is found that

dYUV
dT

≈ − 1

SHT

T 6α2

16π5M2
. (2.33)

Carrying out the temperature integral from Tre until now which is approximated as T0 ≈
0 and filling in S and H gives

Y UV
∞ ≈ 0.4Tre α

2MPl

π7M2gS∗
√
gρ∗

. (2.34)

An example for the UV Freeze-In yield compared to the Freeze-Out case is shown in Fig-
ure 2.6. The general features of the Freeze-In and Freeze-Out mechanism are visible. The
Freeze-Out mechanism was already discussed when studying Figure 2.5. The Freeze-In
mechanism on the other hand starts without an existing abundance of dark matter. Spe-
cific to the UV Freeze-In mechanism, the yield rises very steeply at around the moment of
reheating and stays constant from that point on. The arrow demonstrates the dependence
of the UV yield on Tre, since the direction of the arrow shows an increasing value for Tre.
As expected, see Eq.(2.34), a larger value of Tre gives a bigger yield. The yield also starts
rising at an earlier moment in the evolution of the Universe because Tre is bigger, mean-
ing that reheating has happened earlier in the evolution of the Universe and the creation
of dark matter can therefore happen at an earlier time and thus higher temperature.

Now that we are more familiar with dark matter, the evidence for its existence, what
it could be and the most common production mechanisms for it in a general framework,
we want to introduce a model for dark matter and its production. This model will in-
troduce new particles that describe the dark matter as well as a new gauge symmetry
which will spontaneously break in the cosmological evolution of the Universe. The inter-
play between these will ensure that both the IR and UV Freeze-In production mechanism
have a role in creating dark matter.
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Figure 2.6: The full lines as before are the yields for dark matter created by a Freeze-Out
mechanism where the arrow indicates an increasing coupling strength. The dot-dashed
lines represent yields coming from UV Freeze-In dark matter production. In this case, the
arrow stands for an increasing value of Tre.

3 Dark Matter Minimal Model

3.1 Motivation

As mentioned in the previous chapter, a small coupling is required for the IR Freeze-
In production mechanism to be valid and to make sure the mechanism can retrieve the
correct dark matter relic abundance. We will try to construct a procedure such that this
small coupling is not imposed, but is explained dynamically.

Such a small coupling in IR Freeze-In will be achieved by firstly introducing a new
higher-dimensional, non-renormalisable operator. The investigated operator is given by

L ⊃ φ

Λ
B1B2χ, (3.1)

where we used B1 and B2 to denote the representations of general bath particles as in
Section 2.4, which will be specified when our model is explained in the next section. The
dark matter particle is denoted as χ and there is a new massive scalar particle φ. The
scale Λ represents some unknown degrees of freedom and are only relevant when T > Λ.
The operator has to be UV completed at high temperatures T > Λ since the description
in Eq.(3.1) is not valid in that regime. From now on, we only consider scenarios where
the temperature of reheating in the Universe is always Tre < Λ. Since the operator is
higher-dimensional, it is also non-renormalisable. That means that the UV divergences
cannot be solved by adding a finite number of counterterms to the Lagrangian.

The second part of achieving the small coupling is utilising the following process.
We can assume that during the cooling of the Universe, at a certain temperature Tφ, φ
undergoes a phase transition where it takes a non-zero vacuum expectation value or
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VEV vφ and spontaneously symmetry breaking or SSB occurs. This would lead to the
following operator

L ⊃
vφ
Λ
B1B2χ, (3.2)

where vφ is the VEV of φ. This operator is the same as in Eq.(3.1), only at a different regime
of the Universe, where φ took a VEV. The scale Λ would then be taken high enough
such that the coupling of the operator vφ/Λ� 1 and the common IR Freeze-In case, see
Eq.(2.19), is recovered. The interaction term in Eq.(3.2) is indeed the same as the operator
in Eq.(2.19) if we identify λ as vφ/Λ. Hence now, there is a reason for the small coupling to
exist. The strength of the interaction is defined by this coupling. Because of the smallness
of the coupling, the interaction will be feeble. Thus, in this case, the smallness of the
coupling is transferred to the ratio between two scales, vφ and Λ.

This process is analogous to the Froggart-Nielsen mechanism which tries to explain
the small Yukawa couplings and the fermion mass hierarchy in the Standard Model. In
that mechanism a U(1)FN symmetry is introduced under which the SM fermions and
a new scalar are charged. The symmetry is broken and the scalar gets a VEV. Then the
small Yukawa couplings are recovered as the ratio between the VEV and a large UV scale.
For details on the FN mechanism we refer to [27, 28].

The dynamical generation of the coupling in Eq.(3.2) where a scalar φ takes a VEV has
two important consequences:

• Firstly, while for a temperature T < Tφ, dark matter is produced through the IR
Freeze-In mechanism, at higher temperatures T > Tφ, dark matter is produced by
a higher-dimensional operator in Eq.(3.1) that connects it to the thermal bath. This
means that the dark matter production in that regime is UV Freeze-In production.

• Secondly, φ taking a VEV and the breaking of the symmetry can imply a first-order
phase transition in the Early Universe thereby producing gravitational waves as is
investigated in the second part of the thesis.

The idea of this thesis is to explore further on these concepts. We explore the phe-
nomenology of the dark matter, the other new particles and the spontaneous symme-
try breaking with this new higher-dimensional operator by looking at a minimal model
where this happens.

3.2 Concrete realization: a Minimal Dark Matter Model

First of all we start by looking at what new elements are needed to achieve our goal
keeping in mind we want to describe the dark matter production via the two new oper-
ators given in Eq.(3.1) and Eq.(3.2). These two operators will give rise to two different
production regimes of the dark matter, which we will call the UV production and the IR
production respectively.

The dark matter minimal model introduced in this thesis will consist of multiple new
particles, a new U(1)DARK = U(1)D symmetry and two different regimes of dark matter
production in the Freeze-In paradigm. The effective scale Λ of this theory will be very
large, so that we do not have to worry about the high energy implications of the effective
operator and a small coupling is recovered as is required in Freeze-In.

New particles Firstly we look at the new particles in the model. Of course we start off
with all the Standard Model particles, however we are not able to describe dark matter
with already existing SM particles. New exotic particles will be added to the SM in the
minimal model to describe it.
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• Dark Matter χ: The first new particle is the actual dark matter particle χ, which
we assume to never be in thermal equilibrium with the thermal bath. This is a
prerequisite to work within the Freeze-In paradigm. The small coupling of the
interaction makes sure that the dark matter is never in thermal equilibrium with
the bath. It is also assumed that this particle is a Majorana fermion.

• Scalar φ: The second particle we introduce is the scalar φ. This particular particle,
together with the U(1)D-symmetry under which it is charged will help explaining
the small coupling of the model as well as having an impact on the creation of
gravitational waves via a first-order phase transition. This will be discussed in
section 6. The symmetry will spontaneously break when φ takes a VEV. If T > vφ,
then φ is a dynamical field where its VEV is equal to zero. However, when T < vφ, φ
takes a non-zero VEV. The new symmetry and its SSB are used to achieve the small
coupling necessary in Freeze-In production mechanisms via the operator given in
Eq.(3.2).

• Mediator ˜̀: The third particle a new scalar that is called the mediator ˜̀ 1. This
particle does have the same quantummechanical charges as the right-handed lep-
ton except for the new U(1)D symmetry under which the mediator will also be
charged. The mediator is therefore also connected to the hypercharge symmetry
of the Standard Model. It will be especially of importance when looking at the IR
Freeze-In production of the dark matter particle. It is actually the decay of the me-
diator into a lepton and χ which is the dominant dark matter production process
in the IR Freeze-In regime. The mediator is the second particle that will be charged
under the new symmetry.

New Gauge SymmetryU(1)D We have mentioned a new symmetryU(1)D that is added
in this minimal model. It would be a gauge symmetry and some of the new particles will
be charged under this new symmetry as shown in Table 3.1. There will be no Standard
Model particles charged under this new symmetry. Another symmetry we add is a Z2

symmetry charging χ and the mediator such that the dark matter only interacts with the
thermal bath via operator in Eq.(3.4) and Eq.(3.5).

φ ˜̀ χ

U(1)D 1 -1 0
Z2 0 -1 -1

Table 3.1: The charges of the new particles under the new gauge symmetry U(1)D and Z2

symmetry.

We will charge φ under the new symmetry and if we want the Lagrangian, especially the
higher-dimensional operator, to be invariant under the new symmetry some of the other
particles must also be charged. We chose to charge the mediator under this symmetry, in
such a way that the new operator is invariant under this new symmetry. We will chose to
give φ a charge one under the U(1)D-symmetry in the model, while we give the mediator
charge minus one in the model. Since this is a gauge symmetry, we also expect there to
be a new gauge boson Z ′. Both particles φ and Z ′ have a mass of order vφ. When the
temperature drops below Tφ ∼ vφ, their dynamics will not play any role.

1The symbol of the mediator is chosen with supersymmetry or SUSY in mind, however the mediator is
not a common SUSY particle and this minimal model is not a SUSY model [29, 30]
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In the minimal model, the following terms will be added to the Lagrangian

L ⊃ |Dµφ|2+|Dµ ˜̀|2+
i

2
χ̄/∂χ+ V (φ) + V (˜̀) +

φ

Λ
`˜̀χ− 1

4
F

′
µνF

µν′ .2 (3.3)

In these terms, we have included a new kind of covariant derivative for φ, Dµ = ∂µ −
igDZ

′
µ that includes terms with the new gauge boson Z

′
of the new U(1)D symmetry.

The covariant derivative of the mediator ˜̀also includes the Z ′ term, but also a term with
hypercharge. We assume that the dark coupling constant gD is of order 1. Since we do
not charge χ under any symmetry, we only wrote the partial derivative in the kinetic
term for the dark matter particle. It is not necessary to specify the form of the potential
V (φ) in this section of the thesis, because it does not influence the dark matter production
which is the focus point of this part of the thesis. In a later section, when addressing the
gravitational wave generation from first order phase transitions, the form of the potential
will be specified.

Figure 3.1: This scheme shows the evolution from the dominant operator that is respon-
sible for the dark matter production at that point together with the relevant Feynman
diagrams. It also gives an overview of the relevant scales for this production represented
on the temperature axis at the left of the scheme. When the temperature goes down dur-
ing this evolution, the dominant production channel changes. At high temperature, the
operator is in the UV Freeze-In regime and that accounts for the dark matter production
at high T close to Tre < Λ. Then, at mφ ∼ vφ, the U(1)D symmetry breaks when φ takes a
VEV vφ. This changes the operator and the IR production regime becomes the dominant
dark matter production. It is when T ∼ m˜̀ and the mediator gets Boltzmann suppressed
that the dark matter production stops significantly.

Interactions Consider the decay of the inflaton. It is assumed to decay into the visible
sector, which does not include the dark matter particle χ, which is the hidden sector. It
is also assumed that the decay of the inflaton happens immediately and that there is one
temperature Tre at which this decay, the process of reheating, happens. In this model, af-
ter reheating, there will be a negligible amount of dark matter in the universe. Then, the
dark matter in the minimal model can be produced by two main interaction processes.

2Here, we neglect possible quartic interactions among the scalars of the dark matter sector and with the
Higgs, assuming they are small. The interactions between φ and H can introduce mixing in the mass matrix
of φ and H .
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An important assumption from the model is that Tre < Λ, such that the degrees of free-
dom in the UV completion of our model are never relevant for dark matter production.
A schematic overview of these interactions is given in Figure 3.1.

In the following paragraphs, a qualitative discussion of the dark matter production
mechanisms which are active during the evolution of the Universe will be given all the
way from Tre to very low T . A detailed discussion with all the computations and formu-
las will take place in section 4.

• UV Production [31, 32]: The first (and second) possible interaction that creates dark
matter in the UV production regime is the annihilation of φ and the mediator (or
the lepton) which are in thermal equilibrium resulting into the production of χ
and the lepton (or the mediator). The third process is when the mediator and the
lepton annihilate into φ and χ. This is a two-to-two scattering process. This particu-
lar interaction happens dominantly in the unbroken phase of the U(1)D symmetry
ranging from Tre to vφ. All the particles except χ are in thermal equilibrium.

The corresponding operator of the dark matter UV Freeze-In production is

L ⊃ φ

Λ
˜̀̀ χ. (3.4)

This is analogous to Eq.(3.1), but now specified for the concrete model of the thesis.
We have replaced the bath particles with the specific particles used in the minimal
model. This is a non-renormalizable operator, hence this production channel of
dark matter happens primarily at higher temperatures in the evolution of the Early
Universe and therefore higher energies. This is the reason why this production is
called UV production. Specifically, the UV nomenclature refers to the production of
dark matter mainly happening at the highest possible temperature of the Universe,
Tre. The dark matter UV production happens close to the temperature of reheating
such that the yield of dark matter shoots up at temperatures close to Tre. After
that, there is no more a significant contribution to the yield at lower temperatures
coming from this production channel. This also means that the abundance of dark
matter Ωχ, since this follows from the yield, see Eq.(2.13), depends on the value of
Tre. Since φ, ` and the mediator are in thermal equilibrium with the bath, we do
not have to worry about their number densities decreasing in these processes at the
high temperatures T > mφ where the UV production happens.

• IR Production: The second interaction is the decay of the mediator into a lepton and
χ, but it is described by the same operator as in the UV production. The difference is
that this interaction happens in the broken phase of the U(1)D symmetry, ranging
from vφ to m˜̀, where φ has taken a VEV, vφ. The broken phase and hence the IR
Freeze-In production starts at vφ, the point where the symmetry breaking happens,
and ends at T ∼ m˜̀, because at that point, the mediator gets Boltzmann suppressed.
In this regime, φ has taken on a VEV and therefore φ will no longer be relevant
for the creation of dark matter. This IR process can be described by the following
operator

L ⊃ φ

Λ
˜̀̀ χ

φ→ vφ + δφ
−−−−−−−−→

vφ
Λ

˜̀̀ χ

(
+
δφ

Λ
˜̀̀ χ

)
, (3.5)

with δφ is the dynamical fluctuation of φ. This operator is the minimal model form
of the more general operator Eq.(3.2). It is also clear now that the UV case happens
before the SSB, the unbroken phase, while the IR case is relevant in the broken
phase of the symmetry. The second term with the dynamical perturbation δφ will
not have a significant contribution to the dark matter production as we explain in
appendix A.3. The IR production of dark matter happens at lower temperature and
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lower energy compared to the UV production. Specifically most of the production
will happen around T ∼m˜̀, which can be seen as the lowest possible temperature
for production, hence the name IR production. This is the most standard way of
Freeze-In production of dark matter. The IR production is not dependent on the
temperature of reheating in contrast to the UV production.

From Eq.(3.5), we can see that the small coupling comes from the ratio of the VEV
vφ and Λ. If the scale Λ is then taken to be large, even larger than the temperature
of reheating, a small coupling for this particular process will arise and therefore the
small coupling that is needed for Freeze-In is explained. The amount of IR Freeze-In
production depends on this small coupling.

Parameters of the model The important parameters in the model for dark matter pro-
duction are Λ, Tre, vφ (∼ mφ) and the masses of both the mediator and χ. Based on
different values of these parameters, the dominant production mechanisms of the dark
matter will differ, in one part of the parameter space UV production will be dominant,
in other parts of this space IR production will be dominant, while in other parts of the
parameter space there will be a mixed region of dark matter production where both pro-
duction mechanisms are relevant.

For example, if we take a large value for the VEV vφ, close to Tre, but still Tre > vφ,
then the UV production will still occur. However, it is likely that the UV production
will not have a significant effect on the relic abundance of dark matter. In that case, the
significant contribution to the dark matter relic abundance will come from IR production
due to the high value of the VEV, which translate to a bigger coupling vφ/Λ which makes
the IR production bigger. To understand the effect that Tre and vφ have on the relative
dominance of the different dark matter production mechanisms, we refer to the end of
section 4.2, where we examine this effect and find an approximated threshold for Tre that
determines whether the UV or the IR or neither dominate dark matter production.

However, it can also be the other way around. If the VEV is close to the mass of the
mediator and therefore small, then the UV contribution will be the dominant one, since
the IR production depends on the VEV via the coupling of the relevant IR interaction,
see Eq.(3.5). It is also possible that vφ lies somewhere in between Tre and m˜̀. Then, the
yield has to be computed to see which contribution is dominant. There is a region of the
parameter space where the two contributions are similar. This region is called the mixed
region where neither kind of production dominates over the other.

It is then a matter of varying the values of the relevant parameters such that we can
get the correct relic abundance of dark matter Ωh2 = 0.12 in agreement with observations.
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4 Analysis of the Dark Matter Minimal Model

We will discuss the two relevant dark matter production mechanisms in this section, UV
Freeze-In and IR Freeze-In, for our dark matter minimal model in detail by examining
the relevant processes and their corresponding Boltzmann equations. After that, we will
compute and investigate the dark matter yield and relic abundance for these produc-
tion mechanisms and we will examine in what segments of the parameter space which
production mechanism is dominant. We start with the UV Freeze-In production.

4.1 UV Production

The UV production channel is described by the operator Eq.(3.4). This leads us to study
the three Feynman diagrams that contribute to the creation of dark matter in the UV
production, see Figure 4.1, which are two more than the one seen in Figure 3.1 on the top
row of the scheme.

Figure 4.1: These three diagrams show the dominant interactions that will create dark
matter in the UV production regime. The first two diagrams on the left define an anni-
hilation of the scalar φ and another particle, it could be the lepton or the scalar mediator,
which results in the creation of χ and another particle, which could be the mediator or
the lepton. The third diagram shows an annihilation of the mediator with a lepton into φ
and χ.

We want to calculate the yield Y and investigate its time evolution. The relic abundance
of dark matter will also be computed to investigate the parameter space of our model
and get constraints on some of the values for the parameters by requiring that Ωh2 = 0.12.

To calculate the number density nχ and hence the yield Yχ of dark matter, we need
to solve the Boltzmann equation for the three scattering processes relevant for the UV
production of dark matter. The equation is given by [31]

ṅχ + 3Hnχ =
∑
i,j,k

∫
dΠidΠj dΠk dΠχ(2π)4δ(4) (pi + pj − pk − pχ)

×|M|2i j→χkfifj ,
(4.1)

where we have already neglected the reverse reaction as already discussed in section
2.4.3. We have also summed over the three possible interactions that contribute to the
UV production with i, j, k ∈ {φ, ˜̀, `}. We notice that the right hand side of the Boltzmann
equation allows us to treat every process in the sum separately and add them afterwards.

We can therefore start discussing here in detail the first diagram, as shown in Figure
3.1, as an illustration and then we explain how to combine all contributions to the total
UV Freeze-In production dark matter yield coming from the three diagrams. It is pos-
sible to calculate the Feynman amplitude of the first diagram, see appendix A.2.1. The
amplitude is computed to be

|M|2 =
s

Λ2
, (4.2)
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where s is the center of mass energy of the interaction and we ignored all the masses of
the particles involved.

The part of the Boltzmann equation for the first diagram can then be rewritten as [26]

dYφ˜̀→`χ
dT

= − 45MPl

512 gS π8(1.66)
√
gρΛ2T 5

∫ ∞
m2
φ

ds dΩPφ˜̀P`χ |M|2φ˜̀→`χK1

(√
s

T

)
/
√
s , (4.3)

where K1 denotes the first modified Bessel function of the second kind. We refer to ap-
pendix A.2.1 for more details about the Boltzmann equation in the UV Freeze-In regime.
We have defined the Hubble parameter H(T ) = 1.66

√
gρT 2

MPl
. P1,2 is defined as

P1,2 =
[s− (m1 +m2)2]

1
2 [s− (m1 −m2)2]

1
2

2
√
s

. (4.4)

We introduce the yield Y =
nχ
S with S = 2π2gST

3

45 , the entropy at a given temperature
and gS is the effective number of relativistic (entropy) degrees of freedom. In a normal
Standard Model dominated Universe, this value would be 106.75 at the highest temper-
atures. However since the dark matter minimal model introduces new particles, φ, ˜̀and
χ, these relativistic degrees of freedom will also change. In this model it will be equal to
113.75. After filling in both Pi,j , where it was assumed that mφ � all other masses, and
performing the integral over dΩ, the Boltzmann equation is again rewritten to

dYφ˜̀→`χ
dT

= − 45MPl

512 gSπ7 (1.66)
√
gρΛ2

I(T )

T 5
, (4.5)

with

I(T ) =

∫ ∞
m2
φ

ds [s−m2
φ] s1/2 K1

(√
s

T

)
. (4.6)

The yield will be computed numerically using Mathematica. To simplify the numerical
calculations, it is possible to manipulate the Boltzmann equation even more by introduc-
ing the coordinates z = s

m2
φ

and y = T
mφ

. That leads to

I(T )

T 5
= I(y) =

1

y5

∫ ∞
1

dz (z − 1)
√
z K1

(√
z

y

)
, (4.7)

and
dYφ˜̀→`χ
dy

= −
45mφ

512gSπ71.66
√
gρΛ

MPl

Λ
I(y) , (4.8)

for the rewritten Boltzmann equation. Therefore the only dependence of the Boltzmann
equation on the temperature, which serves as our time variable in the calculation, is hid-
den in the integral I(y). This integral cannot be analytically solved.

The goal now is to calculate the yield at any given point in the history of the Universe
starting from the point of reheating up to the point of symmetry breaking. Hence we
can integrate Eq.(4.8) from ymin = Tre

mφ
to ymax = T

mφ
. The boundaries of the integral

are identified with the beginning of UV production at Tre, characterized by ymin and
with a given temperature T at which you would want to know the contribution of UV
production to the dark matter yield, represented by ymax. If ymax ∼ 1, which corresponds
to T ∼ mφ ∼ vφ, the point of symmetry breaking, it is possible to calculate the UV
contribution to the dark matter relic abundance. For T < Tφ ∼ vφ there will be no more
significant dark matter production coming from UV Freeze-In.
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As mentioned at the beginning of this section, the Feynman diagram as shown in the
scheme, Figure 3.1, is not the only interaction that creates dark matter using the higher-
dimensional operator from Eq.(3.4). One can do permutations of the particles involved
in this diagram and find other two-by-two processes that produce dark matter, being
φ` → ˜̀χ and `˜̀→ φχ, as shown in Figure 4.1. These three different Feynman diagrams
however do not all have the same Feynman amplitude. In fact, the two diagrams that we
have not discussed yet have the same amplitude which is different than the one used in
the illustration so far. Their Feynman amplitude is given by

|M|2=
s+ t−m2

φ

Λ2
, (4.9)

where t = (p1 − p3)2 is the Mandelstam variable. That leads us to write an additional
contributing factor to the integral I(y) coming from the other two Feynman diagrams,
Eq.(4.7), as

F (y) =
2

y5

∫ ∞
1

dz
(z − 1)2

2
√
z

K1

(√
z

y

)
, (4.10)

where the 2 in front comes from the other two diagrams having the same amplitude and
thus contribution to the UV yield. For more detailed calculations, please consider reading
the appendix A.2. Using this additional factor, we can write the total yield as

dY UV
Total

dy
= −

45mφ

512gSπ71.66
√
gρΛ

MPl

Λ
(I(y) + F (y)) , (4.11)

It is however useful to try and get an analytical estimate for the integral. This estimate is
computed by looking at the limits of the boundaries of the integral.

We begin this analytical estimate by looking at Eq.(4.6), the yield for the interaction
φ˜̀→ `χ. Let’s take the approximation where we go to the limit where s� m2

φ or z � 1.
Then the integral I(y) becomes

I(y) =
1

y5

∫ ∞
0

dz z3/2 K1

(√
z

y

)
, (4.12)

and is analytically solvable. The result of this integral is 32, leading to

Y UV
φ˜̀→`χ =

45MPl

16 gSπ7 (1.66)
√
gρΛ2

Tre , (4.13)

where we integrated from Tre until now, T0 ≈ 0. However, this is only for the first
diagram with amplitude Eq.(4.2). To compute the integral for the other diagrams, we
need to take z � 1 in Eq.(4.10), hence (z − 1)2 w z2. In this regime, we find the same
integral as in Eq.(4.12). This means that the total analytical yield is written as

Y∞UV,Total =
2× 45MPl

16 gSπ7 (1.66)
√
gρΛ2

Tre , (4.14)

where the extra factor 2 comes into play, because the other two diagrams combined have
the same contribution in this limit as the first diagram. The most important lesson from
this equation is the behaviour of Y ∼ TreMPl

Λ2 . This will help understanding the behaviour
of the plots in the following section. It is clear that an important parameter in the UV case
is the temperature of reheating. All significant production in the UV regime will happen
close to this temperature.
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4.2 IR production

In the IR production regime, we are in the broken phase of the U(1)D symmetry, working
with the operator in Eq.(3.2). This regime produces dark matter via a different interaction
than UV Freeze-In. It utilises a decay of the mediator instead of a scattering process. The
Feynman diagram of this process is shown in Figure 3.1 on the bottom row of the scheme.

The corresponding amplitude for this diagram is

|M|2=
(vφ

Λ

)2
(m2

˜̀−m2
χ), (4.15)

where we assumed that the mass of the lepton is negligible compared to mχ and m˜̀, see
the calculations in Appendix A.2. From the amplitude follows that the decay rate is given
by

Γ˜̀ =
1

16π

(vφ
Λ

)2
m˜̀

(
1−

(
mχ

m˜̀

)2
)2

. (4.16)

We immediately see that there is a heavy dependence of the decay rate on the mass of the
mediator, the coupling vφ/Λ and the ratio between the dark matter mass and the mass of
the mediator.

It is again necessary to write down the Boltzmann equation for this process, which is
given by

ṅχ + 3Hnχ =

∫
dΠχdΠ˜̀dΠ`(2π)4δ4

(
pχ + p` − p˜̀

)
× |M |2˜̀→`+χf˜̀ ,

(4.17)

where we neglected the reverse reaction. This can be rewritten using the same process as
in section 2.4 such that

ṅχ + 3Hnχ =
g˜̀m

2
˜̀ Γ˜̀

2π2
T K1

(m˜̀

T

)
, (4.18)

where g˜̀ are the degrees of freedom for the mediator. Using the same definition for the
yield as in the UV case, we find that the yield becomes

YIR =
45

1.66 4π4

g˜̀MPl Γ˜̀

m2
˜̀ gS
√
gρ

∫ x

xmin

dxK1(x)x3 , (4.19)

where we defined a new variable x = m˜̀

T . The boundaries of this integral are defined as
xmin =

m˜̀

mφ
and x =

m˜̀

T . These borders correspond respectively to the beginning of the
IR production when the broken phase starts from mφ ∼ vφ and the temperature at which
you would like to calculate the yield contribution of the IR production. By filling in the
decay rate, Eq.(4.16), into Eq.(4.19), it is found that

YIR =
45

64(1.66)π5

MPl g˜̀

gS
√
gρ

(vφ
Λ

)2 1

m˜̀

(
1−

m2
χ

m2
˜̀

)2

I(x) , (4.20)

where
I(x) =

∫ x

xmin

dx K1(x) x3. (4.21)

Like in the UV case, the goal is to compute the yield of dark matter at any temperature.
The temperature dependence of the yield is hidden in x. It is also possible to calculate
the IR contribution to the dark matter relic abundance if we take x = xmax =∞ and take
xmin = 0, see the discussion in section 2.4.2. Most of the IR production is dominated at



4 ANALYSIS OF THE DARK MATTER MINIMAL MODEL 30

low temperatures, so the Freeze-In computation is not that sensitive to the high tempera-
ture behaviour. For these boundaries, the integral I(x) becomes analytically solvable and
is nothing more than 3π/2, which leads us to write

Y∞IR =
135

128(1.66)π4

MPl g˜̀

gS
√
gρ

(vφ
Λ

)2 1

m˜̀

(
1−

m2
χ

m2
˜̀

)2

. (4.22)

From this analytic estimate, we can learn how the IR dark matter yield depends on the
different parameters of the model. When looking at Eq.(2.24), it is noticed that the com-
puted yield agrees with the form of the general term. The decay rate is present as well as
the dependence on m˜̀ and the MPl factor. As expected there is also a dependence on the
ratio between the masses of dark matter and the masses of the mediator, since a decay
can only happen if the sum of the masses of the decay products is smaller than the mass
of decaying particle. Hence, when neglecting the mass of the lepton, if m˜̀ comes close to
mχ, Y IR

χ should go to zero. This is seen in Eq.(4.22), because of the 1 - m2
χ/m

2
˜̀ factor. If

m˜̀ < mχ, the roles would be reversed and the dark matter particle would decay in the
mediator, meaning that the mediator would become the dark matter particle. However
this cannot be the case, since the mediator is charged, which is impossible for dark matter.
Hence, it is required that m˜̀> mχ.

It might also be interesting to investigate in which regime the IR production is domi-
nant and if we can set a threshold on Tre such that for Tre smaller than this threshold, we
know that the dark matter production is IR dominated. We can examine this using the
approximated analytical yields from Eq.(4.14) for the UV production and Eq.(4.22) for the
IR production. These two yields can then be compared

Y∞IR
Y∞UV,Total

w
3π3g˜̀

8

(vφ)2

Trem˜̀
, (4.23)

where it was assumed thatmχ � m˜̀. Now consider a situation where the IR contribution
is dominating, YIR

YUV
> 1. That leads to the following threshold for Tre, depending on vφ

and m˜̀

T thrre =
3π3g˜̀

8

v2
φ

m˜̀
. (4.24)

If Tre would be bigger than the threshold T thrre , we know that the UV contribution of the
dark matter production dominates, while if Tre would be smaller, then the IR contribu-
tion dominates. If Tre is however comparable to the threshold, then we have a mixed con-
tribution, where neither of the two mechanisms dominate and both production regimes
contribute significantly. In section 4.3, we will do the numerical computations of the dark
matter yield and discuss if this analytical threshold is consistent with those results. This
will be the case for all regimes of dark matter production.

This concludes the discussion for the two relevant production mechanisms in the
minimal model of this thesis. We now continue by calculating the yield and the relic
abundance in sections 4.3 and 4.4 for the minimal model of the thesis using the concepts
introduced up until now.

4.3 Dark Matter Yield

We will now do the full numerical computation of the dark matter yield in multiple
regimes, following its behaviour throughout the time evolution of the Universe. In the
previous subsections of this chapter, we already discussed the possible production chan-
nels of dark matter. It is now possible to combine all these production channels and
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compute the overall yield of dark matter at a certain time. This is shown in Figure 4.2. To
make this figure, some parameters were fixed, shown in Table 4.1.

If Tre and therefore the UV dark matter Freeze-In production, represented as the blue
dot-dashed line, is fixed, we can get different dominant production regimes by vary-
ing vφ ∼ mφ which varies the amount of IR production. Figure 4.2 examines the yield for
three different values of vφ. We can see the effect of varying vφ when examining Eq.(4.16),
there the decay rate of the process depends on the coupling squared. It follows that if vφ
is increased, then the decay rate and the IR yield which depends on the decay rate, also
increase. This is the effect we see in Figure 4.2.

Figure 4.2: The yield Y of dark matter depending on x = m˜̀

T is shown, which is a measure
for the temperature and therefore the age of the Universe. The yield has been plotted
for three different scenarios, where vφ is different, in the dark matter production. One
where vφ = 105 GeV and UV production is dominant, one where vφ = 103 GeV and IR
production is dominant and one where vφ = 3 × 104 GeV and neither is dominant and
thus there is a mixed contribution. The total contributions of these three cases are given
by the full lines. The dashed lines give the IR contribution in these cases. Since the UV
contribution does not depend on vφ, it is characterized by a single blue dot-dashed line
which is the same for all three different scenarios, because Tre is constant in the three
cases.

mχ m˜̀ Λ Tre
Value 1 GeV 500 GeV 1015 GeV 107 GeV

Table 4.1: To make Figure 4.2, some parameters of the minimal model were fixed to a
certain value presented in this table.

Before analysing the three different cases, one can already make some general observa-
tions. It is seen as expected that the yield increases steeply at the early time of reheating
because of the UV production and then stagnates in a plateau. Then, there is no activity
until the IR production kicks in around x ∼ 0.1.
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The IR production will grow when the temperature decreases up until T ∼ m˜̀ or
x ∼ O(1), where most of the IR production happens. After that stage, the mediator starts
to become Boltzmann suppressed, because of its annihilation into SM particles and the
dark matter production will no longer be significant. The IR production is different for
the three values of vφ and these three cases are discussed below.

The red lines represent vφ = 105 GeV where we calculate the yield as a function of
x =

m˜̀

T ,. The full red line, which represents the combined UV and IR production, shoots
up at the point where the IR production kicks in, represented by the red dashed line,
and shows a situation where the IR production is the dominant factor in dark matter
production. The IR contribution is also higher than in the other two cases, because the
coupling vφ/Λ of the interaction is the biggest for the three regimes.

The magenta lines represent vφ = 3 × 104 GeV and shows a mixed situation, where
both the UV and the IR regime do have a significant contribution to the dark matter
yield. This is noticed because the dashed magenta line does not completely overlap with
the full line. However it does have a clear effect on the total yield. Since vφ is smaller in
this regime, the IR contribution will decrease compared to the red line, since the coupling
is smaller. This effect is also visible in the figure, because the difference between the two
instances is approximately one order of magnitude, which is the difference between v2

φ

for the two cases.
Both the IR and UV contribution are of the same order of magnitude and have a

significant contribution to the dark matter yield and therefore also its relic abundance.
We will investigate the relic abundance further in the following section.

In all these calculations, it has been assumed that to compute the IR Freeze-In con-
tribution the initial amount of dark matter abundance is negligible. However, one may
wonder if this assumption holds, since before the IR Freeze-In the UV Freeze-In pro-
duction can already create a significant contribution to the dark matter abundance. We
can consider three cases. Looking at Figure 4.2, it is seen that in the case of an IR dom-
inated dark matter production the UV contribution will be close to negligible anyway
compared to the IR contribution, so in this regime the assumption holds. For a UV dom-
inated production of dark matter, there is no problem as well since the IR contribution is
not relevant.

The last regime is the most interesting one, namely the mixed contribution since
here the already existing UV abundance cannot be neglected compared to the IR cre-
ated abundance. The effect will modify the Boltzmann equation in Eq.(4.17), since we
assumed an initial abundance of zero for dark matter. An existing initial abundance of
dark matter will lead to depletion of the dark matter number density through processes
like B2χ → B1 that have been neglected in our analysis. This modifies the dark matter
relic abundance and yield in the IR-UV mixed region.

A detailed investigation of this depletion effect is beyond the scope of the thesis.
However, such a modification will have an effect on the contours of the relic abundance,
investigated in the next section in Figure 4.4. The only expected modification of the con-
tours comes in the mixed region, where the contours bend, which will not impact qual-
itatively the outcome of our investigation and the connection to the second part of the
thesis. We continue now with the discussion of Figure 4.2.

If we take vφ = 103 GeV, close to m˜̀, the blue line in Figure 4.2 is computed. This
particular yield rises up in the beginning and stays constant when the contribution of IR
production comes in. The IR contribution to the yield is around two to three orders of
magnitude less than the UV contribution, which means it is negligible compared to the
UV contribution. Hence, the blue line is an example of a UV-dominated yield for dark
matter. The IR yield is the smallest in this case, because the coupling, dependent on vφ, is
the smallest of the three cases.
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Figure 4.2 can also be made for a varying amount of UV dark matter production. In
this case, the parameter that will be altered is Tre and vφ will be fixed, therefore the IR
production will be the same in all three cases since it is independent of Tre. From Eq.(4.14)
it is clear that changing Tre will have a significant effect on the dark matter yield. This is
shown in Figure 4.3. The parameters chosen to make this plot are displayed in Table 4.2.

From this plot, we notice very clearly that the temperature of reheating is an impor-
tant parameter that determines the amount of dark matter produced via the UV produc-
tion channel. The UV production rate scales with the temperature, therefore at larger
temperatures the production will be larger as well. If Tre is increased, we also allow for
higher temperatures and it follows that the UV production is increased as well.

Figure 4.3: As in Figure 4.2, this plot shows the yield Y as a function of x = m˜̀/T . The
yield has been computed for three different scenarios, where Tre has various values. We
have taken vφ = 104 GeV fixed, such that the IR production is the same in all scenarios,
given by the dashed black line. The dot-dashed lines give the UV contribution for each
of the different scenarios and the full lines are the combined production channels for
both the IR and UV production. Again, there is one scenario where UV production is
dominant, for the highest Tre, one where IR is dominant and one where there is a mixed
production.

mχ m˜̀ Λ vφ
Value 1 GeV 500 GeV 1015 GeV 104 GeV

Table 4.2: The parameters in this table represent those chosen such that one can get an
IR dominated, a mixed dominated and a UV dominated case for dark matter production
keeping the IR production fixed. Since UV production is dependent on Tre, all other
parameters present in the model can be fixed and Tre is varied to investigate the UV
production dependence on it as seen in Figure 4.3.

For example the scenario where Tre = 108 GeV has an order of magnitude higher yield
as the scenario where Tre = 107 GeV. That is in complete agreement with the analytical
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estimation of Eq.(4.14). In general one can say that if the UV production needs to be
dominant, the temperature of reheating needs to be increased.

The third and last scenario in Figure 4.3 is when Tre = 5 × 105 GeV. This is a signif-
icantly lower value for the temperature of reheating. As a result the UV contribution to
the total dark matter yield is smaller compared to the other two scenarios. As seen in the
figure, the IR contribution dominates this instance.

As a last check, we want to see if the analytical approximation for the threshold
Eq.(4.24) is consistent with the results we see in Figure 4.2 and 4.3. We start by investi-
gating the first figure. There we have taken Tre = 107 GeV, such that the UV contribution
is fixed. It was also assumed that m˜̀ = 500 GeV. Therefore, Eq.(4.24) can be rewritten as

107 GeV . 22.5×
v2
φ

500 GeV
, (4.25)

where π3 ∼ 30 and g˜̀ = 2. We start comparing for vφ = 103 GeV. We fill in the right
hand side and find 4.5× 104 GeV for the threshold. Indeed, the temperature of reheating
is bigger than this threshold and the UV contribution should dominate as is confirmed
in the figure. Next up, we pick vφ = 105 GeV. Then we find that Tre . 4.5 × 108 GeV.
Therefore we expect here the IR contribution to be dominant according to Eq.(4.24) and
as seen in the figure, this is confirmed by the numerical calculations.

We can also reverse the roles and consider Figure 4.3, where the IR contribution is
fixed and vφ = 104 GeV. Then, Eq.(4.24) is

T thrre = 4.5× 106 GeV. (4.26)

If Tre meets this requirement, then the IR contribution is the dominant one. This is con-
firmed by the analysis of the figure. The UV contribution is dominant for Tre = 108 GeV
as is expected from the threshold. For Tre = 5 × 105 GeV, which is lower than our re-
quirement, the IR contribution dominates, again confirming that the analytical estimate
of this relation is quite good. For the third and final scenario, the one where there is a
mixed contribution, we have that Tre = 107 GeV. This value is close to the threshold in
Eq.(4.26), where we expect that the UV and IR contribution are of the same order. We
can conclude that our numerical results are in agreement with the analytical estimates.
That concludes the segment about the dark matter yield and we can now go further by
analysing the dark matter relic abundance.

4.4 Relic abundance

In this last part of the dark matter section from the thesis, we calculate the correct relic
abundance contours of Ωh2 = 0.12, shown in Figure 4.4, for different values of three
parameter ratios: MPl/Λ, Tre/Λ and vφ/Λ. Ωh2 can be calculated from the yield using
Eq.(2.13). The three parameter ratios dependence of the relic abundance are hidden in
the yield. For example, the IR yield depends on vφ/Λ and MPl/Λ, see Eq.(4.22), while the
UV yield depends on MPl/Λ and Tre/Λ, see Eq.(4.14).

First of all, we explain why these particular parameters were chosen. The scale Λ is
the scale up to which the higher-dimensional operator is valid, however this scale cannot
be bigger than the Planck mass. Therefore it is a good idea to look at the ratio between
these two variables to get a general idea at the size of the effective scale and also to make
sure the scale is not chosen to be too big.

This leads us to the parameter on the vertical axis of the plot, which is a measure of
the UV production. It is the ratio between the temperature of reheating and the effective
scale Λ. We take this ratio always smaller than 1, since Λ > Tre at all times, because
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otherwise, the effective operator, Eq.(3.4), we use is no longer valid at all temperatures
where most of the dark matter is produced in the UV regime.

However which contribution is dominant also depends on the parameter relevant for
the IR case, the coupling or the ratio of vφ and Λ, a measure of the IR production. This
parameter can be found on the horizontal axis of the plot.

Figure 4.4: This shows the contour Ωh2 = 0.12 for different values in our parameter space
for the ratio between the Planck mass MPl and the effective scale Λ. On the horizontal
axis, we have the ratio between vφ and Λ, which is a measure for the IR production,
while on the vertical axis there is the ratio of Tre and Λ, which is a measure for the UV
production. The contour lines are also divided into three parts. A dotted part on the
right hand side where the IR production is dominant, a full line in the middle where the
production is mixed which is not-dominant production in either UV or IR Freeze-In and
a dot-dashed line where the UV production is dominant on the left hand side of the plot.
A production channel is defined as dominant when YDOM > 0.9Ytotal.

Therefore, what we see in the plot is at what parameter values of these ratios the dark
matter production is either UV or IR dominated. A dot-dashed line stands for UV-
dominated dark matter production, while a dotted line stands for an IR-dominated dark
matter production. In between these two regimes, there is a mixed contribution, which is
represented by a full line.

At higher values of vφ/Λ, the dark matter production is IR-dominated. This is because
the relic abundance of dark matter in the IR is directly related to this ratio. However, the
interesting part here is that all the lines of different MPl/Λ-ratios come together at the
same point for vφ/Λ. This means that there is no dependence on Tre/Λ in this specific
region of the plot. This is consistent with the previous explanations, in this region we are
in an IR dominated regime and the UV contribution, which is dependent on Tre, does not
play a role.

If we then follow the contours more to the left side of the plot, where they bend from a
vertical line to a horizontal line, we encounter a region where the dark matter production
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is mixed. In this region, the UV Freeze-In and IR Freeze-In contribute both significantly
to the overall dark matter relic abundance. We also observe that the contour lines in the
mixed region of the plot, represented by the full lines, are turning from the vertical line of
vφ/Λ at around 10−11, the IR dominated production, to the horizontal line of Tre, the UV
dominated production. This lets us know that both ratio’s are important in this regime,
which is to be expected since we are in the mixed regime.

The last part of the plot on the left is the region where the UV contribution is domi-
nant. In this case the lines do not come together into one point, however they do all stay
horizontal in this regime. They all start to be UV-dominated at the same value for vφ/Λ
independent of the value of MPl/Λ. This is because vφ/Λ only matters when there is a
significant IR contribution. The UV process does not depend on this ratio, since in the
UV case φ has not even taken a VEV, because UV production happens in the unbroken
phase. Therefore, the moment when UV becomes dominant is the same for every single
ratio MPl/Λ. The same reasoning applies for why the lines stay horizontal, since there is
no dependence on vφ/Λ in these regimes.

We also notice a change of the vertical position of the UV dominated contours for
different ratio’s of MPl and Λ. We see that if the ratio is lower, which means that the
value of Λ is higher, then the contour of Ωh2 = 0.12 goes up on the graph. This is because
Λ is higher, therefore the coupling of the interaction becomes smaller and the interaction
needs to start sooner, and at higher energies, hence higher Tre, to still achieve the correct
relic abundance Ωh2 = 0.12.

This effect is confirmed by studying the behaviour of the dark matter relic abundance
in the UV regime. Inspecting Eq.(4.14), we see that Ωh2 ∼ Tre

MPl
Λ2 . If Λ becomes larger

with one order of magnitude, then Tre has to increase with two factors of magnitude
to maintain the same abundance in correspondence with the observations, therefore the
ratio on the vertical axis of the plot will increase with one order of magnitude.

A last effect to be investigated is the reason why the contour lines stop in the plot. This
is an effect of the mass hierarchy in the dark matter minimal model. To find Eq.(4.5), it is
assumed that φ has the biggest mass. To make Figure 4.4, it was assumed that m˜̀ = 500
GeV. Now take for example the orange line for the ratio MPl/Λ = 1 and examine the end
of this contour on the left side in the figure. There vφ/Λ = 10−15 so vφ = 103 GeV. Because
it is needed that mφ ∼ vφ > m˜̀, the line stops there. If it went further mφ would become
too small for the assumptions used to calculate the yield and relic abundance to be valid.

With this, the dark matter part of this thesis is concluded and we can continue on
with the next part about the stochastic background of gravitational waves and how this
intersects with the dark matter minimal model of this thesis.

The gravitational waves arise when the new U(1)D symmetry spontaneously breaks
and φ takes on a non-zero VEV. This effect is a first-order phase transition. Such a phase
transition can possibly create a stochastic background of gravitational waves in the Early
Universe via different types of processes. These gravitational waves travel throughout
the Universe and reach the Earth. There experiments like LIGO, VIRGO but also up-
coming experiments like LISA, BBO and Einstein telescope, can possibly observe such a
signal from which we hopefully can deduce some properties of dark matter.
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5 Gravitational Waves

This section will explain the phenomenon of gravitational waves with a strong focus on
a stochastic background of gravitational waves or SBGW. The SBGW is analogous to the
CMB for photons. In this section, we will explain the origin of the SBGW. A stochas-
tic background of gravitational waves can be the result of a large number of indepen-
dent sources, for example the merger of black holes or binary neutron stars. Such events
taken together form the astrophysical background. However, the stochastic background
of gravitational waves can also come from other sources of cosmological origin and then,
it is referred to as the cosmological SBGW. For instance it can be generated during first-
order phase transitions that occurred in the very Early Universe. The first-order phase
transition arises when the finite temperature effective potential gets a different true min-
imum due to the temperature of the Universe decreasing thereby changing the form of
the potential. The true vacuum of the potential changes and it is possible to quantum
tunnel from the first and now false vacuum to the new true one. That leads to first-order
phase transitions [33].

Gravitational Waves: Gravitational Waves can be analysed using General Relativity,
first predicted by Albert Einstein [34]. These waves can be created when a mass is accel-
erated, for example in a merger of binary black holes. In its purest sense, a gravitational
wave is a travelling gravitational field where the polarisation is transverse to the direc-
tion of the propagation of the wave. The effect of the gravitational wave is the stretching
of space in one direction while contracting in the other direction, perpendicular to the
propagation. The wave will also carry energy and momentum. However, gravitational
waves are quite weak and therefore very massive astrophysical objects, such as binary
black holes and binary neutron stars, which create very energetic events are needed for
detectors to be able to observe these waves on Earth. The merger of such objects leads to
the emission of gravitational waves, since there is an energy loss when the objects spiral
in and merge together. It has to be noted that astrophysical sources are not the only ones
that can create gravitational waves as mentioned before. Later on in Section 5.1 other
possible sources and the one relevant to this project will be explored.

It is possible that the superposition of these individual events, coming from binary
black holes, binary neutron stars or a combination of these two, make a stochastic back-
ground of gravitational waves that can be observed. The signals of the background can
be observed on Earth by gravitational wave interferometers such as LIGO, VIRGO and
KAGRA [35, 36, 37]. We will now try to give a small introduction to gravitational waves
in linearized general relativity.

Figure 5.1: This shows the + polarisation of an oscillating gravitational wave. Figure
taken from [1].
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It is assumed that the wave only gives a slight modification to flat space

gµν ∼ ηµν + hµν , (5.1)

where gµν is the spacetime metric, ηµν is the Minkowski metric and hµν is the metric
perturbation leading to the gravitational waves. After being emitted, the wave will travel
like a plane wave, for example in the z-direction. There are two possible polarisations
transverse to the direction of the propagation. There is the + polarisation, shown in
Figure 5.1, and the × polarisation, shown in Figure 5.2. In the former case, the space will
be expanded and contracted in the direction of the axes x and y, perpendicular to z, while
in the latter case space will wiggle along axes which are rotated by 45◦ compared to the
actual axes.

Figure 5.2: This figure shows the oscillation of a gravitational wave when it has × polar-
ization. Figure taken from [1].

We can take a look at the metric perturbations of the + polarisation by taking a plane
wave in the z-direction

hij(z, t) = h+

1 0 0
0 −1 0
0 0 0


ij

ei(kz−ωt). (5.2)

We now imagine a length L0 along the x- axis being perturbed by a gravitational wave.
The wave causes the length to oscillate as

L(t) = L0 +
h+L0

2
cos(ωt). (5.3)

There is a change in the length along the x−axis. The length will stretch according to

∆Lx =
h+L0

2
cos(ωt). (5.4)

Along the y−axis, there is a similar result, but in that case the length contracts

∆Ly = −h+L0

2
cos(ωt). (5.5)

Due to the oscillating nature of the waves, the axes will take turns stretching and con-
tracting. The relative change of the length of the two arms is

∆L = ∆Lx −∆Ly = h+L0cos(ωt), (5.6)

where
h+ =

∆L

L0
, (5.7)

is the relative amplitude of the gravitational wave or the strain. It will be this strain
which corresponds to the stretching and contracting of space as the physical effect of a
gravitational wave that can be observed by the detectors on Earth like LIGO, VIRGO and
KAGRA [38].
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5.1 Stochastic background of gravitational waves

A stochastic background of gravitational waves or SBGW is observed differently than
the gravitational waves coming from individual events. The latter ones are coming from
very specific points in the Universe which are identified with specific individual events
happening in the Universe, like a binary black hole merger. A stochastic background,
think for example about the CMB, will be coming from all directions in a continuous way.
The background can be either isotropic or anisotropic depending on its origin. There are
two possible types of SBGW. Indeed, as already mentioned, it can have an astrophysical
origin or a cosmological origin. The SBGW can be very useful trying to probe the earliest
moments of the Universe, for example when trying to study inflation.

A stochastic background appears as noise in a single detector, because for example in
the binary black holes background it is a superposition of overlapping individual events.
The signal in a detector would be the sum of noise n(t), coming from other outer sources
and the gravitational wave coming from the stochastic background h(t) written as

s(t) = n(t) + h(t), (5.8)

but with n(t)� h(t). One way to detect the stochastic background is to take the correla-
tion between two detectors

(5.9)〈s1(t)s2(t)〉 = 〈(n1(t) + h(t))(n2(t) + h(t))〉
∼ 〈h(t)h(t)〉,

where 〈〉 represents the time average. The background is not detectable in a single detec-
tor. It is by looking at the correlation of the data from both detectors that we can detect a
SBGW if the sensitivity of the detector is good enough.

Gravitational waves from the Early Universe can have a wide range of frequencies,
however the existing detectors, like LIGO and VIRGO have an observational band be-
tween 10 Hz and a few kHz [35]. It is estimated that in this band there will be a significant
contribution from the astrophysical SGWB of binary mergers.

The magnitude of the SBGW is usually given in terms of energy density per logarith-
mic frequency interval with respect to the critical density of the Universe, which means
that

ΩGW (f) =
f

ρc

dρGW
df

, (5.10)

with ρc the critical density, given in Eq.(2.11). Given this formula for the spectrum, one
may ask what are the possible sources for a GW spectrum. As mentioned in the intro-
duction a stochastic background can come from different kinds of sources with a differ-
ent origin, astrophysical or cosmological. In the following paragraphs there will be an
overview of these possible sources for a SBGW.

5.2 Sources for SBGW

Astrophysical sources: The SBGW coming from astrophysical sources will be a super-
position of multiple individual events coming from astrophysical objects, such as black
holes, neutron stars and others. However, it has to be noted that this background is
present mainly due to a resolution problem. More advanced detectors, like the future
Einstein Telescope, would possibly be able to observe more mergers individually, no
longer seeing them as noise and a background. That will in turn lead to to the possi-
bility of these detectors being more sensitive to backgrounds produced by other sources,
such as first-order phase transitions. The most important contributions of astrophysical
origin are mentioned here.
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• Binary Black Holes or BBH: This is one of the most probable sources for the SBGW.
Due to the detection of signals from BBH in LIGO and VIRGO, it is reasonable to
assume that there is a significant population of BBH in the Universe, which could
then create a SBGW. This background would have sources coming from over the
whole history of the Universe. If we want to estimate the background coming from
BBH mergers, there are many factors that have to be taken into account. An impor-
tant point is to know how the binaries are formed, which would explain how often
these mergers occur in the Universe. The reason why they are formed would have
an influence on the formation rate and merger rate of these objects.

BBH are formed in binary systems of massive stars. They typically have a low
metallicity, which is the abundance of elements heavier then hydrogen and helium
present in an object. An other possible formation channel for BBH is through dy-
namical interactions in dense stellar environments, such as globular clusters. Such
clusters can produce a significant population of massive BBH that merge in the lo-
cal Universe. The formation rate of the BBH affects the production of the SBGW.
A more exotic formation channel is that of primordial black holes, produced in the
Early Universe. It is probable that the amplitude of the signal coming from the pri-
mordial black holes is much lower than the amplitude of the signal arising from the
stellar BBH mergers.

• Binary Neutron Stars or BNS: A stochastic background of BNS would come from
every neutron star merger in the Universe. These mergers follow the same concept
as the BBH. The only difference is that the mergers happen here between neutron
stars, the second most massive astrophysical object after black holes. The process is
the same: these neutron stars are made in a binary star system after the life of these
stars. After some time it is possible that they merge by spiraling into each other
thereby losing energy in the form of gravitational waves.

Using observations of LIGO, the energy density for this source can be predicted as
ΩGW = 0.7+1.5

−0.6 × 10−9 for a frequency of 25 Hz. This can be compared to the pre-
dicted background coming from binary black holes ΩGW (f=25 Hz) = 1.1+1.2

−0.7×10−9.
The combination of the two gives the total astrophysical background predicted by
LIGO and VIRGO observations at ΩGW (f=25 Hz) = 1.8+2.7

−1.3 × 10−9 [39]. The dif-
ference between BNS and BBH is that BBH signals happen fast compared to the
average length between two individual different events. However for BNS signals
this is not the case, hence there is a greater chance for BNS events to overlap. As a
last note, there might also be a background coming from a neutron star and a black
hole merger.

Cosmological sources: A SBGW can also come from cosmological sources, such as in-
flation and first-order phase transitions. This is a real stochastic background and cannot
be resolved when using more sensitive or better detectors. It will be isotropic. Some
information about these sources can be found in the following paragraph.

• Inflation: It is possible for gravitational waves to be produced at the end of inflation,
during the period of reheating, when the inflaton decays into the visible sector.
These waves could have information about the Universe in the inflation era. They
would exist over a wide range of wavelengths corresponding to the size of the
observable Universe to subatomic distances.

• First-Order Phase Transitions or FOPT: This will be the source for gravitational
waves we are interested in in this thesis. A phase transition happens continuously
in the daily life, for example when you warm up water to its boiling point. How-
ever, there could also be more abstract phase transitions. In the minimal model, we
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will consider a phase transition (or PT) when tunneling happens between a false
and true vacuum of the potential. Such a first-order phase transition in the Early
Universe could produce a SBGW. A PT can lead to bubbles forming in space that sit
in a different vacuum than the other parts of the Universe. In the minimal model in
this thesis, it will be a different vacuum expectation value for the φ field. These bub-
bles can then create GW by colliding with other bubbles or creating sound waves
or turbulence in the plasma around them. Hence the characteristics of the gravita-
tional waves will depend on the properties of the bubbles. In the following section
the origin of these FOPT will be investigated further.

An overview of the sources for a SBGW together with the sensitivity of some gravita-
tional waves interferometers is given in Figure 5.3. There it is seen that the current exper-
iments, LIGO and VIRGO, might be capable in their upgraded version to just observe the
astrophysical background. LISA however should be capable to observe that background
more easily. The sensitivity of these detector has been shown as a curve in the figure. We
discuss those curves and what they represent in the following section.

Figure 5.3: This overview shows the GW spectra coming from different sources together
with the sensitivity curves of some detectors as a function of the frequency of the waves.
The expected astrophysical background from Binary Black Holes (=BBH) and Binary
Neutron Stars (=BNS) is shown as well as the expected background from slow-roll in-
flation. Also shown in the figure are the sensitivity curves for interferometers LIGO and
VIRGO and their upgraded versions as well as the curve for LISA. There are also some
constraints shown on the GW background, for example from the CMB, indirect limits
and pulsars. Figure taken from [33].

5.3 PLS curves

To check if the computed GW spectra would be visible in detectors, the sensitivity of
a detector must be calculated. The sensitivity of a detector of gravitational waves can
be characterized by a power law integrated sensitivity curve or PLS. To illustrate the
concepts in that computation we will focus in this section on the PLS of the upcoming
space detector LISA [40] and reproduce the results and calculations of [41].

LISA will be the first ever space laser interferometer observatory specifically designed
to detect gravitational waves. It has been proposed to consist of 2.5 million km length
arms and have four years of nominal duration, which could be extended to ten years.
The range of LISA will lay in the milli-Hertz range of frequencies, which can be very
interesting for the dark matter minimal model of this project, see section 6.3.
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The concept of power law integrated sensitivity curves or PLS can now be introduced,
which is a graphical representation of the ability of a detector to measure a SBGW with
a power law spectrum for a given signal-to-noise ratio or SNR and integration time. The
first assumption to be made is that the actual data taking of LISA can only take place
three years of the foreseen four, since the data is expected in chunks and hence there are
some interruptions which ensure that it is not taking data for the full four years.

All noise components can be combined into one power spectral density or PSD noise
function called P (X)

n . More details can be found in [41]. From the noise function, one can
construct the detector strain sensitivity curve Sn(f). The signal-to-noise ratio is given in
terms of the detector response PSD and the noise PSD

SNR =

√√√√t

∫ ∞
0

df

(
Pr(f)

P
(X)
n (f)

)2

=

√
t

∫ ∞
0

df

(
Sh(f)

Sn(f)

)2

, (5.11)

where t is the observation time.

Figure 5.4: This shows the LISA strain sensitivity curve Sn(f) [41].

The interest of this project is a stochastic GW background. The signal is expressed in
terms of the GW energy density power spectrum defined in Eq.(5.10), which can be re-
lated to the GW strain PSD through

ΩGW (f) =
4π2

3H2
0

f3Sh(f) , (5.12)

where H0 = 100 h km s−1 Mpc−1 is the Hubble constant. We chose h w 0.67 according
to its observed value by Planck experiment [42]. Similarly, one can define the energy
density sensitivity Ωs(f) through the detector strain sensitivity as

Ωs(f) =
4π2

3H2
0

f3Sn(f). (5.13)

The signal-to-noise ratio of a SBGW is then given by

SNR =

√
t

∫ fmax

fmin

df

(
ΩGW (f)

Ωs(f)

)2

, (5.14)
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where fmin and fmax denote the minimal and maximal frequencies of the detector range.
The SNR increases with the square root of the observation time t. In [43], they introduce
a graphical tool to visualise the improvement in sensitivity of a detector to a SBGW. This
is called the PLS, a sensitivity curve constructed in such a way that every power law
stochastic signal above it has an SNR larger than a certain threshold SNRthr. The SBGW
described by a single power law can be compared to this PLS of the detector and that
comparison indicates if the signal is detectable with a certain SNRthr or larger.

The PLS will be constructed as follows. It is assumed that the signal of SBGW has a
power law ΩGW (f) = Cβf

β with a certain coefficient or power β. For each β that needs
to be examined, one can find the value of Cβ that provides a SNR equal to the threshold
value SNRthr across the LISA band given by

SNRthr =

√
t

∫ fmax

fmin

df
C2
βf

2β

Ω2
s(f)

. (5.15)

This process is repeated for values of β ranging from large negative values to a large
positive ones. The PLS is then obtained by finding for each frequency the maximum
value of Cβfβ . In this way it is guaranteed that a signal behaving as a power law has an
SNR value greater than the threshold.

Figure 5.5: This shows the reproduced PLS curve in brown for LISA together with
h2Ωs(f) coming from the strain sensitivity Sn(f) from Figure 5.4 as the blue dotted line.

A last thing to choose when we want to reproduce the PLS curve of LISA is the choice of
the threshold value. Following the process from [41, 44] the value of SNRthr is chosen to
be 10. As mentioned before the observation time will be equal to three years or 3×3.154 ·
107 s. It is time to compute the PLS ourselves.

To start, one needs to know Sn(f) such that Ωs(f) can be calculated. This has been
computed in [41], see Figure 5.4.

From this given detector strain sensitivity, one can compute the energy density sen-
sitivity, Eq.(5.13), which is needed to calculate SNR. Assuming the power law signal for
ΩGW = Cβf

β and finding the correct coefficients Cβ such that SNRthr = 10 for every β
is the next step. By looking at every frequency and finding the maximum coefficient Cβ
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the PLS for LISA is reproduced, given in Figure 5.5, where it is shown together with the
energy density sensitivity Ωs(f).

Figure 5.6: This figure shows the different PLS curves for three different types of detec-
tors, LISA in brown, BBO in orange and Einstein Telescope in magenta.

Apart from LISA, there are also other (upcoming) experiments like BBO [45] and the
Einstein Telescope [46] for which we want to know the PLS curve such that they can be
compared to the computed spectra. These PLS curves are taken respectively from [47, 48,
49] and [49, 50] and are shown together in Figure 5.6. It should be noted that these PLS
curves are already more sensitive than the existing LIGO and VIRGO experiments and
therefore are interesting for the minimal model in this project, since the GW spectra that
are calculated in this model can reach these PLS curves. These PLS curves can then be
combined with the computed spectrum of the model to achieve the goal of this project
and see if it might be possible to observe some GW spectra coming from our dark matter
minimal model. We examine the detectability of the signals in section 6.3.

This concludes the examination of the sensitivity of the experiments. We continue
now on our investigation into describing a SBGW coming from first-order phase transi-
tions by examining the important concept of a finite temperature effective potential.

5.4 Finite temperature effective potential

Since first-order phase transitions will be important in this thesis, a closer look will be
taken at the stochastic background coming from these events. First order phase tran-
sitions are described in quantum field theory by the dynamics of a scalar field whose
vacuum expectation value changes during the cooling of the Universe. The first concept
that needs to be introduced is the finite temperature effective potential [51, 52].

The finite temperature effective potential consists of three parts. First of all there is
the potential present in the Lagrangian, the tree-level potential. The second part is the
one-loop potential. This is the correction to the potential due to one-loop diagrams. Last
of all, there is the finite temperature or thermal part of the potential that arrives into the
picture when looking at finite temperature quantum field theory. This is important since
the phase transition will happen in a hot plasma at a non-zero temperature.
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As an example, consider the model of a self-interacting real scalar field

L =
1

2
∂µφ∂µφ− V0(φ) , (5.16)

with
V0 =

1

2
m2φ2 +

λ

4!
φ4, (5.17)

the tree-level potential. Now, the tree-level potential gets corrected, because of one-loop
and finite temperature effects. First of all there is the one-loop zero-temperature effective
potential

Veff (φ) = V0(φ) + V1(φ) , (5.18)

with the one-loop contribution

V1 (φ) =
1

2

∫
d4p

(2π)4
log

[
1 +

λφ2/2

p2 +m2

]
. (5.19)

The shifted mass is defined as

m2(φ) =
d2V0(φ)

dφ2
= m2 +

1

2
λφ2 , (5.20)

such that the one-loop contribution can be rewritten as

V1 (φ) =

∫
d4p

(2π)4
log
[
p2 +m2(φ)

]
. (5.21)

For more details, consider checking [51].
The integral that defines the one-loop effective potential will be UV divergent. That

is a problem and therefore the potential has to be regularized. This can be done by intro-
ducing counterterms that will cancel the divergencies coming from the one-loop contri-
butions. In the example above, counterterms would be added as

V c.t.
1 = δΩ +

δm2

2
φ2 +

δλ

4
φ4. (5.22)

The expression of the effective potential will become finite, depending on the regular-
isation and on the renormalisation condition. We will describe two examples of both
regularisation and renormalisation.

The first way to tackle regularisation is dimensional regularisation introduced by ’t
Hooft and Veltman. The details of the process can be found in [53]. There one takes the
number of spacetime dimensions of the problem to be a general n. The one-loop potential
would in that case look like

V1 (φ) =
1

2

(
µ2
)2−n

2

∫
dnp

(2π)n
log
[
p2 +m2 (φ)

]
, (5.23)

where µ is a mass scale which is needed to balance the dimension of the integration
measure. The integral in Eq.(5.23) can be calculated using the derivative of the potential
w.r.t. m2(φ)

V ′ =
1

2

(
µ2
)2−n

2

∫
dnp

(2π)n
1

p2 +m2 (φ)
. (5.24)

This integral is simpler to compute, using [51]∫
dnp

(
p2
)α

(p2 +M2)β
= π

π
2
(
M2
)π

2
+α−β Γ

(
α+ n

2

)
Γ
(
β − α− n

2

)
Γ
(
n
2

)
Γ(β)

, (5.25)
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and integrating the result w.r.t. m2(φ), one finds

V1 (φ) = − 1

32π2

1
n
2

(
n
2 − 1

) (m2 (φ)

4πµ2

)n
2
−2

Γ
(

2− n

2

)
m4 (φ) . (5.26)

This can be expanded in powers of 2 - n/2 keeping in mind that n = 4 in the case of this
thesis. The expansion

Γ(z) =
1

z
− γE +O(z) , (5.27)

where γE is the Euler-Mascheroni constant, will be used to simplify Eq.(5.26). It is found
that

V1 (φ) =
m4 (φ)

64π2

{
−
[

1

2− n
2

− γE + log 4π

]
+ log

m2 (φ)

µ2
− 3

2
+O

(n
2
− 2
)}

.

(5.28)

Now renormalisation comes into place. Dimensional regularisation can be followed by
MS renormalisation. This consists of subtracting the term proportional to

CUV =

[
1

2− n
2

− γE + log4π

]
, (5.29)

in the regularized potential Eq.(5.28). This divergent piece with the pole at n = 4 has to
be absorbed by the counterterms. Details will not be given, see again [51] for more, but it
is possible to find a regularised and renormalised zero temperature effective potential as

V (φ) = V0 (φ) +
1

64π2
m4 (φ)

[
log

m2 (φ)

µ2
− 3

2

]
. (5.30)

A second example of regularisation is cut-off regularisation. In this example we con-
sider specifically the Standard Model one-loop potential, see [54] for more details. Here
we regularize the theory with a cut-off Λ and impose the minimum at v = 246.22 GeV.
The Higgs mass or in general the mass of any field that does the transition is assumed to
not change with respect to their tree level values. This can be written down as

d
(
V1 + V c.t.

1

)
dφ

∣∣∣∣∣
φ=v

= 0 ,

d2
(
V1 + V c.t.

1

)
dφ2

∣∣∣∣∣
φ=v

= 0.

(5.31)

One can write in this regularisation that

V1 (φ) =
1

32π2

∑
i=W,Z,t,h,χ

ni

[
m2
i (φ) Λ2 +

m4
i (φ)

2

(
log

m2
i (φ)

Λ2
− 1

2

)]
. (5.32)

Then, the finite zero temperature potential after cancelling the UV divergencies using the
counter terms becomes

V (φ) = V0 (φ) +
1

64π2

∑
i

{
m4
i (φ)

(
log

m2
i (φ)

m2
i (v)

− 3

2

)
+ 2m2

i (v)m2
i (φ)

}
. (5.33)

This scheme of renormalisation and Eq.(5.33) will be the one that is used in this thesis.
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The last thing to add to the finite temperature effective potential are the corrections
coming from working with a finite temperature quantum field theory. This will be neces-
sary since phase transitions happen at finite temperature. There will be thermal correc-
tions VT to the effective potential

Veff (φ, T ) = V0(φ) + V1(φ) + VT (φ, T ). (5.34)

It can be found that for bosons the thermal part of the potential can be written as

VT =

∫
d3p

(2π)3

[
ω

2
+

1

β
log(1− e−βω)

]
, (5.35)

where the first part of the integral is the one-loop effective potential at zero tempera-
ture, to prove this, see [51], β = 1/T and ω is defined as ω2 = ~p2 + m2(φ), with m2(φ)
the shifted mass. The thermal correction to the potential can also be written down for
fermions, however this is not relevant for the minimal model of this thesis, since there
are no fermions that can give corrections to the potential. The second, temperature de-
pendent part coming from bosons can be written as

1

β

∫
d3p

(2π)3
log
(

1− e−βω
)

=
1

2π2β4
JB
[
m2 (φ)β2

]
, (5.36)

where
JB
[
m2β2

]
=

∫ ∞
0

dxx2 log
[
1− e−

√
x2+β2m2

]
, (5.37)

is the thermal bosonic function JB . There exists a high-temperature expansion of this
function, which can be very useful for practical applications. It is given by

JB
(
m2/T 2

)
=− π4

45
+
π2

12

m2

T 2
− π

6

(
m2

T 2

)3/2

− 1

32

m4

T 4
log

m2

abT 2

− 2π7/2
∞∑
`=1

(−1)`
ζ(2`+ 1)

(`+ 1)!
Γ

(
`+

1

2

)(
m2

4π2T 2

)`+2

,

(5.38)

where ab = 16π2exp(3/2-2γE) and ζ is the Riemann zeta-function. In section 6.2, this
particular case is investigated. Here, we end our discussion of the finite temperature
effective potential and we continue now by studying phase transitions themselves.

5.5 Phase Transitions

In the previous section, the one-loop and thermal corrections to the tree level potential
were examined such that the concept of the finite temperature effective potential is clearly
defined. The specific form of the potential can lead to phase transitions. These transitions
exist in two types, first-order phase transition which will be of interest in this thesis or
second-order phase transitions. These two types will be illustrated with an example be-
low [51, 52].

A second-order phase transition can be investigated using the following general toy
model potential

V (φ, T ) = D(T 2 − T 2
0 )φ2 +

λ(T )

4
φ4 , (5.39)

where D and T 2
0 are constants and λ is a slowly varying function of T . In the case of a

positive mass term at zero temperature, the minimum of the potential is at φ = 0, that
point is stable and corresponds to the vacuum state. However in the toy model studied
here at zero temperature, the toy model potential has a negative mass term, hence φ =
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0 is an unstable state. In the case of the negative mass term, the state which is the true

minimum and therefore favoured to φ = 0 is φ(0) = ±
√

2D
λ T0, where the symmetry φ→

−φ is broken, in a similar way to the Brout-Englert-Higgs mechanism [55, 56].
At a finite temperature, this potential has two stationary points given by φ(T ) = 0,

the origin, and

φ(T ) =

√
2D(T 2

0 − T 2)

λ(T )
. (5.40)

These points correspond to the local extrema of the potential. The point is then to find
the temperature at which φ = 0 starts becoming a local maximum. From Eq.(5.40), it is
clear that T0 is exactly this temperature. It is called the critical temperature. Therefore at
T < T0, the origin becomes a maximum and φ(T ) 6= 0 is now the true minimum of the
potential. This type of phase transition is called second order, because there is no barrier
between the two phases, φ = 0 and Eq.(5.40). Such a potential is shown in Figure 5.7. The
interesting dynamics involving bubbles and leading to a SBGW happens instead in first
order phase transitions, which is investigated in the following section.

Figure 5.7: This shows the effective potential of the toy model for a second-order phase
transition, Eq.(5.39), for different values of the temperature. One for a higher tempera-
ture, one for the critical temperature and one for a lower temperature. As seen by the two
lower temperatures, there is never a barrier present in the potential for this toy model,
which is characteristic for a second-order phase transition. To plot this potential, the
constants D, T0 and λ are taken to be 1.

5.5.1 First Order Phase Transition and the Effective Potential

As mentioned before, the dynamics of a phase transition are governed by the finite-
temperature effective potential. For first-order phase transitions or FOPT, there is a bar-
rier between the true vacuum, which is the broken phase, and the false vacuum or the
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unbroken phase. An example for a FOPT potential toy model is given by

V (φ, T ) =
1

2
γ(T 2 − T 2

0 )φ2 − 1

3
ATφ3 +

1

4
λφ4 , (5.41)

where φ > 0 and γ, A and λ are strictly positive. The big difference between this toy
model and Eq.(5.39) is the emerging of a new cubic term in the potential. This cubic term
is responsible for the barrier in the potential at finite temperature. It is directly dependent
on the temperature and goes away at zero temperature, which means that the barrier also
disappears at zero temperature. There, Eq.(5.39) is recovered.

The potential is shown in Figure 5.8 for different values of T . Table 5.1 gives the
parameters for which this figure was made. For very high temperatures T , the potential
has a true minimum at φ = 0, where V (φ) = 0. This is the unbroken phase, which is
represented as the blue line of the plot.

As the temperature is lowered, a second extremum of the potential appears at a tem-
perature T1 given by

T 2
1 =

T 2
0

1−A2/(4λγ)
, (5.42)

which is represented by the red line in the figure.

Figure 5.8: This plot shows the potential V (φ, T ) for a first-order phase transition in the
toy model, Eq.(5.41), for different values of T , starting from a higher temperature all
the way to T0 passing T1, the point where a second extremum comes into play, and the
critical temperature Tc, where the vacua become degenerate. One can clearly see a barrier
forming in the potential when looking at Tc. This barrier is required for the first-order
phase transition.

The second extremum is then situated at φ = φ1 = AT1/(2λ) and V (φ1) > 0. When the
temperature decreases even further, the extremum splits into a local maximum and a
local minimum. The value of the potential at the local minimum keeps decreasing when
the temperature drops until this minimum of the potential become degenerate with the
other minimum at φ = 0. This happens at the critical temperature

T 2
c =

T 2
0

1− 2A2/(9λγ)
. (5.43)
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γ T0 A λ Tc T1

Value 1 1 1.5 1
√

2 2.29

Table 5.1: The parameters shown here are used to plot the potential of the toy model given
in Figure 5.8. On the left side of the double line, the input parameters are given, while
on the right of it the parameters computed from these inputs are given. This notation
is followed in all other tables as well. To find T1 and Tc, Eqs. (5.42) and (5.43) are used
respectively.

Note that the critical temperature here it is not simply given by T0 as in the case of the
second-order phase transition, here it is denoted as Tc instead. The potential at the critical
temperature is the purple line in the plot for the toy model, where it is clear that the two
minima now have the same value.

Lowering the temperature even more, T < Tc, then the minimum at φ1, which was
local, becomes the true minimum of the potential. The end of the analysis of the temper-
ature dependence of the potential comes when we reach T = T0. Here the extremum in
φ = 0 becomes a local maximum. This is the green line in the plot. It is possible to lower
the temperature even further, but no other interesting features occur.

The described toy model highlights the central property of a first order phase transi-
tion, namely that in a certain temperature range there exist two minima of the potential
separated by a barrier. In section 6.2, we will see how the temperature evolution of the
scalar φ in the dark matter minimal model can be described by a semi-analytical potential
which can be mapped to this very toy model.

The Universe during its evolution undergoes a number of phase transitions that can
be a smooth crossover (=second-order) or first-order phase transitions. For example, the
most recent one took place at the QCD scale, with a critical temperature Tc ∼ 150 MeV.
Above this temperature quarks and gluons are not confined into hadrons and form a
quark-gluon plasma. At earlier times there is the electroweak phase transition at the
critical temperature Tc ∼ 100 GeV. If T goes below Tc, the Higgs field will take on a non-
zero vacuum expectation value, thereby making the gauge W and Z bosons, quarks and
leptons massive and breaking the U(1)Y × SU(2)L symmetry. It is possible that at even
higher temperatures, there have been other unknown phase transitions, for example at
the grand unified energy scale.

Focusing on the possibility of generating a SBGW during the phase transition, the
interesting case is when the phase transition is first order. We examine the electroweak
phase transition. The order of the phase transition depends on the value of the underly-
ing particle physics model, in this case the Standard Model. Especially, the Higgs mass
is of importance. A couple of years ago, this mass was measured at the LHC to be mH

∼ 125 GeV [57]. This is bad news for the first-order phase transition possibilities at the
electroweak scale. For this particular value of the Higgs mass, there is no first-order phase
transition and no GW production. Instead, there is a second-order phase transition, also
called a smooth crossover at a temperature T = 150.5 ± 1.5 GeV. If the Higgs mass would
have been smaller, mH < 80 GeV, perhaps there could have been a FOPT [58].

5.5.2 Bubble dynamics

In this section FOPTs will be investigated in more detail. Starting from the concept of tun-
neling at zero and finite temperature, we go to the bounce action. From the bounce action,
the nucleation condition can be computed as well as parameters α and β/H∗ which will
be useful for calculating the GW spectrum coming from a FOPT.

The question in this section will be: how and when does the FOPT take place? First
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we need to look at how it is possible to tunnel through the barrier of the potential in
finite temperature quantum field theory from the false vacuum to the true vacuum. As
a small detour and preparation for the finite temperature, we first examine tunneling at
zero temperature.

Zero temperature tunneling To start the discussion of tunneling the most simple gen-
eral example that can be imagined with the right properties is considered. The simplest
theory is a scalar theory in zero temperature quantum field theory with a certain potential
V (φ).

Consider a scalar field theory in Minkowski space

SM =

∫
d4x

[
−1

2
ηµν∂µφ∂νφ− V (φ)

]
. (5.44)

Then choose a potential that has a false vacuum in φ = 0, with V (φ) = 0 and a true
vacuum at φ = φ0 > 0, where V (φ0) < 0. It is possible to perform a Wick rotation,
introducing Euclidean time τ = it. Then d4x = −idτd3x = −i(d4x)E . If the Euclidean
action is defined as SE = −iSM , then

SE =

∫
d4xE

[
1

2
∂µφ∂µφ+ V (φ)

]
. (5.45)

We want to find the equation of motion corresponding to this action and the solution,
keeping in mind the boundary condition

lim
τ→±∞

φ(τ, x) = 0. (5.46)

We also impose
lim
|x|→∞

φ(τ, x) = 0 , (5.47)

to make sure the action cannot be infinite. Then choose a random point in Euclidean
space as the origin for the coordinate system and define a radial coordinate ρ = (τ2 +
x2)1/2. The solutions of the equations of motion or e.o.m. will come in the form φ = φ(ρ).
The action then reads

SE = 2π2

∫ ∞
0

dρρ3

[
1

2

(
dφ

dρ

)2

+ V (φ)

]
, (5.48)

such that the e.o.m. become
d2φ

dρ2
+

3

ρ

dφ

dρ
= V ′(φ). (5.49)

The boundary conditions are simplified into one

lim
ρ→∞

φ(ρ) = 0. (5.50)

It is also required that the solution at the origin is regular, which means that

dφ

dρ

∣∣∣∣
ρ=0

= 0. (5.51)

When looking at Eq.(5.49), the e.o.m can be seen as the motion of a particle in one dimen-
sion described by the coordinate φ, with ρ being some kind of time coordinate, moving
in a potential −V (φ), as shown in Figure 5.9.
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The particle is also under the influence of a damping force−η(ρ)v, where v = dφ/dρ is
the velocity and η(ρ) = 3/ρ is the friction coefficient, depending on ρ itself. Looking at the
boundary conditions, the particle must start at a time ρ = 0 with a velocity zero from an
initial position φi, such that at ρ → ∞, φ goes to zero. Since friction is present, the initial
energy must be higher than zero. The initial position of the field then can be determined
by integrating Eq.(5.49) numerically. This numerical process will assign a value φ in the
range between φe and φ0, as shown in Figure 5.9, using an under-shooting/over-shooting
procedure [59]. This range of φ is chosen because the friction terms ensures that the initial
energy must be bigger than zero.

Figure 5.9: This shows the potential −V (φ). It also shows the range of possible φ to
choose for the under-and over-shooting procedure. The two boundaries of the range are
φe and φ0. In between these two, the procedure chooses a random value of φ to try and
calculate the bounce solution. The ideal point to start at is φi at which φ goes to zero for
ρ→∞, because this is exactly the bounce solution. Figure from [52].

If we would choose an initial position, such that there is not enough energy to reach
φ = 0, the solution bounces back while oscillating around the minimum of −V . It is also
possible to choose an initial position such that the solution overshoots and reaches the
region φ < 0, which leads to φ → −∞. The bounce solution φb(ρ) for which φ = 0 if
ρ→∞ can be written as φ = φb

(√
−t2 + r2

)
, where r = |x|.

We can pick a fixed t, for example t = 0, and look at the dependence of φ on r. Then,
at small r, φ is near the value φi and thus close to the true vacuum φ0. As we increase
r, the value of φ will evolve and eventually will reach φ = 0, the false vacuum. This
solution represents a nucleation bubble, where the field φ sits in the true vacuum in the
inner region of the bubble and in the false vacuum in the outer region.

This bubble will expand in the false vacuum at the speed of light in the case of the
zero temperature tunneling. The transition rate is then

Γ

V
= Ae−Sb , (5.52)

where Sb is the Euclidean action, defined in Eq.(5.48), evaluated on the bounce solution
φb and A is some prefactor, which is complicated to calculate and can be found in [52].
The next step is to examine the tunneling, but in the finite temperature regime.

Tunneling at finite temperature It is time to generalize the procedure in the previous
paragraph to finite-temperature quantum field theory. This will be useful for the phase
transitions happening in the minimal model, since they happen in the Early Universe at
a certain finite temperature. Therefore, the potential must be replaced by the effective
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potential at finite temperature V (φ, T ) as was introduced in section 5.4. The action is
given by

S4[φ] =

∫ 1/T

0
dτ

∫
d3x

[
1

2
∂µφ∂µφ+ V (φ, T )

]
. (5.53)

We want to look at the limit where T is large compared to 1/R, the inverse of the radius of
the nucleation bubble. Hence, the dependence of φ on Euclidean time becomes negligible,
therefore

S4[φ] w
1

T
S3[φ] , (5.54)

where

S3[φ] =

∫
d3x

[
1

2
(∂iφ)2 + V (φ, T )

]
, (5.55)

and φ = φ(x). In this case, we will try to find a solution of the form φ = φb(r), where
r = |x|. The action reduces to

S3 = 4π

∫ ∞
0

drr2

[
1

2

(
dφ

dr

)2

+ V (φ, T )

]
, (5.56)

with the equation of motion

d2φ

dr2
+

2

r

dφ

dr
=
dV (φ, T )

dφ
. (5.57)

The boundary conditions can be written as limr→∞ φ(r) = 0 and in order to have regu-
larity at the origin we need

dφ

dr

∣∣∣∣
r=0

= 0. (5.58)

The transition rate meanwhile is now given by

Γ

V
w cT 4e−S3,b(T )/T , (5.59)

where S3,b(T )/T is the action S3[φ, T ] evaluated on the bounce solution φb(r) and c is
O(1). When looking at Eq.(5.52), the prefactor A is now approximated by c × T 4 [52].
The next step of the story is investigating when a nucleation bubble is formed and how
to calculate the nucleation temperature.

Nucleation condition As mentioned before, the process starts from large temperatures
where the field φ sits at the minimum of φ = 0. When the Universe cools down and
T < Tc, this minimum becomes metastable and the Universe is in a false vacuum. It is
possible to transition to the true vacuum via quantum or thermal tunneling. This creates
regions or bubbles of true vacuum, in a process called bubble nucleation. The nucleation
of a bubble results in an energy gain (4π/3)r3∆ρvac(T ), where r is the bubble radius
and ∆ρvac(T ) is the energy difference between the true vacuum and the false vacuum.
However, there is a loss of energy due to the surface tension of the bubble given by
4πr2σ. Therefore, there is a critical radius rc(T ) = 3σ/∆ρvac(T ), such that bubbles with a
smaller radius disappear while bubbles with a bigger radius survive and expand.

The probability of nucleation of such a large bubble is small and can be quantified
by the nucleation rate Γ(T ), the transition rate from the false to the true vacuum. But
if one waits long enough, such a transition to the true vacuum will happen eventually.
However in cosmology, there is a timescale to which we should compare the nucleation
rate Γ(T ) due to the expansion of the Universe, namely the Hubble expansion rate H(T ).
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If the nucleation rate for bubbles is smaller than H(T ), the Universe will have cooled
down too much before the nucleation has a significant chance of happening. If Γ(T )
never becomes as large as H(T ), then at T = T0, the field φ will roll smoothly from the
false vacuum, which now is a local maximum, to the true vacuum. This is a second-order
phase transition.

A first-order phase transition will happen when Γ(T ) becomes as large as H(T ) at a
temperature Tnuc, the nucleation temperature, in the temperature range T0 < Tnuc < Tc.
Tunneling will happen in that case.

At a time t the rate of bubble nucleation in a Hubble volume is (Γ/V ) ×H−3(t). The
time tnuc at which the phase transition takes place can be computed by requiring that the
number of bubbles nucleated from time 0 to tnuc is of order 1∫ tnuc

0
dt

Γ

V H3(t)
= O(1). (5.60)

It is possible to transform the variable of this integral from t to T , using T ≈ 1/a, such
that dT/T = - H dt. We also fill in H , see Eq.(2.7), and the phase transition temperature
Tnuc is found by computing∫ ∞

Tnuc

dT

T

(
45

4π3g∗(T )

)2(MPl

T

)4

e−S3(T )/T = O(1). (5.61)

However, it will be easier to simplify the integral because it is dominated at the nucleation
temperature T = Tnuc. This will become clear later on when we look at the form of
S3(T )/T . This means that Eq.(5.61) is approximated as(

45

4π3g∗(Tnuc)

)2(MPl

Tnuc

)4

e−S3(Tnuc)/Tnuc = O(1). (5.62)

It is possible to set g∗(Tnuc) at its highest value in the minimal model, which would be
113.75 as mentioned before. However this is still small compared to the Planck Mass,
therefore one is able to write Eq.(5.62) as

S3(Tnuc)

Tnuc
w 4 log

(
MPl

Tnuc

)
. (5.63)

This equation will be used to compute the nucleation temperature by trying to find the
intersection between the bounce action on the left hand side and the log on the right hand
side of the equation. However this does depend on the energy scale we are looking at,
since MPl has the dimensions of a mass. Until now everything could have been done
dimensionless. Hence the nucleation temperature will depend on which scale is investi-
gated. In the thesis, three scales will be investigated corresponding to different regimes
of dark matter production and the nucleation condition will be affected by the variation
in these scales.

The vacuum energy density associated with the transition is

ρ∗ =

[
−V [η(T ), T ] + T

d

dT
V [η(T ), T ]

]
T=Tnuc

, (5.64)

where η(T ) is the vacuum expectation value of the scalar field at the true vacuum de-
pending on the temperature. It is convenient to normalize this quantity to the radiation
energy density

α =
ρvac
ρrad

=
30ρ∗

π2g∗(Tnuc)T 4
nuc

, (5.65)
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where we used that ρR = g∗π
2T 4/30. The parameter α quantifies the strength of the

phase transition.
Another important parameter is the bubble nucleation rate

Γ(t)

V
=

Γnuc
V

eβ(t−tnuc) , (5.66)

where tnuc is the time of transition at which the rate is Γnuc. Since β has dimension t−1,
the relevant to be computed parameter will be β/H∗, where H∗ = H(Tnuc).

Until now, it was assumed that the Universe only has a radiation contribution, hence
it is possible to fill in the Hubble parameter in Eq.(5.60) to get Eq.(5.61). However, one
needs to take the effect of changing the vacuum on the Hubble parameter into account.
This leads to the following definition

H(T ) =

√
1

3M2
Pl

(
T 4

s2
+ ∆V

)
, (5.67)

where s = 30/(π2g∗) and ∆V is the difference between the zero temperature potential
at the false vacuum and the zero temperature potential at the true vacuum. The Hubble
parameter now has changed contrary to before where we used Eq.(2.7) to insert H into
Eq.(5.60). Keeping the Hubble parameter present in Eq.(5.60) and going through the same
process again of computing the integral, approximating it at the nucleation temperature
with this new Hubble parameter leads to a change of Eq.(5.63) into

S3(Tnuc)

Tnuc
w 4 log

(
Tnuc

H(Tnuc)

)
. (5.68)

This is the nucleation condition that is used for the remainder of the thesis.
Since we have now determined Tnuc, it is possible to calculate α, see Eq.(5.65) and β,

first introduced in Eq.(5.66). β represents the inverse duration of the phase transition.
The way to compute β is by expanding the the bounce action around the transition time
tnuc

S3,b(T )

T
w

(
S3,b(T )

T

)
t=tnuc

+ (t− tnuc)
d

dt

(
S3,b(T )

T

)
t=tnuc

. (5.69)

Then, β is defined as

β = − d

dt

(
S3,b(T )

T

)
t=tnuc

w
Γ̇

Γ
, (5.70)

see Eq.(5.59) for the second equality. We switch again from t to T and we find

β

H∗
= Tnuc

d

dT

(
S3,b(T )

T

)
T=Tnuc

. (5.71)

To compute β/H∗, one needs to know the nucleation temperature Tnuc, the potential
V (φ, T ) and how the action depends on T in the vicinity of Tnuc, while for α one only
needs knowledge about the first two concepts.

The concepts introduced in the paragraphs above will allow us to study FOPT in
the Early Universe and the bubble dynamics coming from these phase transitions. To
illustrate the concepts, a return to the toy model introduced in Eq.(5.41) is useful. Using
the equations and approaches mentioned above, the bounce action and the nucleation
temperature can be calculated for this toy model. The bounce action can be calculated
using the Mathematica package FindBounce [60]. The result is given in Figure 5.10 using
the parameters of Table 5.2. Then the nucleation temperature can be found by solving
Eq.(5.68), which amounts to finding the intersection between the bounce action and the
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log, representing the solution of Eq.(5.68). The value of the nucleation temperature Tnuc
is given by 1.96 ×103 GeV in this case.

In the toy model, one can calculate α and β/H∗ using Tnuc. We find that α = 0.012
and β = 1128.3. The concepts outlined in this section will be important when examining
how to calculate the gravitational wave spectrum in the next section.

Figure 5.10: This shows the bounce action calculated for the toy model of Eq.(5.41) with
the parameter values from Table 5.2 as the blue dashed line. It also shows the way the
nucleation temperature is calculated. The intersection between the bounce action and
the red horizontal line, which is Eq.(5.68), will define the nucleation temperature. This
temperature is represented by the red vertical dotdashed line. The scale is this case is 103

GeV.

λ T0 A γ Tc Tnuc
Value 0.6 1 1.5 1

√
6 1.96 ×103 GeV

Table 5.2: To give an example for the bounce action and how to compute the nucleation
temperature in the toy model, the parameters in this table are chosen. The nucleation
temperature is computed using Eq.(5.68).

5.6 GW Spectrum

In this section, we will try to find formulas for the frequency spectrum of the gravitational
waves coming from the bubbles [61].

Before we begin, one last important parameter should be introduced, namely the
kappa-parameters

κv =
ρv
ρvac

, κφ =
ρφ
ρvac

. (5.72)

These give the fraction of vacuum energy that gets converted into bulk motion of the
fluid ρv as kinetic energy and into the energy of the scalar field ρφ. As a last comment,
the bubble wall velocity in the rest frame of the plasma far away from and around the
bubble will be denoted as vw.
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Bubbles that are spherical will not produce gravitational waves. It is only in processes
coming from the collision of bubbles that GWs will be created. There are three processes
that can be involved in the production of GW’s:

• Collisions of bubbles and shocks in the plasma. These are generally treated with
the envelope approximation.

• Sound waves that arise in the plasma after the collision but before the expansion
has dissipated the kinetic energy in the plasma.

• Magnetohydrodynamic turbulence, which we will neglect in this thesis.

The contributions can all combine such that

h2ΩGW w h2Ωφ + h2Ωsw + h2ΩMHD ∼ h2Ωsw , (5.73)

where ΩGW is defined in Eq.(5.10). The main production process for gravitational waves
in the model considered in the thesis is assumed to be the sound waves coming from the
plasma surrounding the bubbles. We focus now on on that specific production process.

Sound waves: Bulk motion in the fluid can occur as sound waves. For generic values
of vw, the numerical results are fitted by [62]

h2Ωsw(f) = 2.65× 10−6

(
H∗
β

)(
κvα

1 + α

)2(100

g∗

) 1
3

vwSsw(f) , (5.74)

where κv is defined in Eq.(5.72). The spectral shape Ssw(f) is found using simulations
[62]

Ssw(f) = (f/fsw)3

(
7

4 + 3 (f/fsw)2

)7/2

, (5.75)

where fsw is the peak frequency. An estimate shows that after redshift the peak frequency
becomes [62]

fsw = 1.9× 10−2mHz
1

vw

(
β

H∗

)(
T∗

100GeV

)( g∗
100

) 1
6
. (5.76)

The dependence on Tnuc in the equation for the peak frequency is important for the com-
putations later on. It is there that the scale of interest plays a significant role for the
realisation of the GW signal.

On a final note, the form of κv is specified. Once again this can be found in [61].
The bubbles will expand in a plasma thereby experiencing friction. This friction works
against the expanding bubble, which means that there could be a terminal velocity for
the bubbles. Such bubbles are non-runaway bubbles. Runaway bubbles do have an ever
increasing velocity until the speed of light, however the runaway bubbles have most of
their energy transferred into bubble collisions due to the energy stored in the walls of
the bubbles which can also lead to the production of gravitational waves. This will not
be considered in this thesis since we look at GW production where sound waves are the
dominant source.

Even in a non-runaway context in this model, the bubble will still have a relativistic
velocity. Therefore, vw will be taken to be 1 from now on. In the case of a relativistic
terminal velocity, the most important contribution to the GW spectrum for non-runaway
bubbles will come from sound waves and then κv will be given by [62]

κv = α(0.73 + 0.083
√
α+ α)−1. (5.77)
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This final formula gives a nice conclusion to the investigation of the GW spectrum and
the toy model. Since all parameters needed to produce a spectrum have been examined, it
is possible to compute the spectrum using Eq.(5.74) for the toy model. This can be seen in
Figure 5.11. The parameters used to calculate this spectrum can be found in Table 5.1 and
Table 5.3. In the plot, the spectrum is plotted in red together with three other dotted line
that represent the sensitivity of upcoming experiments. For more information about these
curves, see section 5.3. The orange line represents the sensitivity of BBO experiment. It
seems that this detector would be able to catch the signal coming from the toy model,
since the GW spectrum just crosses the sensitivity line. This effect will hopefully return
when looking at the GW spectra in the actual dark matter minimal model from this thesis.
These spectra are computed and examined in the next section.

α β/H∗
Value 1.16 ×10−2 1128.3

Table 5.3: Using the parameters from Table 5.1, Eq.(5.65) and Eq.(5.71) we calculate α and
β/H∗ found in this table. From these parameters the GW spectrum of the toy model, see
Eq.(5.74) can be calculated.

Figure 5.11: This figure shows the computed ΩGW spectrum coming from a first-order
phase transition when considering the toy model from Eq.(5.41) in red together with the
PLS curves of three experiments, BBO in orange, LISA in brown and Einstein Telescope
in magenta.
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6 Gravitational Waves in a Minimal Dark Matter Model

Following the discussion of the previous section, we now move to investigate the pos-
sible phase transition that can occur in the dark matter minimal model model explored
in this thesis given by the Lagrangian Eq.(3.3). We start by computing the potential for
the minimal dark matter model and then we calculate Tc and T0. After that, the bounce
action following from the potential can be computed as well. Subsequently, the nucle-
ation temperature is also calculated. However to compute this temperature, one needs to
specify the scale at which you are working. In the calculations below, we will work with
three different scale corresponding to three different regimes of dark matter production
we have discussed in section 2.4. The next step is calculating α and β/H∗ from which the
GW spectrum resulting from the first order phase transition can be computed. There will
also be an analysis of the parameter space from the minimal model.

6.1 Phase transition in the minimal dark matter model

Effective potential, phase transition and bounce action The first required ingredient
is the finite temperature effective potential for the scalar φ. The thermal and quantum
effects which shape the potential depend on the particles interacting with the φ particle.
Since the φ particle is charged under the U(1)D symmetry, it will interact with the gauge
boson of this symmetry, Z ′. The self-interaction of φwill also be present. Hence there will
be only bosons responsible for the one-loop and thermal corrections of the potential. In
short, these will be the relevant interactions for these corrections to the potential in this
model

L ⊃ |Dµφ|2−
1

4
F

′
µνF

µν′ − µ2|φ|2+λ|φ|4 , (6.1)

where |φ|2= φ∗φ. We then define |φ|= ρ√
2

and ρ as the modulus of the scalar complex

field with a normalisation factor
√

2 to keep the kinetic term of the Lagrangian canonical.
The ρ notation will be used for the remainder of this section. As a reminder, the covariant
derivative in the kinetic term is defined as Dµ = ∂µ − igDZ

′
µ and F

′
µν is the general field

strength tensor for the Z ′ boson. All other terms where the effect of the first-order phase
transition could play a role, such as the new higher-dimensional operator, are assumed
to have negligible effects mostly due to small couplings. The quartic self-interaction of φ
and in some sense also the mass term present in the tree-level potential will also have an
effect on the finite temperature effective potential.

The effects of these two bosons can be plugged into Eq.(5.33) and Eq.(5.35) to obtain
the one-loop and thermal corrections to the tree-level potential in Eq.(5.17) corresponding
to these bosons. To do this, the masses of both bosons must be known. They can be
written as

m2
Z′(ρ, gD) = g2

D

ρ2

2
,

m2
ρ(ρ, µ, λ) = 3λρ2 − µ2 ,

(6.2)

where ρ is the modulus of the complex field φ as defined before. These definitions follow
from Eq.(5.20). One can immediately see that for example the Z ′ boson will be massless
at high temperature, since there the ρ field sits in the minimum ρ = 0. However, when
the ρ field will tunnel to the true vacuum of the effective potential at a lower temperature
the Z ′ boson acquires a mass.

It all begins with the finite temperature effective potential. For the dark matter mini-
mal model of the thesis we use the same form for the tree level potential as in Eq.(5.17),
but now with the modulus ρ

V0(ρ) = −µ2 ρ
2

2
+ λ

ρ4

4
. (6.3)
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The one-loop correction is given by, see Eq.(5.33)

V1(ρ) =
1

64π2

∑
i=ρ,Z′

{
nim

4
i (ρ)

(
log

m2
i (ρ)

m2
i (vφ)

− 3

2

)
+ 2m2

i (vφ)m2
i (ρ)

}
. (6.4)

The thermal corrections in the minimal model are given by

VT (ρ, T ) =
T 4

2π2

[
nρ JB[mρ(ρ)2/T 2] + nZ′ JB[mZ′(ρ)2/T 2]

]
, (6.5)

where we take nρ = 1 and nZ′ = 3 from now on.

µ gD λ T0 Tc T1

Value 100 1.0 0.01 54 172 220

Table 6.1: These parameters are used to compute the finite temperature effective potential
in Figure 6.1 where its dependence on the temperature is investigated. The three param-
eters T0, Tc and T1 are calculated using the finite temperature effective potential for the
dark matter minimal model.

Figure 6.1: This shows the effective potential for the dark matter minimal model in the
thesis for different values of T . The green line is at a high temperature where the po-
tential only has a minimum at ρ = 0. Lowering the temperature leads us to T1 where a
second extremum appears as expected. From Tc onward the second extremum becomes
the true vacuum and tunneling might occur. This ends at T0, where the extremum in
ρ=0 becomes a local maximum and a smooth crossover can be recovered if the tunnel-
ing has not yet taken place. It is also noticed that the position of the second extremum
changes depending on the temperature, so this is another effect that needs to be taken
into account.

To know the thermal corrections, one needs to calculate the thermal bosonic function,
given in Eq.(5.37). Putting all these formulas together will give the finite temperature ef-
fective potential of the model which is shown in Figure 6.1 for a certain set of parameters,
shown in Table 6.1.
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The next step using the effective potential is to find the critical temperature Tc and
T0 of the potential, where Tc is the point at which the potential starts having degenerate
minima. From that point on there is a chance that nucleation bubbles will emerge in
some patches of space because of the ρ field tunneling from the false minimum to the
true vacuum. This is a first-order phase transition, which is a source for gravitational
waves which could be observed at Earth. T0 on the other hand is the point at which the
field can roll with ease to the true vacuum resulting in a second-order phase transition,
which is of no importance to us, since this does not result into gravitational waves.

The next part is to try and find the bounce action resulting from the potential, which
was introduced in the previous paragraphs. The bounce action is very important, since
this lets us find the nucleation temperature. After calculating the bounce action it is
possible to calculate α and β/H∗, two parameters which will be of particular importance
when looking at the gravitational wave spectrum, see Eq.(5.74).

Figure 6.2: The bounce action shown here is calculated for parameters given in Table 6.2.
As in the toy example, the search for the nucleation temperature leads one to look for
the intersection between the bounce action and the horizontal red line. The nucleation
temperature is represented by the vertical red dot-dashed line. The scale in this case is
103 GeV.

gD λ µ

Value 0.85 0.01 100

Table 6.2: To give an example of how the bounce action and the nucleation temperature
in the minimal dark matter model are calculated, the parameters of this table are chosen.
The coupling λ and µ are chosen such that vφ = 1 TeV.

The bounce action is calculated for specific values of gD, µ and λ, found in Table 6.2.
Figure 6.2 shows this bounce action from which it is possible to compute the nucleation
temperature Tnuc.

The plot shows the same concept as in the toy model. To find the nucleation tem-
perature after numerically calculating the bounce action, an intersection must be found
between the bounce action and Eq.(5.62), yielding Tnuc.
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Scales and connection to the dark matter production mechanisms Before we start the
computation of the GW spectra of interest to the minimal model of the thesis, the de-
pendence of the nucleation condition on the scale is discussed. This is also the reason
why there are no units shown in the temperature axis in Figure 6.2 for example. Up until
the point of calculating the nucleation temperature it is possible to do the computation
without ever mentioning the scale of the problem. The nucleation condition however,
Eq.(5.68), does depend on the scale you are studying. The nucleation condition is

S3(Tnuc)

Tnuc
w 4 log

(
Tnuc

H(Tnuc)

)
∼ 4 log

(
MPl

T∗

)
, (6.6)

where on the left hand side, the bounce action is dimensionless and therefore indepen-
dent of the scale. It is when looking at the right hand side of the equation and at the ratio
of the nucleation temperature with the Hubble rate and more specifically with the Planck
Mass that the scale does come into play. Hence, the scale has to be specified to find the
right nucleation temperature.

We want to find what are the relevant scales and what is the corresponding frequency
range in the SBGW signal. The idea is to compute gravitational wave spectra that can be
seen by upcoming detectors, like LISA. The goal is to examine multiple scales of the nu-
cleation corresponding to different dark matter production mechanisms, thereby creating
different types of spectra that could be seen in the different interferometer experiments.

Figure 6.3: This plot shows the contourplot from Figure 4.4 but highlights the three scales
that are chosen to represent the three possible production channels for dark matter. On
the left side there is the chosen scale for UV dominated production represented by the
red ellipse, on the right side below the scale of IR dominated production is represented
by the blue ellipse and the third mixed production channels scale is represented by the
green ellipse.

The question is then: what are the scales for which we calculate the spectra? Therefore
we need to look back at the dark matter part of this thesis, specifically at Figure 4.4. Based
on this figure, it is possible to get an idea of what are the relevant and important scales
for the dark matter minimal model. For example, three scales corresponding to a fully
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IR production dominated, a fully UV production dominated and a mixed contribution
from both production channels are chosen to cover all the regimes of the dark matter
production. The process of choosing the scales is represented in Figure 6.3. The scale is
represented by vφ, since this is where we roughly expect the phase transition to happen.

Looking at the plot, it can be seen that there are multiple possibilities for the scales.
Since the gravitational wave spectrum does not depend on Λ, it is possible to pick scales
of vφ, represented on the horizontal axis as vφ/Λ, from different contours of MPl/Λ. For
the IR dominated production, all the contours come together at a value around vφ/Λ ∼
10−11. This is the biggest value for this ratio, so to get the highest possible scale of vφ we
will take Λ at its highest, namely Λ ∼ MPl. In that case vφ ∼ 107 GeV. This is the scale
corresponding to purely IR dominated production for dark matter.

Now for a purely UV dominated production, we would like to pick the smallest scale
available. We study the plot and follow the UV dominated part of the contours to its end.
There we find that for all the different ratio’s of MPl and Λ the contours stop at a point
where vφ ∼ 1 TeV. So this is the scale taken to represent UV dominated production.

The last chosen scale will represent the mixed production of dark matter, coming both
from the UV and IR channels. This region can be found in the part with full lines on the
graph. Here the contours take a turn. But it is seen that the turns are all around the value
of vφ/Λ ∼ 2× 10−11. If we then take the ratio of the Planck mass and Λ to be 102 we can
find that vφ ∼ 2 ×105 GeV. Thereby we have found the three scales for which we would
like to calculate the gravitational waves spectra. An overview of the three scales is given
in Table 6.3.

As seen in Figure 6.3, the freedom to choose a scale corresponding to a certain dark
matter production scenario is rather large. For example for the UV scale, we could also
have picked a scale on the pink, blue or red dotdashed line, because these also represent
a UV dominated dark matter production regime. However, we have picked these three
scales here for a reason. We wanted to make sure that the two scales corresponding to the
UV and the IR contribution represented the outer most possible scales in the dark matter
minimal model with the mixed contribution as the perfect in-between.

dark matter Production UV IR Mixed
Scale vφ 1 TeV 104 TeV 200 TeV
gD 1.197 1.171 1.179
Tnuc 120 TeV 146 × 104 TeV 139 × 200 TeV
α 0.2 0.2 0.2

β/H∗ 248 408 318

Table 6.3: The table shows the three chosen scales for vφ that correspond to the differ-
ent cases in dark matter production in the minimal model of the thesis, one where the
UV production is dominant, one where the IR production is dominant and one where
the production is mixed. The table also shows the relevant parameters to calculate the
benchmark for the GW spectrum for each of the three scales shown in Figure 6.8. The
double line in the table is to divide the input parameters vφ and gD from the computed
parameters.

Exploring the parameter space of the model Now the real work can start. For all three
chosen scales, starting from the finite temperature effective potential, the bounce action
will be computed for varying gD. After this, α, β/H∗ will be computed for all the values
of gD. A benchmark for one specific gD per scale will then be chosen corresponding to
the highest possible value of α that is the same for all three scales. From the chosen α and
β/H∗, we calculate the gravitational wave spectrum for the three scales.
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Figure 6.4: This figure gives the results of the bounce action computation for a scale of 1
TeV. It shows the interpolated functions for α, β/H∗ and the relative difference between
Tnuc and Tc as a function of gD.

Throughout all calculations, λ, the coupling of the quartic self-interaction, is taken to be
0.01. The reason for this choice is that, by direct investigation, we found that a small
value for λ favours the creation of a sizeable SBGW, but at the same time we do not want
to tune this parameter to unnaturally small values. Then the first scale that is investigated
is 1 TeV, corresponding to a UV dominated production for dark matter. The potential, the
bounce action and all the parameters needed to obtain the spectra are calculated as a
function of gD. In this case we do not go to the very small values of gD, since at these
very small values of the dark gauge coupling there will be no first-order phase transitions,
because there will be no barrier present through which the field can tunnel. The results
of the 1 TeV computation are shown in Figure 6.4.

As seen in the plot, both α and the relative difference between the temperatures in-
crease with higher values of gD while β/H∗ decreases for higher values of gD. This can be
explained by looking at the calculated bounce actions and the corresponding nucleation
temperatures for different values of gD, shown in Figure 6.5.

The two bounce actions for different values of gD are clearly present in a different
range of temperatures. It is noticed in Figure 6.5 that even though the intersection log
stays the same, the nucleation temperature for the two bounce actions is different. This
will have the greatest effect on β/H∗, defined in Eq.(5.71) as the derivative of the bounce
action at the nucleation temperature multiplied by the nucleation temperature. It is clear
from the plot that for smaller gD, β/H∗ is bigger, since the bounce action is steeper at the
intersection point and the derivative is therefore larger as well. There is also a secondary
effect that makes β/H∗ bigger, since the nucleation temperature is higher for smaller gD.
This enlarges β/H∗ even more compared to larger gD.
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Figure 6.5: The figure shows two different bounce actions for two different values of gD.
The two log intersections overlap with each other since the two values of gD, 0.8 for the
smaller value and 1.2 for the larger value, are not orders of magnitude different from each
other. This difference will not be seen when put in the log. The two Tc are also shown as
a dotdashed line in their respective colours as are both Tnuc. The scale chosen to plot the
nucleation condition is this case is 1 TeV.

We also see an effect on the ratio (Tc−Tnuc)/Tc in Figure 6.4. This ratio becomes bigger for
larger gD. This effect is also observed in Figure 6.5. The intersection point for the larger
value of gD is further away from Tc, where Tc is shown as the smaller dotdashed purple
line. For the case with smaller gD, Tc is shown as the smaller red dotdashed line. There
the difference between Tnuc, represented as a thicker dot-dashed line in their respective
colours, and Tc is visibly smaller. The ratio in the latter case is therefore smaller than in
the former case, because the difference between Tc and Tnuc is smaller. This effect is seen
in Figure 6.4, where the ratio becomes larger for increasing gD.

The last remaining parameter we need to discuss is α. As seen in Eq.(5.65), it depends
on Tnuc as α ∼ 1/T 4

nuc. This means that a smaller nucleation temperature means a bigger
value of α. The nucleation temperature for the larger value of gD is smaller and α is
therefore bigger. Thus, the larger gD, the larger α will be. This effect is also seen in Figure
6.4.

The computation of α, β/H∗ and the ratio of Tc and Tnuc was also carried out for
other scales, namely 200 TeV and 104 TeV. The results of these calculations can be found
in Figure 6.6.

These results show the same behaviour as the plot for a scale of 1 TeV, which is to
be expected since all computations for the three scales are done with the same bounce
actions. Remember that the scale only comes into play when the nucleation temperature
is calculated according to Eq.(5.68). This means that the same qualitative trends will be
seen, even though the exact values of the important parameters might not be the same.

We observe that for higher scales the values of the parameters α and the ratio of
the temperatures become higher, while β/H∗ becomes smaller. This can be explained
by looking at how the bounce action and the nucleation temperature is computed. The
procedure for the different scales is given in Figure 6.7 using the parameters from Table
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6.2.
As seen in the plot for larger scales, given in purple, the intersection with the bounce

action will be lower than in the case with the lower scale, given in red. The reason why
this intersection will have a larger value is understood when studying Eq.(6.6). Since the
temperature and scale divide the Planck mass, which is a constant, in the log, the scale
will make sure that the intersection has a smaller value, but not that much smaller due to
the log in front. Hence the intersection will have a lower value, leading to the following
effects.

Figure 6.6: Both plots show the interpolated functions for α, β/H∗ and the ratio Tc−Tnuc
Tc

as a function of gD. On the left for a scale of 200 TeV and on the right for a scale of 104

TeV.

Figure 6.7: This bounce action and the intersection are shown here to investigate the
difference in the scales that can be studied and how these scales change the intersection
point and the nucleation temperature. The little bump in the left part of the bounce action
is due to numerical errors.

The lower intersection results into a lower nucleation temperature for the higher scale
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compared to the lower scale as seen in Figure 6.7. Therefore this influences the ratio,
Tc−Tnuc

Tc
which becomes smaller as a result, since Tc stays the same. This phenomenon of

a lower nucleation temperature for larger scales has an effect on the important parameters
that generate the GW spectrum. This is most clearly noticed when studying β/H∗. The
intersection which defines the nucleation temperature has a lower intersection point with
the bounce action. Therefore β/H∗ will decrease twice by this effect, once because the
derivative of the bounce action decreases and once because the nucleation temperature
is smaller.

However, a different effect will be happening when looking at α, Eq.(5.65). As seen
from its definition it has the following dependence on the nucleation temperature, α ∼
1/T 4

nuc. Hence a smaller nucleation temperature will actually lead to a rise in α, the same
effect we had when studying a varying gauge coupling gD. We conclude that the different
scales at which you calculate the nucleation temperature do have an effect on the relevant
parameters and therefore on the computed GW spectra.

Gravitational Wave Signal The following step is to take the same value of α for the
three different scales and plot the predicted GW spectra that could possibly be seen in
upcoming detectors like LISA and Einstein Telescope. Taking the same αwill result in the
benchmark having a different value for both β/H∗ and gD. We pickα = 0.2 for comparison
between the different scales. These benchmarks appear as the red dots in Figure 6.4 and
Figure 6.6 and are also shown in Table 6.3. This is the largest value of α that is present for
all scales and therefore is the logical choice, since larger values of α account for a bigger
amplitude in the GW signal and therefore more chance of being seen in detectors. We also
deduce then that for larger values of gD one gets a GW signal with a higher amplitude.

As a small sidenote, we can wonder why the computation for varying gD does not
extend beyond gD = 1.2, since higher values for gD will give rise to more potent GW
signals. However, by direct inspection we find that for larger values of gD, keeping λ
fixed, the one-loop effects proportional to gD become bigger than the tree-level λ effects
and change qualitatively the shape of the potential at zero temperature. This is something
which might signal a breaking of perturbativity. We want to avoid this scenario and
therefore we decided to consider 1.2 as the maximally allowed value of gD.

The spectra can be calculated using Eq.(5.74) applied to the minimal model

h2Ωsw(f) = 2.54× 10−6

(
H∗
β

)(
κvα

1 + α

)2

Ssw(f), (6.7)

where the peak frequency in the minimal model is given by

fsw = 1.94× 10−2mHz

(
β

H∗

)(
T∗

100GeV

)
, (6.8)

where in both equations we have taken vw = 1 and g∗ = 113.75. The result can be seen in
Figure 6.8.

As foreseen the signals have more or less the same amplitude, since the chosen α
is the same for all scales. The power law is also the same, since the SBGW production
mechanism for all scales are assumed to be sound waves in the plasma. However there is
a difference when looking at the peak frequency of each scale. This feature is the one that
could make it possible to distinguish between the different scenarios experimentally.

We want to examine the signals themselves first. The IR production corresponds to
the biggest scale of vφ and UV to the smallest since the IR contribution will dominate
for bigger vφ and the UV will dominate for smaller vφ. The IR signal is shown in blue,
the UV signal in red and the signal for a mixed contribution of dark matter production
is shown in green. The signals are moving towards higher frequencies when the scale
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increases. This is explained by utilising Eq.(5.76). The peak frequency is dependent on
the nucleation temperature. The nucleation temperature is influenced by the scale, which
is different for the three cases. As a result the peak frequency is bigger for a bigger
scale, which translates into a shift of the signal to the right in the plot towards higher
frequencies. Thus, the peak frequency of the signal indicates the scale vφ, which in turn
correlates to the dark matter production mechanism through Figure 6.3. While β/H∗ is
also different in the three cases, see Table 6.3, this will only have a slight decreasing effect.
This is why the amplitude of the spectrum in the three cases is going down slightly from
the UV case to the IR case even though α is the same for the three cases.

Figure 6.8: This shows the calculated GW spectra for different scales of vφ corresponding
to different dark matter production scenarios.

The three spectra together cover a frequency range from around 10−5 Hz until 100 Hz.
Therefore, in general, a SBGW signal from the dark matter minimal model is expected
to be in this frequency range. This is good, because this frequency range agrees with the
frequency ranges where upcoming experiments for detecting gravitational waves coming
from a cosmological stochastic background of gravitational waves like LISA, ET and BBO
are sensitive.

We have chosen the benchmarks such that gD does not have the same value for the
three different production regimes, since these spectra would not have the same ampli-
tude if we picked the same value of gD for the three cases. The dependence on gD comes
into play when looking at the corrections to the potential coming from interactions of ρ
with the Z ′ boson. So this has an effect on the behaviour of the potential and therefore
also on the bounce action, on the calculated values of Tnuc and all other parameters com-
puted from the bounce action. That leads to a possibly false interpretation that for some
scales, the amplitude of the signal would be larger than other scales which is not nec-
essarily the case. The amplitude depends on the exact parameters of the model and the
amplitude for each scale changes when varying the parameters. Therefore it was chosen
to compute α, β/H∗ and the ratio between Tnuc and Tc, Tc−TnucTc

, for different values of gD
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and to try and find the same value of α such that the amplitude of the spectra is more or
less the same for different scales. We chose α, since if you look at Eq.(5.74), the biggest
dependence of the spectrum is on the value of α. Before discussing the detectability of
these GW signals coming from a first-order phase transition in the dark matter minimal
model in section 6.3, we will now shift our focus to a semi-analytical approach to try and
compute the effective potential using a high T expansion.

6.2 High Temperature Expansion

All the previous calculations were performed using the full form of the finite tempera-
ture effective potential, Eq.(5.34). To compute the thermal part of the potential, numerical
computations were required. However, as already mentioned in section 5.4, there exists
a high T expansion for the thermal bosonic function JB , see Eq.(5.38). In this section it is
investigated if this high T expansion is a good approximation and is capable of comput-
ing the potential, the bounce action and parameters like α and β/H∗ within a reasonable
range from the numerical calculations. In performing the high T expansion we will also
receive additional information about the existence of the barrier which makes sure that
a first-order phase transition can happen and which parameter is responsible for this
barrier. The high T expansion will also work as a cross-check for the numerical results.

Another interesting effect of this high T expansion is that the finite temperature effec-
tive potential of the dark matter minimal model can be written in a form similar to the toy
model in Eq.(5.41). The constants present in that Lagrangian can be mapped to proper-
ties of the minimal model, such as the masses of the relevant particles. In the dark matter
minimal model of the thesis, the loop contribution of ρ will be subdominant compared
to the contributions coming from the new gauge Z ′ boson for the regime of couplings we
are interested in, where λ � 1 and gD is of order 1. In this section, the self-interaction
of φ in the one-loop and thermal corrections is neglected. This means that the one-loop
potential in this case is

V1 =
nZ′

64π2

{
m4
Z′ (ρ)

(
log

m2
Z′ (ρ)

m2
Z′(vφ)

− 3

2

)
+ 2m2

Z′(vφ)m2
Z′ (ρ)

}
, (6.9)

where the masses are given by Eq.(6.2), such that m2
Z′(vφ) = g2v2

φ/2 is the mass of Z ′

boson and nZ′ = 3 is the degrees of freedom for the Z ′ boson.
Starting from Eq.(5.38), only using the thermal bosonic function for Z ′ and neglecting

the sum over l, the first step of trying to map the high T expansion onto the toy model
Eq.(5.41) is rewriting the thermal part of the effective potential into

VT =
T
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]
256π2

,
(6.10)

where ab = 16 π2e3/2−2γE and γE = 0.5772 is the Euler-Mascheroni constant.
The second step in testing the high T expansion is to map the correct parameters to the

constants A,D, T0 and λ from Eq.(5.41). By plugging Eq.(6.9) and Eq.(6.10) into Eq.(5.34)
and writing it in the form of Eq.(5.41), the following relations are found

D =
m2
Z′

4v2
φ

, (6.11)
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4
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)
, (6.12)
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A =
m3
Z′

4πv3
φ

, (6.13)

λ(T ) = λ− 3

16π2v4
φ

(
m4
Z′ log

[
m2
Z′

Ab T 2

])
, (6.14)

where log Ab = log ab− 3/2.
The next step is plugging in these constants into the potential for a certain bench-

mark of the relevant parameters and examine if the potential coming from the high T
expansion does approximate the actual potential well enough. This comparison is done
in Figure 6.9 using the parameters from Table 6.4.

µ gD λ

100 1.0 0.01

Table 6.4: These parameters are used to calculate and compare the numerical potential
with the approximated potential in the high T expansion in Figure 6.9. They are also used
in the comparison between the numerical bounce action with the bounce action coming
from the high T expansion. That is shown in Figure 6.10.

Figure 6.9: This shows both the actual potential coming from the numerical calculations
as a full line and the potential in the high T expansion as a dashed line. The blue lines
represent a lower temperature while the orange lines represent a higher temperature.

The figure shows both the potential calculated numerically, the full line, and the poten-
tial in the high T expansion, dashed line, for two different temperatures, T < Tc in blue
and T > Tc in orange. Since it is the high T expansion, it is expected that for higher
temperatures the approximation works better. This is confirmed by the potentials in the
figure. The orange lines are on average closer together than the blue lines even for higher
ρ. However, even for the smaller temperatures the high T expansion is very close to the
numerical case, especially in the more important parts of the potential close to the bar-
rier. That is already a good first indicator that the high T expansion works well even in
regions where the temperature is lower.
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The two approximated potentials are also in general a bit lower compared to the nu-
merical potential for higher values of ρ. This is because not only the thermal bosonic
function was approximated, the ρ contribution in the one-loop and thermal part of the
potential were also neglected. Therefore the potential in the high T expansion will be a
bit smaller compared to the numerical one. This means that in the high T expansion, Tc
will be a little bit bigger than in the numerics case, since the point of degenerate vacua
is reached faster when T is decreased. This also means that in the high T expansion the
point where ρ becomes a local maximum is achieves faster as well, leading to a bigger T0.
Nevertheless, from our analysis, it can be concluded that in general the high T expansion
approaches the actual potential well enough.

From the approximated potential, it is also possible to calculate the bounce action via
a semi-analytical formula. The bounce action can be derived for the potential form of
Eq.(5.41) and is given by [51]

S3

T
=

13.72
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[
D

(
1− T 2

0

T 2

)]3/2

f

[
λ(T )D
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(
1− T 2

0

T 2
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, (6.15)

where

f(x) = 1 +
x

4

[
1 +

2.4

1− x
+

0.26

(1− x)2

]
, (6.16)

is a fitted function coming from numerical calculations [51, 63].

Figure 6.10: In the plot, two bounce actions are shown denoted as BA. The numerical
one is shown as the orange full line, while the high T expansion bounce action computed
using Eq.(6.15) is shown as the blue dashed line. Once again, the nucleation temperature
can be computed using Eq.(6.6), this time represented as the full red line. The result-
ing nucleation temperatures are represented by the dot-dashed lines with the matching
colours to their respective bounce actions. The scale is chosen here to be 1 TeV.

From this semi-analytical formula for the bounce action and using Eqs.(6.11)-(6.14) to fill
in for the constants, one can compute the bounce action using the high T expansion. The
nucleation temperature can be computed in the same way as before using Eq.(5.68), but
now making use of the bounce action obtained with the high T expansion. It is once
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again interesting to compare the bounce action and the nucleation temperature to the full
numerical result. The result can be seen in Figure 6.10 using the parameters from Table
6.4.

The semi-analytical bounce action agrees reasonably well with the numerical one,
especially in the most relevant temperature region for the nucleation condition close to
Tnuc. This is expected since the region that determines the bounce action is the region of
the potential close to the barrier, which is well approximated by the high T expansion,
as seen in Figure 6.9. At higher T , closer to Tc, the two bounce actions deviate more
from each other, this is because Eq.(6.16) is no longer accurately fitting the bounce action
at those points. This function f(x) will blow up when x → 1, this is exactly the point
where T → Tc. At those temperatures the bounce action will no longer be accurately
represented by the high T expansion. Following the general trend of higher values for
the computed temperatures, like Tc and T0, here the nucleation temperature for the high
T expansion is also higher than in the numerical computation. That will lead to a lower
value of α.

As seen in the plot, both values for Tnuc are close to each other. This ensures that the
semi-analytical approach can also lead to reasonably good values for parameters α and
β/H∗.

We perform a last comparison between the parametersα, Eq.(5.65), and β/H∗, Eq.(5.70),
looking at the numerical results and results coming from the semi-analytical approach.
The result is shown in Figure 6.11 where the full lines represent the numerical results and
the dashed lines represent the semi-analytical results from the high T expansion.

Figure 6.11: The figure shows both the numerical values, as full lines, and the semi-
analytical ones, as dashed lines, for α, β/H∗ and (Tc − Tnuc)/Tc.

For small values of gD these two almost agree completely for both α and the ratio of Tnuc
and Tc. The agreement between the two is slightly worse for β/H∗, but still reasonable.
It can be concluded that at these smaller gD, corresponding to bigger Tnuc, the high T
expansion works best. Looking at increasing gD where Tnuc decreases, see the discussion
around Figure 6.5 to understand why, it is expected that the high T expansion will be less
and less accurate. Even then for the three parameters, the different lines stay quite close
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to each other.
Two of these parameters, β/H∗ and Tnuc, are computed using the bounce action and

the bounce actions of the numerical and semi-analytical result are in good agreement
with each other in the region around Tnuc such that it was expected that these two pa-
rameters stay close to each other. The final parameter α however is calculated using the
potential. It will still remain a good result for the high T expansion if one approximates
ρ∗ as

ρ∗ =

[
−V [η(T ), T ] + T

d

dT
V [η(T ), T ]

]
T=Tnuc

≈ −V [η(T ), T ]
T → 0−−−−→ ∆V , (6.17)

to calculate α, and where ∆V = V1(vFalse) + V0(vFalse) − V1(vφ) − V0(vφ). We can do
the first approximation where we neglect the second piece with the derivative of the
potential since the numerics show that it is subdominant. The second approximation is
a bit more complex. This approximation is performed because we want the closest value
of α compared to the full computation in the regime for larger gD where the GW signal
is the strongest. If we take a non-zero temperature, the semi-analytical value of α will
significantly deviate from the fully computed value. However, if the temperature is zero,
the semi-analytical computation does agree quite well with the full calculation.

An interesting viewpoint is also to review the results for a very small gauge coupling
gD. At some point there will no longer be a first-order phase transition. This is more
easily understood using the formulas Eqs.(6.11)-(6.14) from the high T expansion. For
a certain small value of gD, there is no longer a barrier for finite temperatures in the
potential. This is because the barrier in the potential is induced by the cubic term. See for
example the discussion of Eq.(5.39) where there is no first-order phase transition due to
the absence of the cubic term. The effect of the cubic term and therefore of the existence
of the barrier becomes bigger or smaller depending on the value of A, given in Eq.(6.13).
Since mZ′ ∼ gD, also A ∼ g3

D such that if gD gets smaller, A will get smaller as well and
the barrier in the potential will disappear. Since there is no barrier there is no tunneling
and a smooth crossover instead of a FOPT is expected.

The semi-analytic analysis is useful to extract some generic property of the phase tran-
sition and how they depend on the fundamental parameter of the model, as for example
just discussed for the first vs. second order nature of the phase transition. The next step
in the story is to try and combine the GW spectra from Figure 6.8 with the PLS curves
from interferometer experiments discussed in section 5.3.

6.3 Detectability of the minimal model gravitational wave signals

The resulting Figure 6.12 shows the result of the hard work done in this thesis where we
combine the PLS curves of LISA, BBO and the Einstein Telescope from Figure 5.6 with
the GW spectra from Figure 6.8 that were calculated for the dark matter model. Before
analysing this plot it has to be noted that these three signals are not the only signals
possible for the model proposed in this thesis. We have chosen the three benchmarks
from Table 6.3 as an example for the UV, Mixed and IR Freeze-In contribution to the dark
matter production. One can imagine a line going from the top of the UV signal to the IR
signal to represent all possible signals that could happen in the model depending on the
chosen parameters. However it should be noted that the amplitude of the GW spectrum
will depend strongly on the chosen values of the relevant parameters Tre, vφ and m˜̀.

That being said, we can check what can already be concluded coming from these
signals when comparing them to the PLS curves. Remember that a signal in a detector
is seen with a certain threshold SNRthr when the gravitational wave signal comes above
the PLS curve of this experiment.
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Together with the three signals, we plot three PLS curves for three different experi-
ments, namely LISA, BBO and the Einstein Telescope. If the signal reaches and crosses
such a curve, then we could observe a signal in the detector with a given SNRthr. The
main goal of this thesis was to see if this was possible for the dark matter minimal model
of the project and that we could link a GW signal to the dynamic history of the dark mat-
ter. Using the three chosen benchmarks it is possible to get a general idea if a signal will
be visible for the three different production regimes and in which detector we need to
look for such a signal.

Figure 6.12: This plot shows the combined effort from the calculated GW spectra for the
dark matter minimal model for different scales corresponding to different dark matter
production regimes as well as the PLS curves from upcoming gravitational wave detec-
tors, such as LISA in brown, Einstein telescope in magenta and BBO in orange.

Starting the discussion with the UV signal, it is observed that this signal crosses the PLS
curve for both LISA and BBO. It can however not be concluded that the UV signal would
be seen in LISA, since there are too many parameters fixed, for example changing m˜̀ can
have an effect on the GW signal. It does however give an indication that if there was
a signal noticed in LISA that this could point to a UV Freeze-In dominated dark matter
production. We remind the reader that UV Freeze-In dark matter production happens
when the dark matter is feebly coupled to the thermal bath via the higher-dimensional
operator in Eq.(3.1) in contrast to IR Freeze-In production which is described by Eq.(3.5)
where the dark matter is coupled to the thermal bath via the feeble coupling vφ/Λ and
where φ has taken a VEV. Other benchmarks for the relevant parameters can give another
type of signal for the UV production which might have a smaller amplitude, for example
if another smaller gD is chosen where α is smaller. In that case, it could be possible that
the signal is not seen at all in LISA.

The IR Freeze-In signal, in blue, does not cross any of the PLS curves for the specific
parameters used in this benchmark. However, the frequency range in which the IR signal
is present does correspond to the PLS curve of the Einstein Telescope. For this benchmark
the signal will not be seen, but it is possible that for other different benchmarks, the signal
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goes slightly to the left and crosses the PLS of the Einstein Telescope. It can be noted that
if a signal is seen in the Einstein Telescope it will probably come from an IR dominated
dark matter production regime or possibly also the third and last option, the mixed dark
matter production. The mixed production for this benchmark is completely engulfed by
the PLS curve for BBO and is quite close to the Einstein Telescope PLS.

As a note on the end of this section, we need to mention that these PLS curves are
made to observe and detect power law GW spectra. However, in our case, we are work-
ing with a broken power law from which the peak frequency crosses the PLS curve.
Therefore, we need to be careful with stating that the signals are detectable by the ex-
periments. However this process does give already an indication of the detectability of
these signals.
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7 Conclusion

This thesis started with a short summary on the status of dark matter. There was an
overview of the experimental evidence for it, ranging from the rotation velocity curves of
a galaxy to the observations of the anisotropies from the CMB. After that, we examined
the possible existing options for what dark matter might be. For the thesis, we chose the
path where we describe dark matter as a new fundamental particle.

Next, we discussed the two most studied dark matter production mechanisms, Freeze-
Out and Freeze-In. The biggest difference between those two regimes is the coupling
strength of the interaction and the presence of a dark matter initial abundance after re-
heating. The focus of this thesis is on the Freeze-In production regime.

To study dark matter, we introduced a dark matter minimal model consisting of four
new particles: a scalar φ, a scalar mediator ˜̀, one fermion χ, the actual dark matter candi-
date, and a gauge boson Z ′. This gauge boson was added together with one new gauge
U(1)D symmetry with a gauge coupling gD. One of the new particles φ takes a VEV vφ,
which spontaneously breaks the gauge symmetry.

In this thesis, two cases of the Freeze-In production regime were examined: the UV
Freeze-In and the IR Freeze-In production. UV Freeze-In production happens most sig-
nificantly at large temperatures, specifically close to the temperature of reheating Tre. The
IR Freeze-In production happens significantly at lower temperatures close to T ∼ m˜̀ un-
til the mediator gets Boltzmann suppressed. We can ensure that both production regimes
happen during the cosmological evolution of the Universe when we let φ take a VEV.

After a small introduction to the model and its production mechanisms in section 3,
there was a more detailed discussion in section 4. Both relevant production mechanisms,
UV and IR Freeze-In, were investigated and we found an analytical estimate for the yield
in both cases.

After that, the yield and relic abundance for the dark matter minimal model were
computed. We discussed the dependence of the yield on the parameters of the minimal
model, both for a fixed UV contribution, meaning keeping Tre fixed, and for a fixed IR
contribution where vφ is kept fixed. Contours of the relic abundance were also calculated
to check what parameter range is valid for this dark matter minimal model keeping in
mind that Ωh2 = 0.12. The behaviour of these contours depending on the parameters of
the minimal model was also discussed as well as for which values of the parameters that
dark matter is dominantly produced by UV or IR Freeze-In.

The spontaneous symmetry breaking of the gauge symmetry when φ takes a VEV
can also lead to the generation of gravitational waves, which is what we examined in the
second part of the thesis. A short introduction was given on the concept of gravitational
waves themselves. The relevant form for GW in the thesis was a stochastic background of
gravitational waves coming from a first-order phase transition. After the introduction of
the PLS curves of experiments which help us understand when a signal could be seen in
a detector, we shifted our focus to a more detailed discussion of a stochastic background
of gravitational waves coming from a first-order phase transition.

We studied the finite temperature effective potential in section 5.4. Starting from the
tree-level potential, the effective potential was constructed where the one-loop and ther-
mal corrections are added to this tree-level potential. We also introduced the high T
expansion in this section which would is an approximation valid at high temperatures.

Phase transitions are divided in two categories, first-order and second-order. Both
were illustrated with an example toy model in section 5.5. Second order phase transitions
do not have a barrier and therefore the field can roll smoothly from the false vacuum to
the true vacuum. In first-order phase transitions however, described by the finite tem-
perature effective potential, there exists a barrier between the false and the true vacuum.
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The field must tunnel to get to the true vacuum. This tunneling process is quantified by
the bounce action and was both discussed for the zero temperature and finite tempera-
ture case. When the particle tunnels, bubbles are generated and gravitational waves can
be created due to the friction of this bubble moving in the plasma around it. The tem-
perature at which this process takes place can be found using the nucleation condition.
At each point in the discussion about the first-order phase transition, we illustrated the
concepts with a toy model. We ended the section with a discussion of how the GW sig-
nal coming from sound waves is generated from the properties of the effective potential
and bounce action, specifically using α, β/H∗ and Tnuc which capture the most important
effect of the effective potential on the GW spectrum.

Then, we used the concepts of the first-order phase transition and implemented them
in our minimal dark matter model. First, the finite temperature effective potential was
computed for the minimal model. Then, to compute the GW spectra for the minimal
model, we choose three benchmarks corresponding to three different scenarios of dark
matter production. The benchmarks all correspond to a different scale for vφ. The chosen
scale has an influence on the nucleation condition and therefore on the nucleation tem-
perature. This has an effect on the peak frequency of the GW signal that we might detect
in the experiments.

We also explored what happens with the bounce action if we look at a varying gauge
coupling gD and what effect this has on the values of α, β/H∗ and Tnuc. We saw that for
large gauge couplings, corresponding to a larger barrier, α is larger, β/H∗ is smaller and
therefore the GW signal will have a larger amplitude. We also explored the nucleation
condition for different scales and found that for larger scales, the nucleation conditions
intersection with the bounce action is at a lower point in the bounce action, thereby lead-
ing to a lower nucleation temperature.

There was a small discussion about the high T expansion of the effective potential.
The thermal part of the potential is approximated in that expansion and the scalar contri-
bution is neglected. It was examined if this semi-analytical approximation agrees reason-
ably well with the full computation for the effective potential as well as for the bounce
action. Seeing that this approach works quite well, we went a step further and compared
parameters such as α and β/H∗ with these parameters for the full case. Even then, the
semi-analytical approach, with some extra approximations, seems to be quite reasonable.
This high T expansion also helped us understand the reasons as to why a barrier exists
in the effective potential for a first-order phase transition.

In the last section of the thesis, we investigated if the GW signals coming from the
dark matter minimal model could be seen in upcoming interferometer experiments. It
was found that indeed such signals are possible and can exist in the frequency range
corresponding to the sensitivity range of experiments such as LISA, BBO and the Einstein
Telescope. If such a signal is then observed in the detector, it might be possible to link
this signal to different scales and thus for different dark matter production mechanisms
when we make some assumptions about the parameters in the minimal model.

We end the conclusion by investigating future research and by examining compli-
mentary probes to the gravitational wave signatures. In our approach in the thesis, we
mainly focused on the relation between the peak frequency of the GW signal, i.e. the
scale of the phase transition, and the dark matter production mechanism. It would be
interesting to further explore the properties of dark matter and try to connect them to a
resulting SBGW signal. In particular, we can investigate if these GW signals can provide
extra information about the fundamental parameters of a dark matter model.

There are complimentary methods to try and discover dark matter and the new parti-
cles in our dark matter minimal model. For dark matter, we can look at direct and indirect
detection where dark matter is tried to be detected by it scattering with SM particles or
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its self-annihilations into SM particles. However since we are interested in Freeze-In pro-
duction for dark matter, the coupling of dark matter with the thermal bath is too feeble
and we do not expect a significant signal in these types of dark matter experiments. In-
stead, we should be able to probe the other particles present in the dark matter minimal
model, specifically ρ and ˜̀at colliders if their mass is within the TeV scale.

It is possible that there are mixing terms between ρ, the dynamical fluctuation of φ,
and H , the Higgs field. In this case, we could probe ρ at the LHC indirectly via modifica-
tion of the expected Standard Model Higgs couplings or directly via pp production and
the resulting decay products of ρ. The phenomenology in this case is analogous to the
mixing of Higgs with a singlet [64].

Another particle that could be observed at colliders is the mediator ˜̀. Because of
its hypercharge, it could be produced in electroweak processes at the LHC. Due to the
small coupling, it has a long decay time, making it stable in colliders. Since it is a charged
particle, we might be able to observe this particle as a stable heavy charged particle which
will manifest itself at the LHC as a charged track [65, 66, 67].

In conclusion, as the original contribution of this thesis, we introduced a Freeze-In
dark matter minimal model where both UV and IR Freeze-In production occurs. We
have studied the dark matter yield and relic abundance coming from this minimal model
and how it behaves in the parameter space of the model. In addition, we studied the
first-order phase transition occurring in this model and the resulting SBGW signal. As
a final result, we related the peak frequency of the SBGW to the corresponding dark
matter production mechanism in the early Universe. Further investigation is necessary
to further explore possible connections between dark matter models and GW signatures.
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A Appendix

A.1 Boltzmann equation

The Boltzmann equation states that the rate of change in the number density n of a par-
ticle is given by subtracting the rate of annihilation of a particle from the production rate
of a particle. A Boltzmann equation can schematically be represented as [68]

a−3d
(
na3
)

dt
= C[n] , (A.1)

where C[n] represents all possible interaction terms that have an effect on the number
density of a particle. If there were no interactions, the Boltzmann equation shows that
the number density times the scale factor cubed is a conserved quantity. This is an effect
of the expanding Universe.

To further write out the Boltzmann equation for a particle, one need to pick the in-
teractions through which it interacts. To give an example which is relevant to the thesis,
we will write out a Boltzmann equation where it is assumed that the abundance of the
particle is only affected by one process of annihilation consisting of four particles, 1 + 2
→ 3 + 4, where particle 1 would be the particle of interest. In such a process particle 1
and particle 2 can annihilate producing particles 3 and 4. In the other direction, particles
3 and 4 can annihilate producing particles 1 and 2. The Boltzmann equation for such a
process is

a−3d
(
n1a

3
)

dt
=

∫
d3p1

(2π)32E1

∫
d3p2

(2π)32E2

∫
d3p3

(2π)32E3

∫
d3p4

(2π)32E4

× (2π)4δ3 (p1 + p2 − p3 − p4) δ (E1 + E2 − E3 − E4) |M|2

× {f3f4 [1± f1] [1± f2]− f1f2 [1± f3] [1± f4]} ,

(A.2)

where fi is the distribution function for the corresponding particle i, with i ∈ {1,2,3,4} and
|M|2 is the Feynman amplitude for the annihilation process. It has been assumed that the
amplitude of this interaction is reversible, identical in both directions of the interactions.
The 1±fi terms, where + sign stands for bosons and− stands for fermions, represent the
effects of Bose enhancement and Pauli blocking. Putting aside these terms for a second,
the Boltzmann equation says that the production rate of particle 1 is proportional to the
distribution functions of particles 3 and 4, f3 and f4. The annihilation rate depends on
the distribution functions of particles 1 and 2, f1 and f2. The Dirac delta distributions
ensure that energy and momentum conservation is satisfied. In this case, E =

√
p2 +m2.

To find the total number of interactions, one needs to integrate over all momenta. This is
the first line of the equation.

To make the equation even simpler, it can be assumed that the scattering processes en-
force kinetic equilibrium which means that the scattering takes place swiftly enough such
that the distribution functions will follow the Bose-Einstein or Fermi-Dirac distributions

f =
1

e(E−µ)/T ± 1
, (A.3)

where + is for the Bose-Einstein distribution for bosons and − is the Fermi-Dirac distri-
bution for fermions. To simplify the equation even further, we can look at interactions
that take place at temperatures T <E−µ. In that case both distribution functions become

f w eµ/T e−E/T , (A.4)



A APPENDIX 82

Maxwell-Boltzmann distributed. The Pauli blocking and Bose enhancements can then
also be neglected in the Boltzmann equation. This means that the last line from the Boltz-
mann equation becomes

f3f4 [1± f1] [1± f2]− f1f2 [1± f3] [1± f4]

→ e−(E1+E2)/T
{
e(µ3+µ4)/T − e(µ1+µ2)/T

}
,

(A.5)

where energy conservation, E1 + E2 = E3 + E4 was used. Since we work with the
number densities on the left hand side, it would be nice to have these number densities
on the right hand side as well. The number density n is related to µ via

ni = gi e
µi/T

∫
d3p

(2π3)
e−Ei/T , (A.6)

where gi is the degeneracy of the particle. The equilibrium density can also be defined

nEQi ≡ gi
∫

d3p

(2π)3
e−Ei/T =

 gi

(
miT
2π

)3/2
e−mi/T mi � T

gi
T 3

π2 mi � T.
(A.7)

Using these definitions, eµ/T can be written as ni/n
EQ
i . Eq.(A.5) becomes

e−(E1+E2)/T

{
n3n4

nEQ3 nEQ4

− n1n2

nEQ1 nEQ2

}
. (A.8)

As a last step, one can define the thermally averaged cross section

〈σv〉 ≡ 1

nEQ1 nEQ2

∫
d3p1

(2π)32E1

∫
d3p2

(2π)32E2

∫
d3p3

(2π)32E3

∫
d3p4

(2π)32E4
e−(E1+E2)/T

× (2π)4δ3 (p1 + p2 − p3 − p4) δ (E1 + E2 − E3 − E4) |M|2,
(A.9)

such that the Boltzmann equation for a two-by-two particle scattering is rewritten in its
simplest form as

a−3d
(
n1a

3
)

dt
= nEQ1 nEQ2 〈σv〉

{
n3n1

nEQ3 nEQ1

− n1n2

nEQ1 nEQ2

}
. (A.10)

Another case for the Boltzmann equation may be a decay interaction

1→ 2 + 3. (A.11)

Then it can be written as

a−3d(n1a
3)

dt
=

∫
d3p1

(2π)32E1

d3p2

(2π)32E2

d3p3

(2π)32E3
δ4 (p2 + p3 − p1)

×
[
|M |21→2+3f1 (1± f2) (1± f3)− |M |22+3→1f2f3 (1± f1)

]
.

(A.12)

Using the same techniques are for the scattering process, this Boltzmann equation can
be simplified. The big difference with the scattering is that the thermally averaged cross
section will here be substituted for a decay rate.

A.2 Feynman amplitudes and Boltzmann equations

In this section of the appendix, a detailed calculation is given for the relevant Feynman
amplitudes in the dark matter minimal model using the operator Eq.(3.4) and Eq.(3.5).
We will also rewrite the Boltzmann equation for the UV Freeze-In with detailed steps.
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Figure A.1: These are the three relevant scattering processes for the UV Freeze-In pro-
duction of dark matter.

A.2.1 UV Freeze-In

Feynman Diagrams Starting with the following Feynman diagrams in Figure A.1, we
follow the Feynman rules to write down the Feynman amplitude. Focusing on the left
Feynman diagram first we write the vertex and the spinors for the fermions

1

Λ
ur(p3)PR vs(p4), (A.13)

where we have taken p3 for the momentum of the lepton and p4 for the momentum of
the dark matter particle and the projection operator PR = (1 + γ5)/2 factor comes from
the interaction only happening with right-handed leptons. The spin states are denoted
by r, s = 1,2. It follows that

|M|2=
∑
r,s

1

Λ2
Tr[ur(p3)PR vs(p4) vs(p4)PL ur(p3)], (A.14)

where Tr[] represents taking the trace of a matrix, PL = (1− γ5)/2 and we have summed
over the outgoing spin stares in r and s. Using∑

i

ui(pj)ui(pj) = /pj +mi and
∑
i

vi(pj)vi(pj) = /pj −mi, (A.15)

where /p = γµpµ, and the cyclic properties of the trace, we can write

1

Λ2
Tr

[
PR
∑
s

vs(p4)vs(p4)PL
∑
r

ur(p3)ur(p3)

]
=

1

Λ2
Tr[PR( /p4 −mχ)PL /p3], (A.16)

where the mass of the lepton was assumed to be negligible. The terms withmχ disappear
because the trace of an odd number of gamma matrices is zero and Tr[γ5γ

µ] = 0. We can
pull PL through the slashed notation. Due to the γµ present in the slash and the anti-
commutation relation between γ5 and γµ, PL changes into PR. At the left side we then
have P 2

R = PR. Another property of gamma matrices in traces is that

Tr[γ5γ
µγν ] = 0, (A.17)

such that only the term with two gamma matrices stays. Using the property of the gamma
matrices

Tr[γµγν ] = 4ηµν , (A.18)

the amplitude can be rewritten as

|M|2=
1

Λ2
2p4 · p3. (A.19)
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Using the Mandelstam variable s = (p3 + p4)2 w 2p4 · p3, if the masses of the particles
are assumed to be negligible, remember that p2

i = m2
i , the amplitude for the scattering

process is found
|M|2=

s

Λ2
. (A.20)

The other two diagrams will have a different amplitude. Theirs is given by

|M|2=
s+ t−m2

φ

Λ2
. (A.21)

Rewriting the Boltzmann equation Since the Feynman amplitudes are now computed,
the Boltzmann equations can be simplified. We start from the total UV Freeze-In Boltz-
mann equation in Eq.(4.1). Now, we will focus on the left diagram from Figure A.1, then
it is possible to rewrite this into Eq.(4.3) using steps which can be found in [26]. Starting
from Eq.(4.3), we can introduce some assumptions and simplifications into the equation.
Firstly the mass of φ is assumed to be significantly larger than all other masses. This
means that Eq.(4.4) can be rewritten. There are two cases, one for Pφ,˜̀ and P`,χ

Pφ,˜̀ =
[s− (mφ +m˜̀)

2]
1
2 [s− (mφ −m˜̀)

2]
1
2

2
√
s

=
s−m2

φ

2
√
s

, (A.22)

P`,χ =
[s− (mχ +m`)

2]
1
2 [s− (mχ −m`)

2]
1
2

2
√
s

=
s

2
√
s
. (A.23)

It follows that Pφ,˜̀P`,χ =
[s−m2

φ]

4 . The Boltzmann equation is then

ṅχ + 3Hnχ =
2T

512π6

∫ ∞
m2
φ

ds dΩ
[s−m2

φ]

4
|M|2K1

(√
s

T

)
/
√
s. (A.24)

We can use the computed Feynman amplitude, Eq.(A.20), and perform the integral over
dΩ, which gives a factor 4π, to find

ṅχ + 3Hnχ =
2T

512π5Λ2

∫ ∞
m2
φ

ds [s−m2
φ]
√
sK1

(√
s

T

)
. (A.25)

The left hand side of the equation can be rewritten using the definition of the yield Y =
n/S, with S = (2π2gST

3)/45, the entropy. First, the l.h.s can be written as

ṅχ + 3Hnχ =
1

a3

d(nχa
3)

dt
= T 3d(nχ/T

3)

dt
. (A.26)

Then combine this with r.h.s, the definition of the yield and the integral defined in Eq.(4.6)
to write

dY

dt
=

45

512 gS π7Λ2T 2
I(T ). (A.27)

Switching the time variable to temperature T , using dT/dt ∼ −H T , with H = 1.66
√
gρT 2

MPl

such that
dY

dT
= − 45MPl

512 gSπ7 (1.66)
√
gρΛ2

I(T )

T 5
. (A.28)

However, this is not the only contribution for the UV Freeze-In process. We also have ad-
ditional contribution from the other two processes shown in Figure A.1. Their Feynman
amplitude is given in Eq.(A.21). The first difference we see is that this amplitude also
depends on the Mandelstam variable t. This will have an impact on the calculation, since
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t is dependent on θ, which sits in the integral in dΩ = dφdcos(θ). So, the integral over the
angle will no longer give a factor 4π.

Let’s write down the right hand side of the (simplified) Boltzmann equation for the
middle diagram, where `φ→ ˜̀χ, in Figure A.1

2T

512π6

∫ ∞
m2
φ

ds dΩPφ,` P˜̀,χ |M|
2K1

(√
s

T

)
/
√
s. (A.29)

Before writing this out, we want to examine how t depends on θ. Using the calculations
from [69, 70] we can write

t = (p1 − p3)2 = p2
1 + p2

3 − 2p1 · p3

= −2E1E3 + |p1||p3|cos(θ) ,
(A.30)

where p1 is the momentum from the lepton and p3 the momentum of the mediator. We
have also chosen to neglect their masses and since p2

i = m2
i , the first two terms were put

away. From [70], we know that E1 =
s−m2

φ

2
√
s

and E3 = s
2
√
s
. We will need these formula’s

to perform the integral over s. However, we need to start with the integral over dcos(θ).
As we can see, there is one term dependent on cos(θ) and this is an odd function in cos(θ),
however since the boundaries of the integral are -1 and 1, odd functions integrated over
this integral will result in zero. Therefore only the terms without cos(θ) stay. They get an
extra factor 2 from the integration. Also, we have to take into account that the integral
over dφ gives another factor of 2π.

Putting this all together, we find that

t = −
s−m2

φ

2
+ |p1||p3|cos(θ), (A.31)

and the integral over cos(θ) gives an extra factor 2 such that Eq.(A.29) becomes

4T

512π5

∫ ∞
m2
φ

dsPφ,` P˜̀,χ (s−m2
φ)K1

(√
s

T

)
/
√
s. (A.32)

Next, we want to write Pφ,`, P˜̀,χ as a function of s. We can compute them as

Pφ,` =
[s− (mφ +m`)

2]
1
2 [s− (mφ −m`)

2]
1
2

2
√
s

=
s−m2

φ

2
√
s

, (A.33)

P˜̀,χ =
[s− (mχ +m˜̀)

2]
1
2 [s− (mχ −m˜̀)

2]
1
2

2
√
s

=
s

2
√
s
, (A.34)

where we neglected all masses exceptmφ. It follows that Pφ,`P˜̀,χ =
s−m2

φ

4 . The Boltzmann
equation then becomes

T

512π5

∫ ∞
m2
φ

ds (s−m2
φ)2K1

(√
s

T

)
/
√
s. (A.35)

We can change the variable from s to z = s/m2
φ, change the number density n to the yield

Y , change the variable t to T , and then T to y = T/mφ and find

dY`φ→ ˜̀χ

dy
= −

45mφ

512gSπ71.66
√
gρΛ

MPl

Λ

F (y)

2
, (A.36)
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Figure A.2: This is the relevant process for the IR Freeze-In production.

where

F (y) =
1

y5

∫ ∞
1

dz
(z − 1)2

√
z

K1

(√
z

y

)
. (A.37)

The third and last Feynman diagram on the right side in Figure A.1 has the same Feyn-
man amplitude as the middle one. Therefore this process will have the same contribution
to the yield. Its contribution is therefore also represented by Eq.(A.36).

The total UV yield is counting all these contributions together as

dYTotal
dy

= −
45mφ

512gSπ71.66
√
gρΛ

MPl

Λ
(I(y) + F (y)). (A.38)

A.2.2 IR Freeze-In

In the IR Freeze-In the relevant production process is the decay of the mediator, see Figure
A.2.

We can write down the amplitude again, this time with a slightly different vertex
since the operator has changed due to the spontaneous symmetry breaking

vφ
Λ
us(p2)PR vr(p3), (A.39)

where p2 is the momentum of the lepton and p3 is the momentum of the dark matter
particle. The amplitude is then

|M|2=
∑
r,s

(vφ
Λ

)2
Tr[us(p2)PR vr(p3) vr(p3)PL us(p2)]. (A.40)

Using Eq.(A.15), neglecting the mass of the lepton and using the trace properties of the
gamma matrices as in the UV Freeze-In case, this can be rewritten as

|M|2= 2
(vφ

Λ

)2
p3 · p2. (A.41)

Because m2
˜̀ = p2

1 = (p3 + p2)2 = m2
χ + m2

` + 2p3 · p2, neglecting the mass of the lepton,
we can write m2

˜̀ −m2
χ = 2p3 · p2. The Feynman amplitude for the decay process is then

recovered
|M|2=

(vφ
Λ

)2
(m2

˜̀−m2
χ). (A.42)

From the Feynman amplitude, it is possible to calculate the decay rate via the following
formula [71]

Γ =
p

8πm2
˜̀

|M|2, (A.43)
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where the integral over the angles gave a factor of 4π, since the amplitude does not de-
pend on any of the angles. The momentum p of an outgoing particle is computed to
be

p =
1

2m˜̀
(m2

˜̀−m2
χ). (A.44)

The decay rate can be rewritten as

Γ =
1

16π

(vφ
Λ

)2
m˜̀

(
1−

(
mχ

m˜̀

)2
)2

. (A.45)

A.3 Late time φ decay channel

It is possible that the dynamical fluctuation of φ, δφ, decays into a lepton, χ and the
mediator, thereby creating dark matter after φ has frozen out. The question here is if
this channel of dark matter production has a significant effect on the dark matter relic
abundance. It will be shown that this channel has a negligible effect on the dark matter
production for the parameters of the model chosen in such a way that they are valid for
the minimal model, see the discussion about scales in section 6, while also representing
the maximal possible contribution for the δφ decay to the relic abundance.

To investigate this particular interaction, the branching ratio needs to be examined.
The branching ratio is defined as the ratio of the decay rate of the process of interest,
here δφ → χ`˜̀, and the total decay rate of δφ. In general, a quartic interaction of the
type λφ˜̀|φ|2|˜̀|2 is allowed in the Lagrangian, Eq.(3.3). Even if λφ˜̀ is small, this interaction
induces a decay channel of the type δφ→ ˜̀̀̃ . Since the coupling for δφ→ χ`˜̀is vφ/Λ, the
total decay rate will be dominated by the decay into two mediators as soon as vφ/Λ < λφ˜̀.
In this regime, the resulting branching ratio can be estimated as

Br ≡ BRδφ→χ`˜̀∼

(
vφ

Λλφ˜̀

)2

. (A.46)

There is also an additional suppression effect, since the δφ decay into dark matter is a
three body interaction and therefore has a three body phase space, while the decay into
mediators has a two body phase space, however this effect is neglected. This type of dark
matter production will not have a significant effect even if the phase space suppression
is not accounted for.

Then, Yχ = Br Yδφ, hence Ωχ = Br mχ
mδφ

Ωδφ. A small calculation shows that

Ωχh
2 ∼ 8πGh2

3H2
0

mχ Br
2π2g∗

45
T 3

0 Y
∞
δφ , (A.47)

where the yield of φ for this production channel is

Y∞δφ = g 45
(xf

2π

)3/2 e−xf

2π2g∗
, (A.48)

assuming that δφ follows the equilibrium density and with xf = mδφ/Tf , the moment
of freeze-out of δφ. This approximation takes the equilibrium density of δφ at a time of
freeze-out xf and assumes this density stays the same for all time after freeze-out. It is
possible to make a plot for the contribution of this channel by varying the moment of
freeze-out xf around the typical value of freeze-out which is xf ∼ 20. This is displayed
in Figure A.3 using the parameters from Table A.1 and taking λφ˜̀ of order 1.

On the vertical axis of the plot, there is the relic abundance and it is seen that the
maximum contribution of the δφ has an order of magnitude around 10−8, which is much
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smaller than the expected dark matter abundance Ωh2 = 0.12, hence it is concluded that
this channel is not relevant to the dark matter production.

It is also possible to reverse this question and look at a bound for the branching ratio
such that this contribution is negligible. By fixing xf to its typical value xf ∼ 20, it can
be found that for BRδφ→χ`˜̀ < 5 · 10−3, the δφ decay channel contribution is negligible
compared to the other dark matter production channels if mχ = 1 GeV and if we take a
normal freeze-out value of xf ∼ 20. This value for the branching ratio is never achieved
for the relevant scope of the parameters in this thesis, even for small λφ˜̀, since vφ/Λ� 1.

Figure A.3: This figure gives the dark matter relic abundance phi decay channel contri-
bution as a function of xf , the time of freeze-out of δφ. To calculate the abundance, vφ
was chosen to be 107 GeV and λφ˜̀ was taken of order 1. For these particular values for
the parameters, see Table A.1, the contribution to the dark matter relic abundance due to
the δφ decay is negligible.

Λ mχ vφ
1014 GeV 1 GeV 107 GeV

Table A.1: To calculate the δφ decay contribution in Figure A.3, the following parameters
in the table are chosen. These represent the values for these parameters which would
produce the biggest contribution from δφ decay for the relevant scales of these parameters
in the minimal model. This is only one example in the parameter space, however it does
give a good idea of the contribution to the dark matter because it is an upper bound for
the relevant parameter range in the dark matter minimal model of the thesis.
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