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ABSTRACT IN ENGLISH

In 1915, Albert Einstein formulated his theory of general relativity and then predicted the
existence of ripples of space-time: gravitational waves (GWSs). The first detection of GWs by the
LIGO-Virgo-KAGRA (LVK) collaborations happened almost a century later, and started a new
era: GW astronomy. In addition to the ninety GW detections in the third IVK observing run,
a large amount of weaker sources are expected to contribute to an overall gravitational-wave
background (GWB). Depending on the source, astrophysical or cosmological contributions can
be distinguished. The former receives contributions such as the merger of binary black holes
(BBHs) or supernova explosions, whereas the latter would come from cosmological processes
that happened during the history of our Universe. Due to the many sources contributing to the
background, its detection would reveal a wealth of information and represents the holy grail
of GW astronomy. Furthermore, the cosmological background forms a unique way to probe
the high energy scales involved in these processes, usually unattainable by detectors on Earth.
This thesis considers both contributions to the GWB, both from a data analysis and modelling
perspective, with emphasis on bridging the two.

For the astrophysical background, the development of a new data analysis technique to re-
duce the time until the detection of such a background forms an important part of this work.
The GWB from BBHs can be distinguished from other contributions in the IVK detectors through
its intermittent nature. As the duration of the signals is shorter than the time in between signals,
this background appears popcorn-like. A new data analysis method that targets this intermit-
tency is developed and the improvements in time-to-detection compared to other searches are
illustrated. In addition, the implications of the detection of this background for the formation
and evolution of BBHs are explored, by using data from the IVK detectors.

Within the possible cosmological sources, attention is paid to first order phase transitions.
As the temperature of the Universe decreases, these phase transitions can take place and gen-
erate a GWB. The study of these phase transitions and the resulting GWB forms the target of
the last part of this work. The goal is to understand the detectability of such signals and to set
constraints on models given available GW data from the ILVK detectors. This illustrates how
particle physics and GW physics can go together to unlock the information contained in the
background and elucidate the mysteries of our Universe.
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ABSTRACT IN HET NEDERLANDS

In 1915 formuleerde Albert Einstein zijn algemene relativiteitstheorie en voorspelde hij
daarna het bestaan van golven van de ruimtetijd: zwaartekrachtgolven (ZG). De eerste waarne-
ming van ZG door de LIGO-Virgo-KAGRA (LVK) samenwerking vond bijna een eeuw later plaats
en zo begon een nieuw tijdperk: ZG-astronomie. Naast de negentig ZG-detecties tegen het
einde van de derde [VK-observatierun, wordt verwacht dat een groot aantal zwakkere bron-
nen zal bijdragen tot een algemene zwaartekrachtgolfachtergrond (ZGA). Afthankelijk van de
bron die bijdraagt aan de achtergrond, kunnen astrofysische of kosmologische bijdragen wor-
den onderscheiden. De eerste ontvangt bijdragen zoals de samensmelting van binaire zwarte
gaten (BZG) of supernova-explosies, terwijl de tweede afkomstig zou zijn van kosmologische
processen die tijdens de geschiedenis van ons heelal hebben plaatsgevonden. Door de vele
bronnen die bijdragen aan de achtergrond, zou de detectie ervan informatie onthullen over het
heelal en vormt het de heilige graal van de ZG-astronomie. Bovendien vormt de kosmologische
achtergrond een unieke manier om de hoge energieschalen te onderzoeken die betrokken zijn
bij deze processen, die gewoonlijk onbereikbaar zijn voor detectoren op aarde. Deze thesis
beschouwt beide bijdragen aan de ZGA, zowel vanuit het perspectief van data-analyse als van
modellering, met de nadruk op het verbinden van de twee.

Binnen de context van de astrofysische achtergrond vormt de ontwikkeling van een nieuwe
data-analysetechniek om de tijd tot detectie van zo'n achtergrond te verkorten een belangrijk
onderdeel van dit werk. De ZGA van BZG kan worden onderscheiden van andere bijdragen
in de LVK detectoren door zijn intermitterende aard. Omdat de duur van de signalen korter
is dan de tijd tussen de signalen, lijkt deze achtergrond namelijk popcornachtig. Er wordt
een nieuwe data-analysemethode ontwikkeld die zich richt op deze intermitterende aard en
de verbeteringen in detectietijd in vergelijking met andere methoden worden geillustreerd.
Daarnaast worden de implicaties van de detectie van de astrofysische achtergrond voor de
vorming en evolutie van systemen bestaande uit BZG onderzocht door gegevens van de LVK
detectoren te gebruiken.

Binnen de mogelijke kosmologische bronnen wordt aandacht besteed aan eerste orde
faseovergangen. Naarmate het heelal afkoelt, kunnen deze faseovergangen plaatsvinden en

een ZGA genereren. De studie van deze faseovergangen en hun resulterende ZGA vormt het

ABSTRACT

xi



xii

doel van het laatste deel van dit werk. De bedoeling is om de detecteerbaarheid van zulke
signalen te begrijpen en om beperkingen op te leggen aan modellen, gegeven de ZG-data van
de IVK detectoren. Dit onderzoek illustreert hoe deeltjesfysica en ZG-fysica samen kunnen
gaan om informatie in de achtergrond te onthullen en zo de mysteries van ons Universum op
te helderen.
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INTRODUCTION

Describing and understanding nature through the laws of physics are almost a tale as old
as time. Throughout the years, people have been fascinated by the world surrounding us,
both on the smallest and largest scales. Some are intrigued by the tiny building blocks that
make life around us what it is, whereas others are puzzled by the processes happening on the
largest distances within the vast extent of our Universe. These curiosities have fuelled scientists’
imagination, culminating into two of the building blocks of modern physics: quantum physics
and general relativity. Whereas the former describes the physical interactions on the small-
est scales, the latter concerns the interaction of matter and gravity throughout the Universe.
Although each of these could be thought of as the almost perfect theory in their own realm,
the two theories seem to be irreconcilable. In times where we naively think we understand the
majority of the world that surrounds us, this illusion appears to be just that... an illusion. Many
mysteries, such as the nature of dark matter, dark energy, the Big Bang, and the reconciliation
of the quantum world and gravity still trouble contemporary physicists, leaving scientists to
long for a theory of everything.

Over the course of the last few centuries, experiments of increasing complexity have been
put forward to shed light on these question marks. Whether the design for a new particle
collider was proposed, or a more powerful telescope, or even a laser interferometer, humankind
found a way to engineer it and turn these into state-of-the-art experiments. All of these are
purposefully designed to answer some of the open questions physicists still deal with today
and unlock the mysteries of the Universe. Among these experiments are the Large Hadron
Collider at CERN, the Hubble Telescope, and IceCube — to only name a few.

An additional experiment, which will be at the center of this thesis, is the Laser Interfer-
ometer Gravitational-wave Observatory (LIGO). It distinguishes itself from other detectors by
detecting tiny ripples in the fabric of our Universe, called gravitational waves (GWs), as a way
to further our understanding of the Universe, the physical objects within it, and the processes
that happened in its very early stages. The first direct detection of GWs in 2015 by the LIGO-
Virgo collaborations kickstarted the field of GW astronomy and opened a new window to the
Universe. Indeed, contrarily to other cosmological probes such as the Cosmic Microwave Back-

ground, our ability to perceive GWs originating from the early stages of the Universe is not
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limited to times after recombination when photons and matter decoupled. Gravitational waves
therefore offer a completely novel way to observe the first few instants of the Universe and

attempt to answer some of the long-standing questions in the field.

A specific GW signature will be sought for in this thesis: the stochastic gravitational-wave
background (GWB). Coming from the superposition of many weak, unresolvable events
throughout the Universe, it can be thought of as the soft, melodic symphony of the Uni-
verse. While we cannot distinguish the individual instruments making up the orchestra,
experiencing the orchestra as an entity can provide information about the symphony being
played melodiously. Similarly, although the individual contributors to the GWB cannot be
distinguished due to their inherently weak nature, measuring the background as a whole
could elucidate some of the mysteries of the Universe. It is important to note that depending
on the type of contributor to the background, two categories can usually be distinguished: the
astrophysical and cosmological background. The former pertains to astrophysical contributors,
such as binary black holes or binary neutron stars, whereas the latter refers to the plethora
of cosmological processes that could have generated GWs during the history of the Universe.
The goal of this thesis is to explore both categories of contributors to the GWB, and to do
so both through a data analysis and modelling perspective, while focusing on the potential

implications that can be derived.

The main part of this work is structured into three distinct parts. The first part introduces
the necessary concepts and reviews the framework used in the remainder of the thesis. More
specifically, Chapter 1 introduces general relativity and GWs, as well as several detection meth-
ods, both current and future. The GWB is introduced in Chapter 2, and covers a theoretical
introduction to the background and reviews the search method currently in place to look for
such a GWB. This concludes the first part of this work, allowing us to move on to the second
part of the thesis, which focusses on the astrophysical background. First, a new data analysis
method is introduced in Chapter 3: the stochastic search for intermittent backgrounds. By
properly modelling the intermittent nature of the astrophysical binary black hole background,
we show that the time-to-detection of this background can significantly be reduced compared to
traditional search methods, such as the one introduced in Chapter 2. In the following chapter,
Chapter 4, we seek to apply current GWB upper limits to derive constraints on the formation
of binary black holes and more concretely, the metallicity dependence and evolutionary times
of merging binary black holes. This is done in a framework where both individually detected
binary black holes and the upper limits on the binary black hole background are used simultane-
ously. In the last part of the thesis, we switch gears slightly and concentrate on the cosmological
background. Within the vast amount of possible cosmological candidates to have contributed
to this background, we focus on first order phase transitions. Similarly to water boiling from

water to gas, the Universe could have undergone a series of phase transitions, generating a cos-




mological GWB in the process. Current data from the LIGO-Virgo-KAGRA detectors are used
to set constraints on the resulting background from first order phase transitions, as well as on
specific particle physics models in which these phase transitions arise.

As the title of this thesis suggests, both observations and modelling are at the center of
this work. By dedicating a chapter to each aspect, i.e., data analysis techniques, as well as
astrophysical and cosmological implications, we hope to give a glimpse into the fascinating
world of GWB analyses and its implications. Each of these chapters forms a testament to the
abundance of possible applications using GWB data. In addition to the results presented in this
thesis, promising results and implications from other experiments in the context of GWBs, such
as pulsar timing arrays, showcase the wealth of science cases possible with a GWB measurement
and steadily pave the way to unlocking the mysteries of the Universe. Although still in its
infancy compared to other fields in physics, GW physics, and more particularly GWB physics,
has an enormous potential of illuminating the first few instances of our Universe that have

remained in the darkness until this day.
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Part 1

Gravitational Waves and

Gravitational-Wave Backgrounds






The first part of this work forms a review of the material needed for the other chapters in
this thesis. General concepts and equations pertaining to gravitational waves and data analysis
thereof are introduced. This is by no means a complete review on the topic, but highlights
important aspects relevant to this thesis. In the absence of detailed discussions, references will
be provided.

Chapter 1 - Gravitational Waves

Gravitational waves were predicted as a consequence of Einstein’s theory of general relativity.
In this chapter, we start by reviewing how gravitational waves arise as solutions to the Einstein
equations. We then proceed by discussing different detection methods, giving an overview
of current and future gravitational-wave experiments. We conclude by discussing the various
sources of gravitational waves, with particular emphasis on the ones potentially detectable by

current gravitational-wave interferometers.

Chapter 2 - Gravitational-Wave Background

In addition to resolvable compact binary coalescence events, such as the ones currently detected
by the LIGO-Virgo-KAGRA collaborations, a background from the superposition of faint grav-
itational waves is expected: the gravitational-wave background. This chapter introduces the
formalism used to describe and search for such a background. In addition, several indispens-
able tools for gravitational-wave background data analysis are also given. An overview of the
current constraints on the gravitational-wave background using different detection methods
concludes this chapter.







1 GRAVITATIONAL WAVES

Space-time tells matter how to move;

matter tells space-time how to curve.

John Archibald Wheeler

Not long after Albert Einstein published his theory of general relativity (GR) in 1915, he also
predicted the existence of ripples in space-time as a consequence of his theory: gravitational
waves (GWs) [114-117]. Although long predicted to exist, the first indirect detection was only
made in 1974 by Hulse and Taylor [160, 248], with an additional forty-one years until the
direct detection of GWs by the Laser Interferometer Gravitational-Wave Observatory (LIGO)-
Virgo collaborations in 2015 [6].

The first chapter of this work is meant as an introduction to Einstein’s theory and lays
the foundation for the rest of the thesis. We start by reviewing some aspects of Einstein’s
theory of GR to get to the GW solution of the Einstein equations in Section 1.1. We then
discuss several detections methods, with an emphasis on laser interferometry and the LIGO-
Virgo-KAGRA (LVK) instruments in Section 1.2. Proposed next-generation detectors and their
main characteristics are also touched upon. We conclude this chapter in Section 1.3 with an
overview of the different GW sources and comment on the current GW population catalogue
as observed by the IVK collaborations.

1.1 General Relativity and Gravitational Waves

In this section, we review various aspects of GR in order to describe GWs. The necessary
concepts are defined to formulate the Einstein equations, after which we consider these in the
context of the linearised theory. We will see that adopting a specific gauge will reveal the GW
solution to the Einstein equations. We conclude by discussing the main properties of these GW

solutions. This section is largely based on [190].
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1.1.1 The Einstein Equations

At the center of the GR formalism lies the idea that gravity is encoded in the fabric of space-
time. The geometry of space-time is then represented by a two-dimensional, symmetric tensor:
the metric gwl. For flat space-times, this metric is called the Minkowski metric 7,,,, for which
we adopt the convention 7, = diag(—, +, +, +).

In GR, space-time is described by the Einstein-Hilbert action:

3

167G

Sp= J d*x+/—gR, (1.1)
where g denotes the determinant of the curved space-time metric g,,, and the Ricci scalar is
given by:

R=g"'R,,. (1.2)

The Ricci tensor R,,,, can be obtained from the Riemann tensor by contracting the first and third
indices as follows:
R,,=R" (1.3)

uy uav’

where the Riemann tensor takes the form:

R”vp =0, — 3al"ffp + ngl"ﬁ‘g — Fggl"ﬁ‘p (1.4)
In the above expressions, the geometry of the space-time manifold is encoded in the Christoffel

symbols:

1 .o
F;fv: Egp (aug0v+avgau_aaguv)- (1.5)

In addition to the Einstein-Hilbert action, the gravitational action receives a contribution from
the matter content of the Universe. The variation of the matter action S,;, under a metric

transformation g, — g,, + 8¢, takes the form:

1
0SSy = Z—J d*x 1/—gT‘“’6gW. (1.6)
c

Varying the total action with respect to the metric g, gives rise to the so-called Einstein equa-

tions:

1 8nG
Ruv - EguvR =

These equations dictate how matter, as encoded in the energy-momentum tensor T,,,,

T (1.7)

interacts

!Note that the Greek indices denote all four dimensions 0, ..., 3 (including the time component given by 0),
whereas Latin indices represent the spatial dimensions 1, 2, 3.
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with space-time, as represented by the various quantities containing the metric g,, on the left-
hand side of the equation. To study these equations in more detail, we will work within the
context of linearised GR theory. This will allow us to bring these equations into a clearer form,

revealing the GW solution to these equations.

1.1.2 Linearised Theory

In linearised GR theory, the metric g,,, is expanded around the flat-space Minkowski metric
T)[,LV:
&uv =My +hyys (R, | <), (1.8)

where h,,, denotes a small perturbation away from the Minkowski metric. Assuming this ex-

pansion, the Riemann tensor, given by Eq. (1.4), then takes the form

R 8,8,h, + 3,0,h

1
uvpa_i( v“pltuo

vo — 040,15 —8,0,h,,). (1.9)
We now write the trace of the metric perturbation as

h=n"h,,, (1.10)

and introduce the following shorthand notation:

. 1
’mv=hwr-§nwh, (1.11)
or equivalently:
, 1 -
h,,=h,,— Enuvh> (1.12)

which allows us to write the Einstein equations more compactly. These are now given by:

167G
-—

T,,. (1.13)

oh,, +n,,0°3°h,, —3°d,h,,—3°9,h,, =

To continue investigating the above set of equations, we note that GR is invariant under a large
symmetry group. Indeed, it is invariant under any diffeomorphism x’*(x), i.e., a differentiable

and invertible function, and having a differentiable inverse:
xP — x™(x). (1.14)
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Under such a coordinate transformation, the metric transforms as

_ OxP dx°
© Ox™mAx!

gur(x) = g, (x') 8po(X). (1.15)

We now consider the following coordinate transformation
xt— x™® = xt + E¥(x). (1.16)

One can show, given Eq.(1.15), that, under the above transformation, the metric perturbation

transforms as

hyy(x) = 1, (x")=h,,(x)— (8,8, +3,8,), (1.17)

assuming |J,&,| are of the same order of magnitude as |h,,|, and the condition |h,,| < 1 is

therefore preserved. In addition, one can also consider Lorentz transformations:
xt— AF x”. (1.18)
Noting that for Lorentz transformations the following relation holds:

AupAvUnpU = Ny (1.19)

one can show that the metric transforms as

8ur(X) = g, (X ) = 1y + A LA TR, (), (1.20)
or that the perturbation transforms as

(X)) =ALAh,G(x). (1.21)
From Eq. (1.15), it is clear that the metric is also invariant under translations X, = x,ta,
such that the linearised theory is invariant under the finite Poincaré group formed by transla-

tions and Lorentz transformations.

The above discussion motivates us to choose a specific gauge in which to consider the Ein-
stein equations. Given the gauge freedom in Eq. (1.17), we decide to work in the so-called
Lorenz gauge®:

2’h,,=0, (1.22)

uv

where flw was introduced in Eq. (1.11). Indeed, using the transformation in Eq. (1.17), one

2This is also called the harmonic or de Donder gauge.
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can show that

}_luv _>}_l;”; :}_luv_(augv'i_ 3v£u_"fl,”ap§p), (1.23)
and therefore,

8’h,,— (8"h,,) =38"h,,—0O& (1.24)

w
where O denotes the d’Alembertian in Minkowski space. Now, say that le = fu(x). Then,
using Eq. (1.24), one can ensure that the Lorenz gauge in Eq. (1.22) is satisfied by performing
a coordinate transformation with

08, = fu(x). (1.25)

Since the d’Alembertian operator is invertible, one can use a Green’s function to solve the above

equation, namely:
gu(x) = f d4XG(X _J’)fu(}’): (126)

with
0,G(x—y)=6*x—y). (1.27)

Using the above Lorenz gauge, the Einstein equations given in Eq. (1.13) take a much

simpler form:
- l16nG
— T

Oh,,, = s

o (1.28)

and reveal a simple wave equation. In addition, the Lorenz gauge in Eq. (1.22) and the above
wave equation imply conservation of momentum: 0T, = 0.

At the start of this section, we considered the Einstein equations in the full theory. However,
by working in the linearised theory, and assuming the Lorenz gauge, this intricate set of equa-
tions reduces to a simple wave equation. We now proceed with an additional gauge choice, the

so-called transverse-traceless gauge, to study the GW solution in more detail.

1.1.3 The Transverse-Traceless Gauge

To study the properties of GWs, we are interested in understanding the wave equation

outside the source, where T}, = 0. In that case, Eq. (1.28) now takes the form
Oh,,, = 0. (1.29)

As a reminder, we note that O = —(1/c*)9? + V2, from which it follows that GWs travel at the
speed of light c. Furthermore, we note that, although the Lorenz gauge was chosen, this does

not completely fix the gauge. In fact, the Lorenz gauge condition J ”I_lw = 0 is not spoiled by
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an additional coordinate transformation x* — x* + &#, as long as
0¢, =0, (1.30)

since avhw transforms as in Eq. (1.24) under such a coordinate transformation. As partial

derivatives commute with the d’Alembertian operator, it is also true that O¢ ,,, = 0, where

g,uv = a,ugv-i_avg‘u_nuvapgp' (131)

Therefore, one can subtract the functions & ,,, which satisfy O& ,,, = 0, from the six independent

uvs

components of h,,, which also obey D}_IW, = 0. The four functions £, can thus be chosen to

uvs

impose four conditions on the metric perturbation h,,, reducing the number of degrees of

uvs
freedom to two. Concretely, the trace h can be made to vanish by an appropriate choice of £°.

Ifh= 0, then I_lm = h,,, such that the Lorenz condition in Eq. (1.22) for u = 0 reads

uvs

3°%hy, + 0'hy; = 0. (1.32)
Choosing the additional three functions &' such that h® = 0, the above equation reduces to
8%, = 0, (1.33)

such that h, is constant in time. However, such a time-independent term corresponds to the
static Newtonian potential generated by the source, whereas the GW solution would be cap-
tured by a time-dependent term. Therefore, since we are interested in the GW solutions, the
condition 8°hy, = 0 implies hy, = 0. This sets all four components h® to zero, leaving only the
spatial components h"/ to be non-zero. The Lorenz gauge for these components reads 97h; =0,
and the condition on the tracelessness of the metric now takes the form hii = 0. To summarise,
we took

=0, K,=0, 3'h;=0. (1.34)

The above gauge choice defines the transverse-traceless (TT) gauge. We recall that we orig-

inally started from a symmetric metric perturbation h,,, which had ten degrees of freedom.

v
The choice of Lorenz gauge reduced the degrees of freedom to six, with an additional residual
gauge captured by the four £, functions bringing the overall number of degrees of freedom to

two.

The wave equation in Eq. (1.29) has plane-wave solutions given by hiTjT(x) = eij(k)eikx,
where k* = (w/c,k) and w/c = |k|, and e;;(k) is the so-called polarisation tensor. Using
Eq. (1.34), one can see that for a single plane wave, the only non-zero components are the

ones perpendicular to the direction of propagation k, as ajhl-j = 0 implies kjhl-j = 0. For
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concreteness, if one chooses a wave travelling along the z axis, and assuming the metric h;; is

symmetric and traceless, one finds

hy(t,2) = (ZJF _h};) cos (a)(t—z)), (1.35)
X ab

where h, and h, denote the amplitude of the + and x polarisation waves, and the indices
a,b € {1,2} denote the (x, y) plane. The effect of the above metric perturbation will be to
stretch space-time. In particular, an example of the effect of a "+"-polarised GW is given in
Figure 1.1.

y

OISIOTIOINIO:

X

Figure 1.1. Effect of a "+"-polarised GW on a set of test masses. A "x"-polarised GW would
stretch the test masses diagonally, instead of vertically and horizontally. Figure taken from
[76].

We conclude this section with an example to better illustrate the effect of a GW. Still working
under the assumption of a GW travelling along the z axis, one can consider two events at
coordinates (t, x;,0,0) and (t, x,,0,0), with coordinate distance x,—x; = L. In the TT gauge,

this distance remains constant, whereas the proper distance is given by":
1
s=(xy;—x7)(1+h, cos(cot))l/2 ~ [ (1 + £h+ cos(o)t)) . (1.36)

This illustrates that the GW induces a periodic change in the proper distance. In other words,
GWs cause a relative change in length, also called strain, which takes the form:
AL

1
h I = §h+ cos(wt), (1.37)

where, as will be illustrated below, typical values for the strain are of the order of h ~ 1072!,
Although this is a tiny effect, this readily provides a way to experimentally detect GWs by
measuring these length changes. Before introducing the engineering marvels that can detect

such tiny distortions of space-time, we comment on the generation of GWs in the next section.

3Up to linear order in h, ..

GRAVITATIONAL WAVES

15



16

1.1.4 Generating Gravitational Waves

To conclude this section on GR, we comment on the generation of GWs. We continue to
work within the approximation of linearised theory, meaning that we assume that space-time
is sufficiently flat*. Recall that in linearised GR theory, the Einstein equations reduce to the
form given in Eq. (1.28). Now that we are interested in the generation of GWs, we cannot
set T,,, = 0 as we did in the previous section where we were interested in the propagation of
GWs outside the source. Nevertheless, Eq. (1.28) can be solved using Green’s function method.
The exact derivation is not provided here, but we discuss the main result thereof. We refer the

reader to [ 190] for detailed calculations and additional information.

Working in the TT gauge, it can be shown that, when working in the small velocity expan-
sion®, the first non-vanishing term in a multipole expansion of the solution to Eq. (1.28) is

given by the mass quadrupole, where the mass quadrupole takes the form:
_ 3 1,
Qij_ d Xp(t,x) Xin—ET‘ 511 ) (1.38)

and r denotes the distance between the observer and the GW source. The first non-vanishing
term in the expansion then takes the form:

126G

hiTjT(t,x)|quad = ;FQ}].T(t —r/c). (1.39)

Under this quadrupole approximation, the radiated power by the source is:
I
Pquad: g(QijQij>: (1.40)

where this quantity is evaluated at t —r/c, the so-called retarded time corresponding to the
time of emission at the source. The above equations illustrate that GWs can only be emitted by
non-spherically symmetric massive objects, with a time-dependent density. In Section 1.3, we
will give a few examples of such objects and discuss several GW sources in the frequency band
of the LVK detectors.

The first section of this chapter reviewed the basic principles of Einstein’s theory of GR in its
linearised form, with GWs as one of its important predictions. In the remainder of this chapter,
we review various detection methods for GWs, and conclude by going over several classes of

GW sources, focussing on the ones in the frequency range of the IVK detectors.

“Note that, for most GW sources, this is only an approximation and so-called post-Newtonian physics needs to
be taken into account.
>This assumes that the velocity of the source is much smaller than the speed of light, i.e., v < c.
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1.2 Detection Methods

Einstein’s GR theory and GWs as a consequence represent one of the major physics accom-
plishments of the twentieth century. Although predicted over a century ago, GWs were not
directly observed until almost a century later by the LIGO-Virgo collaborations in 2015 [6]. In
this section, we give an overview of some of the basic principles behind several GW detection
methods. Particular attention is dedicated to laser interferometers in Section 1.2.1, including
current and future GW experiments. Nevertheless, other detection methods are also discussed
in Section 1.2.2.

1.2.1 Laser Interferometry

Current Laser Interferometers

We start by reviewing the basic principles of current laser interferometers, focussing on
the case of the Advanced LIGO interferometer, and discuss some of its main noise sources.
The discussion remains at the introductory, qualitative level, but we refer the reader to [88,
182, 190, 238] for more detailed explanations. Furthermore, for the reader interested in the
characteristics of the Italian Virgo detector, we suggest having a look to [21].

A brief introduction to Advanced LIGO

Currently, two Advanced LIGO interferometers are operating in the United Stated of America
(Hanford (Washington) and Livingston (Louisiana))[190], although a third LIGO detector is
expected to be built in India [161, 234]. Both American LIGO detectors are depicted in Figure
1.2.

Figure 1.2. Aerial view of the two L-shaped LIGO interferometers: Hanford (left) and Liv-
ingston (right). Credit: LIGO Laboratory.
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Through their impressive 4 km arm length® and multitude of engineering marvels, the LIGO
detectors are able to measure changes in relative arm length due to the passage of GWs — or
strain, as previously introduced in Eq. (1.37) — as tiny as 1072!. The LIGO interferometer is
based on the principle of a Michelson interferometer, although several additions make it into
the state-of-the-art instrument it is today. Schematically, laser light is emitted, and split by a
beam splitter, which sends the laser ray down each arm of the interferometer. After being re-
flected on the mirrors’, so-called test masses, the two laser beams are recombined and read
out by a photodiode output reader. The interference pattern, and hence, the associated power
of the recombined laser, contains information about the relative phase of the laser light accu-
mulated due to the GW interferometer arm distortion from the passage of GWs. This setup is
illustrated in Figure 1.3.

End Test Mass

4 km
l Input Test Mass
N/ -
- — b
Power Recycling
Mirror Compensation
Plate

-
Signal Recycling /‘T

A &

Mirror D%:—— Output Mode Cleaner

Input Mode Cleaner

Beam
Splitter

Figure 1.3. Schematic overview of the Advanced LIGO detector. We refer to the main text for
an explanation of the various components of this setup. Figure taken from [182].

Although designed to detect GWs, a plethora of noise sources form a major challenge for these
interferometers. We briefly comment on the noise sources for the LIGO detectors, before dis-

cussing next-generation detectors.

Noise sources for Earth-based interferometers
In reality, actual GWs only form a small fraction of the data observed by GW interferometers,

which are largely dominated by detector noise. The amount of noise is captured by the noise

®Note that the Virgo interferometer in Italy has slightly smaller arms of 3 km [21].
7Each of the mirrors is suspended through four pendulums to mechanically isolate the mirrors and mimic
free-falling objects.
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power spectral density (PSD) P(f ), defined as

(R(E() = 55 = £ PP, (141

where 7i(f ) denotes the Fourier transform of the time-domain noise data n(t), and a*(f) de-
notes the complex conjugate of 7i(f ). In practice, however, the noise dominates in the detector
strain data, which is why the noise PSD is usually well-approximated by

() ~ 25(f — FIP(F), (1.42)

1
2
where 5(f) is the Fourier transform of the detector strain data. For future reference, we also
introduce the amplitude spectral density (ASD), which is related to the PSD through:

A(f)=+vP(f). (1.43)

Alternatively, one can also define the characteristic strain as a sensitivity measure:

h.(f)=+/fP(f). (1.44)

In Figure 1.4, we show the target sensitivity of the Advanced LIGO instruments at design
sensitivity [88]. Many individual noise contributions are shown, including environmental and
instrumental noise. The former includes seismic movement of the Earth itself, or even tiny
variations in the gravitational field around the detector. Other noise sources are instrumental,
i.e., intrinsic to the detector itself. A few examples of these noise sources include the excess
gas in the vacuum tubes containing the optical systems, the thermal noise in the mirror sus-
pensions and the mirror coatings. Additionally, quantum noise, i.e., where the characteristics
of individual photons in the laser become apparent, also limits the sensitivity of the detectors.
In particular, the sensitivity at low frequencies is lessened due to radiation from the individ-
ual photons hitting the mirrors, whereas at high frequencies, Poissonian fluctuations in photon
counting, so-called shot noise, limits the sensitivity. The latter can be limited through the in-
crease in laser power, which in practice is achieved by applying a mirror coating which traps
the light in the arms, or installing a power recycling mirror which sends a portion of the laser
light back to the input laser and into the instrument. In addition, the laser power can be in-
creased through the usage of so-called Fabry-Pérot cavities. These are added in the arms of
the interferometer, trapping the light for several round trips in the cavity, effectively increasing
the arm length of the detectors and the power contained in each cavity. Furthermore, with the
addition of a signal recycling mirror, the interferometer can be tuned to a specific source, or

increase the bandwidth of the detector. More details can be found in [190].

The curves reported in Figure 1.4, however, are theoretical curves produced from predic-
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GWINC Noise Budget: Advanced LIGO
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Figure 1.4. The characteristic strain noise curve for the Advanced LIGO detector at design
sensitivity. Individual contributions to the total noise are shown as well. Additional information
about the Advanced LIGO detector and its principal noise sources can be found in [88]. This
figure was produced using the open source code pyGWINC [229] and can also be found in [221]
with additional information.

tions for the noise budget of the detectors. Real detector data will follow a similar curve, but
will look noisier, as illustrated in Figure 1.5. There, the PSDs of a two hour data segment (from
March 1,2020 12:00:00-14:00:00 UTC) from the LIGO Hanford and LIGO Livingston detectors
are shown. A major difference between the PSD shown in this figure and the characteristic
strain® shown in Figure 1.4, is the presence of (very) narrow spectral features, called noise

lines. The origin of such lines can broadly be defined into three categories [1]:

* Calibration lines: A set of lines that are purposely injected into the detector to control
and calibrate the detector. For example, in Figure 1.5, the LIGO Hanford interferometer

has a calibration line around 332 Hz.

* Mechanical resonances: Detector components have intrinsic resonances and their spec-
tral artefacts are therefore an intrinsic part of detector design and cannot be completely
removed. An example of this are so-called violin modes around 300 Hz coming from the

suspensions that hang the beam splitter.

8Note that the PSD can be converted to characteristic strain using Eq. (1.44).
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* Instrumental lines: Other lines originate from operating instruments (e.g., air condi-
tioning, vacuum equipment, ...). Often these operate at a certain frequency, inducing
spectral lines corresponding to that frequency. The coupling mechanism (e.g., vibra-
tional, magnetic, ...) depends on the type of noise and equipment. An example of such a
line is the noise line associated with the power mains in the USA at 60 Hz.

It is important to assess the nature and impact of these noise artefacts, as they can potentially
bias GW analyses. To avoid any contamination, most of these lines are typically excluded from
the analyses. Additional information can be found in [221], with more concrete examples of
lines for the LIGO detectors in [ 100] and for the Virgo detector in [1, 23].

10414 \v

—43
10 i
-
\ .
= I
A 10745- &M ‘
: Um _
1K
| LJ&LNL'-\JMN-L ILNHM Jﬂ' W
10747+ ‘ RN
= [ ]GO Hanford
LIGO Livingston

1074 .

0 100 1000

[ [Hz]
Figure 1.5. Example of the PSDs of two-hour LIGO data segments from March 1, 2020,

12:00:00-14:00:00 UTC during the second half of the third IVK observing run (O3b). Data
were obtained through GWOSC [16].

After each observing run, the IVK detectors undergo a series of upgrades which increases
their sensitivity. In particular, after the ongoing fourth observing run, the LIGO detectors will
be upgraded to their Advanced LIGO A+ sensitivity with upgrades including improved mirror
coatings and reduced quantum vacuum noise via frequency dependent squeezing [57]. These
great improvements, however, are still not enough to overcome some of the challenges current-
generation detectors face. Thankfully, several proposals for next-generation detectors, both
Earth-based and space-based, are being considered. These are briefly introduced in the next
section.
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Next-Generation Laser Interferometers

With the future upgrades of current-generation GW interferometers, these detectors are
slowly approaching their design limitations, and therefore their sensitivity limitations as well.
Fortunately, concrete plans for next-generation detectors are currently being developed. The
better sensitivity of these detectors will allow to probe larger regions of the Universe and the
GW sources therein. Below, we give some examples of both Earth-based and space-based next

generation detectors.

Earth-based next-generation detectors

One of the proposed third generation interferometers is the Einstein Telescope (ET) [192].
With its 10 km arms embedded in a triangular’ design operating at cryogenic temperatures,
ET sensitivity will be improved by an order of magnitude compared to the Advanced LIGO
A+ design and will be sensitive to lower frequencies, reaching below the current 10 Hz LIGO
frequency limit [ 192]. Two main sites have been put forward as possible locations for the new
interferometer: the Sos Enattos site in Sardinia, or the Meuse-Rhine Euregion at the three-
country point between Belgium, the Netherlands and Germany [192]. As we await the decision
on the site of the future ET detector, planned to be made in 2025-2026, design and planning for
the interferometer are currently ongoing, with the ETpathfinder in Maastricht, the Netherlands,
as a prime example of the facilities currently developing and testing the new technologies
involved in this experiment [123].

Another proposal is that of Cosmic Explorer (CE) planned to be constructed in the United
States of America [220]. This interferometer is projected to become a large-scale copy of the
LIGO A+ detectors. With its 40 km long arms, it will be able to access lower frequency ranges
than the current Earth-based interferometers. In a second stage, the detector optics are planned
to be improved by using cryogenic technologies and better mirror substrates, with the goal of
reaching even better sensitivities [220].

For comparison purposes, the predicted sensitivity of ET and CE are shown in terms of the
characteristic strain noise, introduced in Eq. (1.44), in Figure 1.6. Other than the overall better
sensitivity of the detectors, we note the larger frequency range of the next-generation detectors
compared to the future sensitivity of the LIGO instruments (LIGO A+).

Space-based next-generation detectors
To circumvent some of the limitations associated to terrestrial interferometers, such as the
Newtonian noise at low frequencies, or the interferometer arm length limitations, several space-

based interferometers were put forward. These include the Laser Interferometer Space Antenna

Although the triangular design was originally proposed, this could be revisited in the future. See e.g., [63,
162] which looks into the different designs of ET.
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Figure 1.6. Next-generation detector sensitivity in terms of the characteristic strain noise for
the Einstein Telescope (red), Cosmic Explorer (yellow), and for comparison, LIGO A+ (blue).
Noise lines in these curves come from the suspension thermal noise of the interferometers.
Figure adapted from [124].

(LISA) [37, 99], TianQin [187, 201], and the DECi-hertz Interferometer Gravitational wave
Observatory (DECIGO) [169] detectors.

LISA is designed to detect GWs in the mHz frequency band. This is achieved through a
triangular configuration with 2.5 million km long arms in space, which will follow Earth’s orbit
around the Sun [37, 99]. The proposed TianQin interferometer, planned for 2035, will be
sensitive to the same frequencies as LISA. Also in the 2030s, the launch of another space-based
interferometer, B-DECIGO, is planned [ 169]. B-DECIGO is the scientific pathfinder for DECIGO,
which will already collect scientific data at a lesser sensitivity compared to DECIGO. B-DECIGO
and DECIGO will be observing GWs in the frequency band from 0.1 Hz to 10 Hz, bridging the
gap between LISA and the frequency band of Earth-based detectors. Typical examples of GW
sources targeted by space-based interferometers include the inspirals of galactic white dwarf
binaries, binary coalescences of massive black holes and the pre-merger phase of the compact
binary coalescence (CBC) events observed by Earth-based interferometers [37, 226, 237].

With around ninety detections by the IVK collaborations by the end of their third observing
run [15], current laser interferometers have shown to be powerful detection methods, with
expected further improvements with next-generation detectors. Nevertheless, many other de-

tection methods exist, which we discuss below.
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1.2.2 Other Detection Methods

In the remainder of this section, we discuss some of the alternative GW detection methods.
This section should be regarded as a general discussion to give a sense of what these methods
are about, rather than an in-depth description of the methods. This section is partially based
on an original review paper [221]. Additional references will be provided for the interested

reader.

Atom Interferometry

Within the realm of the quantum-mechanical world, a particle-wave duality is predicted.
Not only does this means that what is traditionally thought of as a wave e.g., light, can be
described in terms of particles, i.e., photons, but that what is usually thought of as particles, e.g.,
atoms, have an associated wave-like nature as well. This lies at the core of atom interferometry,
where the wave-like nature of atoms is exploited for various physical measurements. Atom
interferometry can be used to measure several physical constants, e.g., the gravitational or
fine-structure constant, to test the equivalence principle [106, 233], or even detect GWs [131,
252].

Much like a laser interferometer, atom interferometers rely on splitting a wave and inves-
tigating the interference pattern obtained after recombination. However, instead of looking at
the interference pattern of recombined laser light, it is the recombined atomic waveform that
is investigated.

After cooling a cloud of atoms, the atoms are manipulated using laser beams or magnetic
fields to create a series of coherent atomic matter waves. The cloud is split into two separate
wave packets, similar to the way a beam splitter divides a beam of light in traditional laser
interferometers. These distinct wave packets each follow different paths, controlled using ad-
ditional laser pulses or magnetic fields. These manipulations impart a phase shift to the atomic
waves. After travelling along distinct paths, the two wave packets interfere, resulting in an
interference pattern due to the relative phase shift acquired during their separate travels. This
interference is similar to the interference of light waves in laser interferometers [73]. A visual
representation of atom interferometers manipulated by laser light is shown in Figure 1.7.

Atom interferometers provide a new window to a previously unexplored frequency range,
as traditional laser interferometers fail to bridge the gap between the ~mHz and ~Hz range
between the LISA and IVK instruments. Examples of current and proposed atom interferome-
ters include the Matter wave-laser based Interferometer Gravitation Antenna (MIGA) [73], the
Matter-wave Atomic Gradiometer Interferometric Sensor (MAGIS-100) [20], the Atom Inter-
ferometer Observatory and Network (AION) [51], the Zhaoshan long-baseline Atom Interfer-
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ometer Gravitation Antenna (ZAIGA) [266], and the European Laboratory for Gravitation and
Atom-interferometric Research (ELGAR) [72]. We refer the interested reader to the references
above for a more detailed discussion of the specifications and scientific applications of each of
the detectors.

Ei n

0 X4 Xs X5 L position

Figure 1.7. Representation of three atom interferometers manipulated coherently by a laser in
an optical cavity. Figure taken from [73].

Planetary Bodies as Resonant Detectors

The idea of using resonant objects as GW detectors was first proposed by Weber in 1960
[260]. The principle is based on the observation that as a GW passes through a massive ob-
ject, it will cause the object to resonate, provided the frequency of the GW is the same as the
natural frequency of the object. Several resonant bar detectors with increasing sensitivity have
been proposed since the conception of Weber’s idea, although no detection of a GW signal has
been claimed [45-47]. In the remainder of this paragraph, however, we focus on applying the
concept of GW resonance to planetary bodies.

As GWs are expected to interact with elastic bodies they will do so with planetary bodies
as well, e.g., Earth itself. Therefore, GWs can excite Earth’s free oscillations, called normal
modes. Using a network of gravimeters and seismometers, it is possible to monitor Earth’s
normal modes and excitations thereof by the passage of a GW [89]. By comparing this to the
precise prediction for the Earth’s response to the passage of a GW and the cross-correlation
across various gravimeters and seismometers, one can look for GWs.

More recently, the idea to use the Moon as a GW experiment was also put forward [147].
At the core of this idea lies the same principle as the one used for the Earth’s normal mode
measurements described above. The Lunar Gravitational-Wave Antenna experiment entails
the deployment of seismometers on the Moon to measure its normal modes and measure or
constrain GWs. This experiment would be sensitive to the normal modes of the Moon within
the 1 mHz - 1 Hz frequency band excited by GWs. An advantage compared to using the Earth
as a GW observatory is the lower seismic activity of the Moon. Indeed, the absence of oceans

and lower tidal activity increases the sensitivity of seismometers on the Moon to detect GWs.
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The main seismic noise sources on the Moon include Moonquakes and meteoroid impacts. The
latter has been shown to be below the targeted sensitivity of the experiment [147], while the
annual rate of seismic energy release has been shown to be up to 8 orders of magnitude smaller
than on Earth [170].

Pulsar Timing Arrays

An alternative method to detect GWs consists of using an array of pulsars. Pulsars are
rapidly rotating neutron stars, whose rotation and magnetic axes are misaligned [ 185]. Because
of this misalignment, one observes regular radio pulses on Earth coinciding with the moment
that the magnetic axis of the rotating pulsar is aligned with the Earth. Due to the regularity of
these pulses, pulsars can be thought of as astrophysical clocks. In fact, deviations in the time
of arrival of these pulses is what is sought for in pulsar timing arrays (PTAs), as the passage of
a GW would cause the times of arrival of pulses to deviate from their expected value.

Although conceptually simple, the PTA detection method does come with several real-life
complications. A first difficulty in the analysis stems from the uncertainty in modelling the time
of arrival of the pulses emitted by the pulsars. Typically, these timing models are captured by
fits to data obtained from the pulsars themselves, e.g., rotational period and time evolution
thereof. Since a fit that is completely independent of the pulsars is not possible, such model
fits could unknowingly already contain a GW signal contribution [185].

In addition, PTA data are noisy, containing both white and red'® noise. However, red com-
mon process spectra could mimic the presence of a GW signal. Nevertheless, all is not lost as
an additional feature distinguishes the GW signal from other processes: the spatial correlation.
In order to claim the detection of a GW signal, it is essential to observe a spatial correlation
across the various pulsars caused by the passage of GWs. This spatial correlation is known as
the Hellings and Downs correlation'! [149] and is given by:

(1.45)

31— 1— 11— 1
r(£,,)= E( cos &,y In cos&y,  11—coséy +_)’

2 2 6 2 3

where &, denotes the angle in the sky between pulsar pairs. Long sought for in data obtained
by PTA experiments, evidence for this correlation is finally emerging from the data. This will
be discussed in more detail in Section 2.3.

Given the O(1) week duration between pulses, the datasets used by PTA experiments can
get quite lengthy [ 185]. With total dataset durations of around ten years, PTAs are most sensi-

tive in the 1-10 nHz frequency band'?>. Among the detectable sources in that frequency range

0Meaning coloured, i.e., with a non-trivial frequency dependence.
This correlation will be illustrated in Figure 2.10 in Section 2.3.
12The corresponding frequencies can be obtained as the inverse of the dataset duration.
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are super-massive binary black hole (SMBBH) mergers whose component masses are larger
than 108 M,. These would emit a continuous signal in the PTA frequency band over several

thousands of years [185]. In addition, a gravitational-wave background (GWB) "

sourced by
cosmic strings or primordial GWs could also be detectable at the frequencies accessible by PTAs.
More details about the possible signals at PTA experiments can be found in Section 2.3 of Chap-
ter 2 and references therein.

A few examples of PTA collaborations are the North American Nanohertz Observatory of
Gravitational Waves (NANOGrav) [198], the European Pulsar Timing Array (EPTA) [179], the
Parkes Pulsar Timing Array (PPTA) [154], the Indian Pulsar Timing Array (InPTA) [209], the
MeerTime Pulsar Timing Array [246], and the Chinese Pulsar Timing Array [177]. Several of
these experiments join efforts in the detection of GWs in the International Pulsar Timing Array
(IPTA) consortium [155]. Recently, strong evidence for a GWB'® was reported by several of

these collaborations. This will be discussed in more detail in Chapter 2.

1.3 Sources of Gravitational Waves

We end this chapter by giving an overview of several broad categories of GW sources, with
an emphasis on the ones expected in the IVK frequency band: compact binary coalescences,
bursts, continuous waves, and gravitational-wave backgrounds.

1.3.1 Compact Binary Coalescences

As seen in Section 1.1.4, a system with a non-vanishing time-varying quadrupole will emit
GWs. A prime example of such systems is that of CBCs, in which two bodies orbit around each
other. Examples include binary black holes (BBHs), binary neutron stars (BNSs), and neutron
star black hole (NSBH) systems. As the two compact objects orbit around each other, the system
will emit GWs. While GWs are emitted, the orbit reduces, bringing the two objects closer to
each other (inspiral), until eventually, the two objects merge (merger). As the newly combined

object settles (ringdown), GWs continue to be emitted. This is illustrated in Figure 1.8.

First Gravitational-Wave Detection

Although predicted over a century ago, the first evidence of the existence of GWs was first
put forward in 1974 by Hulse and Taylor [160, 248]. Through the observation of the double
neutron star system PSR B1913+16, they showed that the orbiting frequency of the system

13To be introduced later in Chapter 2.
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Figure 1.8. Representation of the different phases of a CBC event: inspiral, merger, and ring-
down. The strain is the estimated GW strain amplitude from the first GW detection, GW150914,
in the LIGO Hanford detector. Figure taken from [6].

increased over time, and that the two stars were spiralling towards each other. The orbit re-
duction corresponded exactly to the energy lost in GWs, as predicted by Einstein’s theory of
GR. This discovery marked the first indirect detection of GWs and was awarded the Nobel Prize
in 1993 [213].

The direct detection of GWs emitted by a BBH system was only claimed four decades later,
almost a century after originally predicted by Einstein. On September 14, 2015, the LIGO
detectors observed a transient signal coming from the merger of two black holes at redshift
z = 0.09700% with masses 36" M, and 29**M,, resulting in a black hole of mass 62*}M,"*
[6]. The event is illustrated in Figure 1.9. This first direct detection marked the start of GW

astronomy, a new window to the Universe, with many more detections to follow.

The Population of Binary Black Holes Thus Far

The first direct detection of GWs was only the first of many, with a total number of ninety
CBCs detected by the end of the third IVK observing run [15]. With the ongoing fourth ILVK ob-
serving run, this number increases steadily, allowing for the study of the population of binaries
throughout the Universe with increasing accuracy. In particular, the mass, redshift and spin
distributions form the target of population studies such as the ones performed after the third
observing run of the LVK collaborations [17]. For example, these results reveal a primary mass

distribution that decreases with increasing primary mass, together with peaks at chirp masses'”

4Uncertainties denote 90% credible intervals.

3/5
15The chirp mass is defined as M = 71m)

Gy Where m; denotes the mass of the individual BBH.
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Figure 1.9. The first GW event GW150914 observed by the LIGO Hanford (H1, left column pan-
els) and Livingston (L1, right column panels) detectors. Times are shown relative to September
14, 2015 at 09:50:45 UTC. Top row, left: H1 strain. Top row, right: L1 strain. GW150914 ar-
rived first at L1 and 6. 9+8Z ms later at H1; for a visual comparison, the H1 data are also shown,
shifted in time by this amount and inverted (to account for the detectors’ relative orientations).
Second row: Gravitational-wave strain projected onto each detector in the 35-350 Hz band.
Solid lines show a numerical relativity waveform for a system with parameters consistent with
those recovered from GW150914. Shaded areas show 90% credible regions for two indepen-
dent waveform reconstructions. Third row: Residuals after subtracting the filtered numerical
relativity waveform from the filtered detector time series. Bottom row: A time-frequency rep-

resentation of the strain data, showing the signal frequency increasing over time. Caption and
figure taken from [6].

8. 3+° ’M, and 27.9* 1 9M emerging above the power-law behaviour of the mass distribution.
In addition, the BBH merger rate is found to be between 17.9 Gpc®yr! and 44 Gpclyr!

a redshift z = 0.2. In fact, the BBH merger rate increases with redshift at z $ 1 as (1 + z)“
with k = 2. 9+% g, consistent with the Madau-Dickinson star formation rate at low redshifts'®

[188]. In addition, BBH spin measurements form an interesting quantity to measure as they

16Note that this is not expected across all redshifts due to the time delay between star formation and binary
merger. For more details about the time delay, see Chapter 4.
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might provide hints about the formation and evolution of merging binaries [125, 136, 228].
Observed spin magnitudes are small, with evidence for negatively aligned spins and misalign-
ment of spins relative to the orbital angular momentum of the binary. Furthermore, correlation
between the mass ratio and the spin is found in the data, where more unequal mass ratios give

rise to larger spin magnitudes.

As the number of detected CBC events increases, the properties of the binary population
will be measured more accurately, uncovering the features hidden in the various distributions.
Furthermore, detectors with better sensitivities will allow for an exploration deeper into the

Universe, resolving an even larger part of the CBC population'’.

1.3.2 Bursts

Another category of signals searched for by the IVK collaborations are bursts of GWs, which
are transient GW signals with a typical duration of less than a second [190]. Usually associated
with the sudden release of a large amount of GW energy, these signals do not obey a clean
waveform as the CBCs introduced above. Examples of bursts include cosmic strings across the
whole frequency range'® [12, 98] or supernova explosions in the Hz-kHz range [190]. Although
GW bursts have escaped detection until this day, the efforts by the IVK collaborations to detect
such bursts over the years are discussed in [7-9, 11].

1.3.3 Continuous Waves

Sources of continuous waves emit GWs almost mono-chromatically, and do so for a long
period of time. Astrophysical objects displaying some spherical asymmetry are one of the main
contributors to this category, with neutron stars as a concrete example. The long GW emission
times permit long observing times of the sources, which allows to integrate the signal over
time, thereby increasing the sensitivity to weak signals. Despite ongoing efforts within the IVK
collaborations, this type of signal remains to be detected. More details on the topic can be

found in [190], with an overview of searches performed by the ILVK collaborations in [202].

17As we await the better sensitivity of next-generation detectors, we discuss a method to probe some of the
population properties at larger redshifts in Chapter 4, and more specifically, the BBH merger rate.

18The frequency of GWs emitted by cosmic strings can be related to the energy scale of the symmetry breaking
when strings are formed [75]. A similar phenomenon will be discussed in Chapter 5 in the context of first order
phase transitions.
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1.3.4 Gravitational-Wave Backgrounds

An additional category can be distinguished: the gravitational-wave background [230].
Coming from the superposition of many faint, unresolved GWs, this background is expected to
contain a wealth of information about the sources that generated it. Among these sources are
several astrophysical ones such as weak GWs from CBCs, core collapse supernovae, but many
cosmological processes could have contributed to the background as well: inflation, first order
phase transitions, cosmic strings, domain walls, ...'" The former contribution is referred to as
the astrophysical GWB, whereas the latter as the cosmological GWB. Both contributions to the
GWB are at the center of this work and will be discussed in the remainder of this thesis. The
next chapter is dedicated to the GWB, and will review the most important aspects governing
the theory of GWBs.

19See Ref. [68, 75] for a complete overview of possible cosmological sources.
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2 GRAVITATIONAL-WAVE BACKGROUND

The subconscious is ceaselessly
murmuring, and it is by listening to these

murmurs that one hears the truth.

Gaston Bachelard

In addition to individually detectable GW events as currently detected by the IVK collabo-
rations, a GWB is expected to arise from the superposition of many unresolvable GW events.
Many astrophysical sources, such as faint BBH and BNS mergers, contribute to an astrophys-
ical GWB. Furthermore, a plethora of early Universe events could have contributed to a cos-
mological GWB, including first order phase transitions', domain walls?, inflation and cosmic
strings®. Both contributions therefore contain invaluable information about the population of
GW sources in the Universe and the processes happening in its very early stages. Hence, the
detection of a GWB will provide a wealth of information and truly represents the holy grail of
GW physics.

In this chapter we review the formalism used to describe the GWB. We introduce the con-
cept of a cross-correlation statistic in order to extract the GWB signal from noisy detector data,
and discuss the generalisations needed to account for the non-trivial geometry of the detec-
tors. Additionally, we provide a review of helpful tools for the enthusiastic GWB data analyst,
covering power-law integrated sensitivity curves, Bayesian inference, and an open source GWB
analysis code, pygwb [222, 223]. We end this chapter with a review of the current constraints
on the GWB.

This chapter is partially based on a review paper in collaboration with Kamiel Janssens, and
Nick van Remortel [221 ] Furthermore, aspects of work in collaboration with Arianna Rengini,
Alba Romero-Rodriguez, Colm Talbot, Max Lalleman, Shivaraj Kandhasamy, et al. are also used
in this chapter [222, 223 ].

! This forms the topic of Chapter 5.
2Domain walls are not part of this thesis, but were studied during the timeline of the PhD in [61].
3See Ref. [68, 75] for a complete overview of possible cosmological sources.
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2.1 Theoretical Introduction

In this first section, we review the formalism and techniques used to describe the GWB.
Starting with a general introduction to the GWB, we then elaborate on this to introduce various
concepts related to the GWB and the effect of detector geometry on a GWB search. We end
this section by introducing a so-called optimal estimator for the GWB signal, as used by the IVK
collaborations [19]. This section is based on [230].

2.1.1 Introduction

Coming from the superposition of many unresolvable signals, the GWB is, by definition, a
very weak signal that cannot be distinguished from noise in the data stream of a single detector.
However, as the GWB permeates the Universe, the GWB will be present in multiple detectors,
offering a possibility to distinguish it from detector noise through cross-correlation of data

across detectors. Schematically, one can represent the data from two GW interferometers as:

51 == Tll + h (2.1)
s, =n,+h, (2.2)

where the data s; are composed of noise n; and a GW signal h. Conceptually, looking at the

cross-correlation of the two data streams, one obtains:

C~ <3152)
~ +h)(n2+h)>
~ (B2) + () + (ngh) + (nyny) @)

~ (h2>.

The second and third terms vanish as the GW signal is not correlated with the noise in each
of the detectors, whereas the last term vanishes under the assumption of uncorrelated noise
between the detectors®. The above cross-correlation computation schematically illustrates how
data from multiple detectors can be used to extract the GWB, despite its inherently weak nature.
This simple, yet effective, idea will be at the core of the techniques discussed in the remainder
of this section. Before formalising this concept, we comment on a few additional properties of

the background.

4At current detector sensitivity, this is a valid assumption. However, with the increasing sensitivity of the inter-
ferometers, so-called Schumann resonances might form a non-negligible source of correlated noise, as discussed
in [162, 163].

CHAPTER 2




Properties and assumptions
Although some of these assumptions can be relaxed, the remainder of this chapter will assume

that the GWB is: isotropic, unpolarised, stationary, and Gaussian.

As the background comes from the superposition of faint sources throughout the Universe,
the assumption of isotropy will hold to a first approximation. Analogously, also the Cosmic
Microwave Background (CMB) is isotropic to a first approximation, only revealing anisotropies
on very small scales [24]. We note that dedicated searches for anisotropies exist within the IVK
collaborations, as reviewed in [221, 230], for which results are presented in [18]. However,

this type of search goes beyond the scope of this work and will therefore not be touched upon.

In addition, we will assume that the GWB is unpolarised, meaning that both + and x po-
larisations, as first introduced in Eq. (1.35), are statistically equally probable. However, the
standard GWB search can easily be generalised to search for deviations from this assumption,

as done by [195], for example.

Furthermore the background is assumed to be stationary, meaning the statistical quantities
are only dependent on time differences, rather than on the choice of origin time. As the age of
the Universe is much larger than the typical wave periods detectable by the IVK detectors, this

is a realistic assumption.

Since the GWB comes from the superposition of many independent sources, the central limit
theorem can be invoked to motivate the assumption of Gaussianity: the superposition of many
statistically independent random variables is a Gaussian variable. As will be shown below, the
GWB is completely characterised by a mean (h;(t)) and a second-order moment (h;(t)h;(t)),

where h;(t) denotes the strain in detector I.

As mentioned before, some of the above assumptions can be relaxed. However, we will as-
sume here that all these hold true. For more information about these assumptions, we refer the
reader to [230]. Keeping these in mind, we now proceed with the definition of the formalism

to describe an isotropic, unpolarised, stationary, and Gaussian GWB.

2.1.2 Gravitational-Wave Background Formalism

We now formalise the general cross-correlation idea introduced in the previous section by
first considering the metric perturbation defined in the previous chapter. Recall that GWs are
the solution to the wave equation defined in Eq. (1.29), and can therefore be expressed as the

superposition of plane waves:

hey(t, %) = J af J d*Quhg, (f, 71)e2™ S/ R/, (2.4)

GRAVITATIONAL-WAVE BACKGROUND

35



36

where f denotes the frequency, and 7 the direction on the sky, with associated solid angle
Q;. Note that with the latter choice, the propagation direction of the GW is k = —A. The +
and x polarisation tensors, as first introduced around Eq. (1.35), can be used to expand the

coefficients h,,(f, f):

hab(f7 ﬁ) = h+(f) ﬁ)ei—b(ﬁ) + hx(f; ﬁ)e:b(ﬁ), (25)

where
e:b(ﬁ) = z\az\b - rhambz (26)
e, () = [y, + iyl (2.7)

The vectors i, [, and represent the spherical unit vectors, as depicted in Figure 2.1:

fi=sinfcos¢x +sinOBsin¢y +cosOz =r, (2.8)
fzcos@cos¢fc+cos@sin¢y=é, (2.9)
ﬁ12—sin¢fc+cosq§j/:q§. (2.10)
Z A
direction to
GW source
Y
X

Figure 2.1. Illustration of the unit vectors A, I, and i that appear in the expressions for the
polarisation basis tensors. The GW propagation direction is given by k = —#, where fi points

to the GW source. The vectors [ and r lie in a plane perpendicular to the unit vector 7. Figure
taken from [230].
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One of the assumptions about the properties of the GWB was that of Gaussianity. One
recalls this means that the GWB can be completely characterised through its first two moments.

Without loss of generality, the background can be assumed to have zero mean [230]:
(hep(£,X)) =0 &= (hu(f, 7)) =0, 2.11)

where A = {+, x} denotes the polarisation.

Keeping in mind all other assumptions as well, the quadratic expectation values for such a

background, the so-called second-order moment, can then be written as:

(I (7)) = ——=S,()5 (F =) 6u 5% ), 2.12)

where the 6%(f1, A") enforces isotropy, 8,4 reflects the fact that polarisation modes are statisti-
cally independent of each other and equally probable, and finally, the & (f — f’) results from
the stationarity assumption. The function S,(f) is the one-sided strain PSD, as previously in-
troduced in the context of the detector noise PSD in Eq. (1.41). Note that the above equation
formalises the general cross-correlation idea first introduced at the beginning of this chapter,

and more particularly in Eq. (2.3).

Instead of being represented in terms of the strain PSD, the GWB is usually reported in

terms of the dimensionless energy density ratio:

1 dpgw

QGw(f): ;dlnf

(f) (2.13)

where the critical energy density of the Universe is given by p, = 3Hz¢*/(8nG), with Hy, = 67.9
km s™! Mpc™! the value of the Hubble parameter [212], ¢ the speed of light, and G Newton’s
constant. The quantity dpgy is the GW energy density contained in the frequency interval
f +df. To facilitate comparison with other content of the Universe, this can be integrated over

the desired frequency range, resulting in:

Sinax
Qgw = f d(In f)Qew(f), (2.14)

where f,;, (fn) denotes some minimum (maximum) frequency cut-off. Examples of this
quantity for other contents in the Universe are Q5 =~ 4.4% for baryons and Qpy; = 22% for dark
matter [60]. Note that the dimensionless energy density ratio can be related to the previously

introduced strain PSD through:

5.(F) = Mo Qanlf),

o2 f3 (2.15)
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The above defined the formalism in which GWBs can be formulated and highlights Q,(f) as
the quantity of interest in GWB searches. We now go a step further by considering the detector
geometry and its response to the GW signal, and modify the expression for the cross-correlation
accordingly.

2.1.3 Detector Response and Overlap Reduction Function

The strain measured by the interferometer will be influenced by how the instrument “sees”
the metric perturbation induced by GWs. For a realistic detector configuration, the strain of
the detector can be written as the convolution of the detector impulse response R*°(t, %) and

the metric perturbations h;(t, X):

h(t):(R*h)(t,?c):f drfd3yRab(T,j/)hab(t—T,5c’—j’/), (2.16)

where X denotes the measurement location at time t. Substituting the plane-wave expansion
previously introduced in Eq. (2.4), one obtains

h(t) = J dffdzgﬁRﬂb(f,ﬁ)hab(f,ﬁ)eszf, (2.17)

which, once Fourier-transformed, takes the form:
fl(f) = f szﬁRab(fa ﬁ)hab(f’ ﬁ) (2]—8)

The Fourier-transformed impulse response of the detector R*’(f,#) in the expression above is

given by:
Rab(f, ﬁ) — eZnifﬁo'c’/cf d,.L_f dByRab(,.L_’y)e—2m'f(r+ﬁ~}7/c). (2.19)
—o0

Considering the polarisation basis with coefficients h (f,7) and h,(f, ) defined in Eq. (2.5),
Eq. (2.18) can be rewritten as

h(f)= f d2; > RS, A)(f, R), (2.20)
A
where
RA(f, 1) = R (f, f)e?, (). (2.21)

We recall that the quantity of interest in GWB data analysis is the cross-correlation of strain data

between two detectors. Considering the above discussion allows us to revise the expression for
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the cross-correlation of the data from an interferometer baseline IJ, as previously defined in
Eq. (2.12). This is now modified as follows:

<h1(t)h1(t/)> = %f dfesz(t_t/)FIJ(f)Sh(f), (2.22)

—0Q

where I}, encodes the geometry of the detector baseline 1.J:
1 A £ A
Lo(f)= o f d*Q; > RS, RIS, ). (2.23)
A

Often, a normalised overlap reduction function (ORF) is defined, such that y;,(0) = 1 for co-

aligned and co-located detectors:

5
sin” f3

ru(f)= I, (), (2.24)

where 3 denotes the opening angle between the two arms of an equal-arm Michelson inter-
ferometer (e.g., /2 for LIGO). This function is illustrated in Figure 2.2 for different detector

baselines.

0.2
0.0
—0.2

=

= 04
—0.6

= HL

_osl HY

' - LV

10! 109 10! 102 103

f [Hz]
Figure 2.2. Overlap reduction function y(f ) for the LIGO Hanford and LIGO Livingston detector
baseline (HL, blue), LIGO Hanford and Virgo baseline (HV, orange), and the LIGO Livingston
and Virgo baseline (LV, green).
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Alternatively, Eq. (2.22), can be written in the Fourier domain as:

(R (PRN) = 560 = ISP, (2.25)

clearly revealing the I;,(f) factor in the cross-correlation expression previously introduced in
Eq. (2.12).

Starting from the concept of cross-correlation of data from two detectors, we refined this
idea to account for the geometry of the detector through the introduction of the ORE The above
expression forms the starting point for the next section, in which we define a cross-correlation
estimator for the GWB.

2.1.4 Cross-Correlation Estimator and Optimal Filtering

We now want to apply the concepts introduced in the previous sections to extract an esti-
mate of the GWB, described by an Qg (f ) spectrum, from real detector data. To this end, we
define a cross-correlation estimator as follows:

2 Re[51(f)5,(f)]

)= T s (2:26)

where §,(f) denotes the Fourier-transformed data in detector I, T is the observation time,
v.;(f) is the normalised ORF for the detector pair IJ as defined in Eq. (2.24), and S,(f) =
3HZ/(107*f?) allows to go from PSD to Qg units. Assuming there is no correlated noise
between the detectors, this estimator is such that (C’I S )) = Qaew(f). The associated variance
is given by
1 P(f)P(f)

2TAf v;, (£S5
where the small signal-to-noise ratio (SNR) limit was assumed. The frequency resolution is
denoted by Af, and P,(f) denotes the one-sided PSD of detector I.

From the above quantities, one can construct an optimal® estimator given any spectral shape

o (f)~ (2.27)

of the GWB spectrum. This is done by combining the various spectra and applying some form

of appropriate weighting given by some function w(f):

o " W(fk)élj(fk)o-l_f(fk)

= — 5 2.28
S S W 2 (2:28)

°In practice, the data are split into smaller analysis segments and recombined using the same inverse noise
weighting approach as shown in Eq. (2.32) for combining the different baselines [19, 230].

6“Optimal” in the sense that it maximises the SNR. More information regarding the optimal filtering can be
found in [35, 230].
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and

072 = > wlf )0 (), (2.29)
k
where the sum runs over the frequency bins f;. The weights” w(f) are defined as follows:
Q
QGW (f ref)

where Qg (f) is the assumed spectral shape to obtain the optimal estimator, and the reference
frequency f,. is usually taken to be 25 Hz in IVK GWB searches, although this is an arbitrary

choice®.

Note that many GWBs are predicted to follow a power law in the frequency band of the IVK
instruments’. For example, the background from unresolved CBCs is expected to follow a 2/3
power law, the spectrum from core collapse supernovae will display a spectrum with a spectral
index a = 3, and cosmic strings are predicted to have a flat spectrum in the LVK frequency range

[19]. A common choice for the optimal weights therefore assumes a power-law spectrum:

Qow(f) = Qe (L) s (2.31)
fref
where Q. is the value of the Qg (f ) spectrum at a reference frequency f,.;, and a is the spectral

index.

Finally, one can construct an overall, optimally weighted point estimate and variance for

the whole network of interferometers by summing over detector baselines I.J:
A Z éIJ o
C==2"0 . o7=) o7k (2.32)
J

The previous section established the necessary theoretical background to be able to perform
a GWB analysis. Starting from the simple idea of cross-correlation, we constructed an opti-
mal cross-correlation estimator for the GWB. This cross-correlation estimator forms the target
quantity to compute in IVK GWB searches. We now slightly switch gears and review a few tools
that are useful within the context of GWB data analysis.

’In practice, the weights can be obtained by maximising the SNR, after which a dependence on the assumed
underlying Qgw(f) spectrum itself would become apparent [35, 230].

8This choice approximately corresponds to the start of frequency region where the isotropic search with IVK
instruments is most sensitive [19].

°An example of different GWB spectra following a broken power law will be introduced in Chapter 5 in the
context of first order phase transitions.
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2.2 A Gravitational-Wave Background Analysis Tool-
box

This section provides a few helpful tools for GWB data analysis. We review the concept
of power-law integrated (PI) sensitivity curves, explain the basics of Bayesian inference and

provide some additional information about an open source GWB analysis package: pygwb.

2.2.1 Power-Law Integrated Sensitivity Curves

The PI sensitivity curves address the need for a quick, graphical tool that predicts whether a
GWB spectrum is potentially detectable by a given set of detectors. As this formalism is widely
used within the community, as well as within this thesis, the method to construct such curves
is outlined below. The review of the method closely follows [250], where the formalism was
first proposed.

To construct a PI curve, one starts with the noise PSDs of the detectors, P,;(f) and P,;(f),
as defined in Eq. (1.41), as well as the ORF I};(f ), which encodes the geometry of the detector
baseline, as previously introduced in Eq. (2.23). These serve as ingredients to compute the
effective strain PSD S «(f) for M detectors:

Ly e\
Seff(f)=(ZZ nl(f) J(f)) , (2.33)

I=1 J>I

which can be converted into an effective dimensionless energy density Q.4(f ) using Eq. (2.15).
Containing both the ORF and the noise PSDs, the effective strain PSD captures the sensitivity

of the whole detector network. The SNR of the network can be constructed as follows:

e SHONT
([ i) o

where the GW strain power S, (f ) was introduced in Eq. (2.25) and can once again be translated
in terms of  units using Eq. (2.15). Assuming an observing time T and a reference frequency
o, one can compute the value of the amplitude Qg of a power-law GWB with spectral index

B such that the integrated SNR reaches some fixed threshold value p™

p™ ([ R
g df ———— . .
% m( Jf f nﬁff(f)) (235)

19The choice of f,. is arbitrary and does not affect the PI sensitivity curve.
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This is repeated for a series of power-law spectral indices, e.g., 8 € {—10, ..., 10}, after which
each of the Qqw(f) = Qp(f/ f.or)? can be plotted. The envelope'! of the curves forms the PI
sensitivity curve for a correlation measurement between the detectors. Mathematically, one

can express this envelope as:

_ £y
Qp(f) = m/;ax (Qﬁ (]Tef) ) (2.36)

Graphically, the PI sensitivity curve can be used to make statements about the detectability
of any power-law Qg (f). A spectrum tangent to the PI curve has an integrated SNR that
corresponds to the threshold used during the construction of the PI curve. Any line above the
PI curve has a SNR larger than the threshold, while the opposite is true for lines below the PI

curve.
These PI curves are particularly useful when determining the detectability of a signal using

future sensitivities of current or next-generation detectors. A few examples of PI curves are

given in Figure 2.3 for the current and future sensitivities of the IVK detectors.

107100 | — ()2 mmm Design HLV === BBH
mam (3 mm = Design A+

10 100 1000
f [Hz]

Figure 2.3. A few examples of 20 PI curves at O2 (full) and O3 (dashed) sensitivities, as well
as projections at design (dotted) and design A+ (dot-dashed) sensitivities of the LIGO-Virgo
detectors assuming a one year observing time. In addition, the predicted BBH background is
shown in blue. As it intersects with the Design A+ PI curve, the BBH should have a SNR above
the detectability threshold at that sensitivity. Figure adapted from [19].

11gee [250] for a visual representation of this.
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2.2.2 Bayesian Inference

We now move to another useful framework when performing GWB analyses, and specifically
when trying to infer the value of certain model parameters: Bayesian inference'* [230, 251].
At the center of the method lies Bayes’ theorem:

£(d|®e)p(®)

d =
plold) ===

> (2.37)

where © represents the parameters of the model, and d the GW data, e.g., the cross-correlation
statistic introduced in Eq. (2.26). This theorem allows us to go from the likelihood of observing
data d given a set of parameters @, to the probability distribution on these parameters given

the observed data, which is ultimately what we are interested in.

The likelihood of observing data d, given a set of parameters © is given by the likelihood
function £(d|®). For GWB searches, the likelihood is approximately Gaussian, and takes the

£(é,,10) Ocexp( Zz(c”(fk()j—(szy)(fue)) ) 2.38)
IJ\Jk

where C;,(f,) is the cross-correlation estimator evaluated at frequency bin f,, with associated

form

variance O'IZJ( fi), introduced in Egs. (2.26) and (2.27), respectively. The sums in the above
expression run over frequency bins f, and baselines IJ. The function ,,(f;|©) is the model
for Qqw(f) one is interested in, given some model parameters ©. A concrete model choice
is that of the previously mentioned power-law Qg (f) spectrum, although more complicated

models can be used as well, as will be shown in the remaining chapters of the thesis.

In addition, one needs to specify the prior p(®), which parameterizes the prior knowledge
about the parameters. For example, in LVK GWB searches, it is common to assume a uniform
or log-uniform prior on the amplitude of the power-law GWB spectrum £2,; as defined in Eq.
(2.31) [19].

The quantity p(d) is called the model evidence, and is usually regarded as an overall nor-

malisation factor:

p(d) = J L(d|®)p(e)de. (2.39)

Finally, the full posterior p(©|d) can be obtained through Bayes’ theorem given in Eq.

(2.37). However, in practice, one could be interested in the posterior for a specific parame-

12Throughout this work, “Bayesian inference” and “parameter estimation” will be used interchangeably to de-
note the same concept.
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ter ©;, in which case one can marginalise over the other parameters:

p(©;d) = J d® p(e;,0|d) = J d® p(e,|®e,d)p(®). (2.40)

This is often the case in so-called posterior corner plots, where each plot denotes the posterior
on two parameters at a time, or marginalised over all but one parameter, as will be seen in later
sections.

In practice, the above Bayesian inference framework is implemented in codes using Markov-
Chain Monte-Carlo algorithms. Examples of such codes are bilby [43] with its dynesty sam-
pler [245], as well as numpyro [210], although many alternatives exist. For additional informa-
tion on Bayesian inference, especially in the context of GW data analysis, we refer the reader

to the comprehensive review in [251].

Credible intervals and upper limits
Bayesian inference can be used to determine credible intervals and credible upper limits, which
allow to make statements about the values and associated uncertainties on the inferred param-
eters.

Credible intervals are usually determined when a parameter can sufficiently be constrained.

Formally, the X% credible interval can be defined as'®:
Prob(a o4 — A < @ < Appoge + Ald) = X%. (2.41)

For example, on the left-hand side of Figure 2.4, we show the 95% credible interval of parameter

a.

plaid) plaid)

area=0.95 / area = 0.90

4 » (0 >
Qmode - A Amode @mode T A Amode q%0%.UL

Figure 2.4. Left: Illustration of a Bayesian credible interval. The example features a symmetric
95% credible interval around the mode of the distribution. Right: Example of a 90% credible
upper limit for a parameter a. Both figures are taken from [230].

13For a random variable, the mode of the distribution a,,.q. is the value of the parameter a that appears most
often.
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Credible upper limits on the other hand, are usually constructed when a parameter cannot
be constrained away from its minimum value. Nevertheless, one can make statements about

the X% upper limit, constructed as follows:
Prob(0 < a < a*”"|d) = X %. (2.42)

A visual representation of a credible upper limit is depicted in the right-hand side of Figure 2.4.
Within the context of GWB searches for example, upper limits can be placed on the amplitude

Q.. of the GWB spectrum in the absence of a detection, as will be illustrated in Section 2.3.

Model selection using Bayesian inference
A useful application of Bayesian inference is the ability to perform model selection using the
Bayes factor:

p(d|.#,)

, 2.43
p(dlAy) (2:43)

Baﬁ(d) =

where p(d|#;) denotes the evidence, under the assumption that model .#; describes the data.
Depending on the value of the Bayes factor, one can make statements about the evidence for
model ./, relative to model .#j, as illustrated in Table 2.1 [230]. For example, one could
consider .#, to model a GWB signal and noise, versus .# assuming only noise in the data.
The Bayes factor associated to these models would then represent the evidence for having a

signal and noise present in the data, rather than noise only.

Interpretation of Bayes factors
B,,(d) Evidence for model .Z, relative to ./

<1 Negative (supports model /)
1-3 Not worth more than a bare mention
3—20 Positive
20—150 Strong
> 150 Very strong

Table 2.1. Interpretation of Bayes factors as evidence for a model relative to another one. Table
adapted from [230].
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2.2.3 pygwb: a Python-Based Library for Gravitational-Wave
Background Searches

The implementation of the analysis described in Section 2.1.4 can get quite involved from
a programming point of view, with many intricacies along the computation. The pygwb'* code
addresses the need for a user-friendly GWB data analysis package [222, 223]. We briefly discuss

some aspects of the package below, basing ourselves on original work [222, 223].

A Brief Overview

The pygwb package consists of several modules, each in charge of a specific task. A few
examples of these tasks include the preprocessing of detector data, performing data quality
cuts, the computation of PSDs and cross-spectral densities (CSDs), and computing the cross-
correlation estimator and its variance, as defined in Egs. (2.26) and (2.27). In addition, the
code features a parameter estimation module, which can be used to perform Bayesian infer-
ence, as described in Section 2.2.2, with a series of pre-implemented GWB models at hand.
Furthermore, it also allows model-builders to implement their favourite models and run pa-
rameter estimation on the output of a pygwb run. The package includes a simulator code,
which gives the user the opportunity to simulate their own GWB signal, after which it can be
readily analysed with the remainder of the pygwb code. Additionally, the package comes with
a series of statistical checks which are used to determine the data quality of an analysis run.
An overview of all the modules and their dependencies is given in Figure 2.5.

Before discussing the parameter estimation and statistical checks modules in a bit
more detail in the next two subsections, we show some results of the pygwb package. Because
of the modularity of the code, the different modules can be assembled into a pipeline that
addresses the needs of the IVK collaborations — or any other user. As an example, we run
pygwb on data from the third observing run of the LVK collaborations and reproduce the results
of [19]. These are reported in Figure 2.6. In particular, we note agreement with the results
presented in [19].

In addition, we employ the simulator module of pygwb to generate a GWB signal with
a fixed PSD. This allows us to simultaneously test that module and the analysis pipeline as a

whole. The injected GWB is scale-invariant, i.e., Qqy(f) is constant over frequencies:

Qiri(f) =106 x 1077 (2.44)

14A large amount of time during this PhD was dedicated to the development of the code and the documentation,
as well as the maintenance of the pygwb package. More information about the package can be found in the online
documentation: https://pygwb.docs.ligo.org/pygub/.
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Additional noise is injected on top of the GWB signal, which is taken to be Gaussian, coloured
using the the Advanced LIGO noise PSD [88]. One hundred days of consecutive data are sim-
ulated. Each of the one hundred days is analysed separately, and we recover a distribution of
C point estimates, previously defined in Eq. (2.28), using a power law for the optimal weights
with a = 0 and f,.; = 25 Hz in the pipeline. These are shown in Figure 2.7 (left). Analysing
one hundred days separately allows us to construct a distribution of recovered point estimates,
which is useful to assess the ability of the simulator module to inject a GWB signal correctly.
We perform parameter estimation on the combined one hundred days, presented in Figure 2.7
(right). We assume a log-uniform prior from 107! to 107° for Q.. and a Gaussian prior with
mean 0 and standard deviation 1.5 for a. This shows a recovery within 1o for Q. and within
20 for the spectral index a.

The tests above illustrate that the simulator module is able to successfully inject a GWB

signal and that the pygwb pipeline is able to recover this injection.

Parameter Estimation

As parameter estimation and Bayesian inference were already extensively discussed in Sec-
tion 2.2.2, we remain brief in the description of the module.

Parameter estimation in the pygwb package is based on the bilby Bayesian inference pack-
age [43], and relies on the dynesty package [245] for the sampling. Therefore, it inherits all
the functionalities of these packages, for which we refer the interested reader to the original
documentation. Furthermore, it forms an integral part of the code, which naturally follows
the computation of the optimal estimator of the GWB. This is a notable improvement com-
pared to previous LVK analyses, where data products and parameter estimation were handled
independently by packages in different programming languages [222, 223].

An example of the typical output of the parameter estimation module is presented in the
right-hand side of Figure 2.7 for the one hundred day dataset described above. This shows the
two-dimensional posterior distribution on the parameters €2, and a, with the marginalised
posteriors shown as histograms for each of the parameters. For more information on these
concepts, we refer the reader to the discussion on parameter estimation in Section 2.2.2.

In addition, we want to highlight a particularly useful feature of the module: it allows to
combine two models and infer the parameters of both models jointly. A concrete application
of this could be the joint inference of a cosmological GWB in the presence of an astrophysical
GWB, where Q,,(f) = Qcpc(f) + Qcos(f) in Eq. (2.38). This joint inference could also be
useful to estimate the GWB in the presence of correlated magnetic noise, where Q,,(f) =
Qcpc(f) + Quac(f) in Eq. (2.38). More information on the analysis of magnetic noise in the
LVK GWB search during the third observing run can be found in [19].
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Figure 2.5. Schematic overview of the pygwb analysis flow. In blue squares, we show the man-
ager objects of the code that handle the analysis internally. These manager objects query (red
arrows) different modules for specific objects, calculations, or quantities (rounded bubbles),
imported (grey arrows) by either internal (i.e., within pygwb) or external modules (i.e., out-
side of pygwb). Internal modules are indicated in red, while external modules are indicated in
green. Figure and caption taken from [222, 223].
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Figure 2.6. Estimated cross-correlation measurement of Qg (f) for the LIGO Hanford and
LIGO Livingston baseline using data from the third IVK observing run (for details, see [222,
223]). Figure adapted from [222, 223].
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Figure 2.7. Left: Distribution of the recovered point estimate for each day in the dataset. The
injected value is denoted by the red line. Q.; and o, denote the mean and the standard
deviation of the one hundred point estimates. Right: Parameter estimation performed on the
combined one hundred days, obtained assuming a log-uniform prior from 107! to 107° for Q.
and a Gaussian prior with mean O and standard deviation 1.5 for a. The injected values are
denoted by the black lines, while the contours represent the 1o, 20, and 30 contours. The
vertical dashed lines represent the 10 confidence interval. Figure and caption taken from [222,
223].

CHAPTER 2




Statistical Checks

With the statistical checks module, the package provides a tool to perform initial sta-
tistical analyses of a pygwb run result set, and visualise them in pre-formatted plots. In fact,
this module is actively used for initial monitoring of the data quality of the ongoing fourth IVK

observing run. Several categories of statistical checks can be distinguished:

* An important quantity for GWB searches is the SNR. In particular, one can look at the
SNR as a function of frequency to gauge where most of the sensitivity of the search is
coming from. The SNR spectrum is defined as

¢(f)
SNR(f) = —==, (2.45)

o(f)
where €(f) and o(f) are defined in Egs. (2.26) and (2.27), respectively. An example of
these plots can be found in [222, 223]. These plots are a faithful representation of the

“noisiness” of each frequency bin and how much each bin contributes to the analysis.

* Avisual representation of quantities as a function of time, while the amount of analysed
data increases, is very interesting to consider. For example the point estimate defined in
Eq. (2.28) or the variance in Eq. (2.29) can be visually represented as a function of time.
The visualisation of running quantities is extremely useful to identify trends in the data,
and ultimately will flag a possible detection. An example of these plots is given in Figure
2.8.

* The effect of the Ao data quality cut on the analysis run is investigated as well. This cut is
designed to flag any non-stationarities in the data by comparing the noise in neighbouring
analysis segments, as captured by the o in Eq. (2.29). Schematically, an analysis segment

will be flagged as “bad” when

lo;— 0|+ o —0o 4]

20;

1

> threshold (2.46)

where the subscript i denotes the i-th analysis segment. The threshold has previously
been chosen to be 0.2 for IVK GWB searches [19]. The statistical checks module dis-
plays several quantities before and after the cut to asses the impact of the non-stationarity
cut: segment-wise point estimate, standard deviation, and the deviations in SNR, as de-
fined by: ) )
ASNR, = GG (2.47)

Some representative plots are shown in Figure 2.9.
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Figure 2.8. Top: Running point estimate values as more data is analysed. The grey lines denote
the 20 uncertainty band. Bottom: The running o values as more data is analysed. In particular,
we note the 1/+/T behaviour, as predicted by Eq. (2.27). Both results were found using public
LVK data from March 10, 2020 21:39:05 UTC to Mar 27, 2020 01:16:52 UTC obtained through
GWOSC [16], and analysed using pygwb.

* The last set of checks concerns a Kolmogorov-Smirnov (KS) test that is used to verify that
the ASNR,; are consistent with a Gaussian distribution. The KS test implementation of this
module returns the KS test statistic, which is the maximal deviation from the Gaussian
cumulative distribution function, as well as the p-value. These values can then be used
to make statements about the Gaussianity of the data [107].

The above categories introduced some aspects of the statistical checks module of the
pygwb package and highlighted some of its most important features. For additional information

on this module, or the pygwb package in general, we refer the interested reader to [222, 223]
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or the online documentation here.
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Figure 2.9. Left: Point estimate (Eq. (2.28)), sigma (Eq. (2.29)) and deviates ASNR; (Eq.
(2.47)) for each analysis segment before the Ao cut (red) and after the cut (blue). Right:
Distribution of the deviates ASNR;, as defined in Eq. (2.47), before the Ao cut (red) and after
the cut (blue). Figures taken from [222, 223].

This concludes the section in which we provided an overview of helpful tools pertaining
to the analysis of GWB data. Power-law integrated sensitivity curves, Bayesian inference, and
the pygwb analysis package were introduced, and will be referred to throughout this thesis.
We now conclude this chapter by reviewing the current constraints on the GWB using various

detection methods.
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2.3 Constraints on the Gravitational-Wave Back-
ground

In the last section of this chapter, we review existing constraints on the GWB across the
whole frequency band. Special attention is devoted to the results obtained by the IVK collabo-
rations using data from their third observing run, as well as the recent strong evidence reported
by several PTA experiments. Constraints from other detection methods are briefly touched upon

as well.

The LIGO-Virgo-KAGRA Interferometers

The past three observing runs of the IVK collaborations have allowed to put stringent con-
straints on the dimensionless energy density ratio of GWs [19]. After computing the cross-
correlation estimator, as defined in Eq. (2.26), this estimator can be used to perform parameter
estimation, as introduced in Section 2.2.2. In [19], a power-law model is assumed for Q,,(f)
in Eq. (2.38), allowing to put constraints on both the spectral index a and the GWB amplitude
Q... Upper limits are reported in Table 2.2 for different fixed values of the spectral index a, as

well as for the case a is marginalised® over.

CEE 95%
Upper limits on Q>

a Uniform prior | Log-Uniform prior
0 1.7x1078 5.8x107°
2/3 1.2x 1078 3.4x107°
3 1.3x107° 3.9x 10710
Marg. | 2.7 x1078 6.6 x 107°

Table 2.2. 95% upper limits on the Q. parameter of a power-law GWB model at a reference
frequency f,.; = 25 Hz. Several spectral indices a are considered, corresponding to a GWB
from CBCs (a = 2/3), from core collapse supernovae (a = 3), or from cosmic strings (a = 0),
as well as a result marginalised over all possible spectral indices. The results are quoted for
two sets of priors used during the Bayesian inference analysis: a uniform and a log-uniform
prior on the Q. parameter. This table is adapted from [19].

Constraining a power-law spectrum is not the only application of the VK cross-correlation
estimator and parameter estimation. In fact, a multitude of models can be constrained using
the cross-correlation estimator: BBH merger rate evolution with redshift'°[19], beyond GR po-

larisations [19], parity violation [195], first order phase transitions'’ [231], primordial black

15See Eq. (2.40) for a definition of marginalisation.
160riginal work on constraining the merger rate of BBHs will be presented in Chapter 4.
17Original work on constraining first order phase transitions will be presented in Chapter 5.
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holes [232], and cosmic strings [12]. We do not discuss the constraints obtained on each of
these models, but refer the interested reader to the relevant references or a comprehensive
review in [221]. The abundance of applications from a GWB measurement illustrate the in-
valuable amount of information contained in such a measurement and the wealth it represents

from a physics point of view.

Pulsar Timing Arrays

Until recently, the GWB had escaped detection despite the many efforts across different fre-
quency ranges. However, in 2023, several PTA collaborations independently reported evidence
for a GWB in the nano-Hertz frequency band [31, 41, 87, 218]. We recall that the PTA detection
method was previously introduced in Section 1.2.2 of Chapter 1, and refrain from reviewing

the method here. We summarise the constraints on the GWB from PTAs below.

Concretely, constraints are placed on a common coloured, i.e., frequency-dependent, spec-

trum with the following shape:

Sab(f) = 1—‘(‘z.::’ab)

A2 1 —YGwB
e (f) £l (2.48)

1272 T \ f

where T'(§,;,) denotes the Hellings and Downs curve, as introduced in Eq. (1.45). Using
Bayesian inference, which was introduced in Section 2.2.2, results displayed in Figure 2.10
(top) are obtained by the NANOGrav collaboration'® [31]. This shows the posterior probabil-
ity distribution on the parameters yqyp and Agyy of Eq. (2.48), with clear constraints on both
parameters.

Furthermore, evidence for the Hellings and Downs spatial correlation is reported by the
NANOGrav collaboration'®, as shown in Figure 2.10 (bottom). The results are quoted for a
fixed spectral index of y5yvg = 13/3, corresponding to the expected main contributor to the
background in that frequency band: the GWB of SMBBHSs [31]. We remind the reader that, as
mentioned in Section 1.2.2, measuring the Hellings and Downs spatial correlation is of the ut-
most important to claim evidence for a GWB, since other coloured noise processes could mimic

the presence of a background, but do not display this particular correlation [185].

In addition to the more conventionally expected SMBBH background, an abundance of
possible alternatives was also explored by each of the PTA collaborations, including GWBs of
cosmological origin. We refer the reader to the relevant papers for more details: for NANOGray,
see [25, 28-30, 32, 33], for EPTA, see [38-40, 42, 240], and for PPTA, see [218, 268].

8Note that similar results were obtained by other PTA collaborations in [41, 87, 218].
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Figure 2.10. Top: Posterior probability distribution of the GWB amplitude A, and the spectral
index ygwp in a Hellings-Downs power-law model, showing 10-20-30 credible regions. The
value yqwp = 13/3 (dashed black line) is included in the 99% credible region. The amplitude
is referenced to f,.;; = 1 yr ! (blue) and 0.1 yr ! (orange). The dashed blue and orange curves
in the log,,Agwp sub-panel shows its marginal posterior density for a y = 13/3 model, with
fef=1yr'and f=0.1yr}, respectively. Bottom: Angular-separation-binned inter-pulsar
correlations, measured from 2211 distinct pairings in NANOGrav’s 67-pulsar array, assuming
a y = 13/3 common-process amplitude from a Bayesian inference analysis. The dashed black
lines represents the Hellings-Downs curve, as introduced in Eq. (1.45). Figures are taken from
[31], with adapted captions.

Other Constraints

To end this section, we provide a few additional constraints on the amplitude of the GWB.
These come from the Earth normal modes, the CMB, and Big Bang Nucleosynthesis (BBN).
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As mentioned in Section 1.2.2, the Earth itself can be used as a giant resonant cavity to

measure GWs. A GWB would create standing waves, which could be detected using seis-
mometers and gravimeters. However, the constraints derived from this method are quite faint:
h2Qgy < 0.035—0.15 in the 0.3 mHz to 5 mHz region [89].

Additionally, due to its near isotropy, CMB measurements can be used to constrain the
energy density contained in GWs, which could have generated a quadrupole anisotropy or
fluctuations on smaller angular scales were they too abundant [113, 208]. The constraints in
Figure 2.11 are such that a larger amount of GW energy density would have altered the current

CMB measurements.
10°
—==- Planck —— SMBBHs i
9 Nes Cosmic strings |
107%4 ==- pPTA —— FOPTSs 1
=== LISA Stellar-mass CBCs ’f
_ —=- LVK 03 Inflation ]
1041 / /
] y
10 " '
l' !
[y 1 v/
E 1078 / v
c H
I
107104 /
’I
10712_ \'\\"‘f
107141 \
716 T T T I T I T ‘ T - T
1020 1077 1074 107M 10-8 107° 1072 10! 10*
f/Hz

Figure 2.11. Example of potential GWB signals across the whole frequency range, including
a signal from inflation, cosmic strings, SMBBHs, first order phase transitions, and stellar-mass
CBCs (for more details about the signals, see [224]). Constraints from Planck, the third observ-
ing run of the IVK collaborations, PTA experiments, and indirect limits coming from BBN (here
N.g) are shown as well. Note that the PTA constraints represented here are the ones before
evidence for the Hellings and Downs correlation was observed, as described in [175]. Figure

taken from [224].
Similarly, additional indirect limits can be obtained from the abundance of deuterium, he-

lium, and lithium. During BBN, their production would have been altered by the presence of
a larger GW abundance, as this would have caused the expansion rate of the Universe to in-
crease, and thus, lower the amount of helium produced from deuterium [171, 208]. Indeed,
extra relativistic degrees of freedom that would have altered BBN can be related to the effec-

tive number of GWs degrees of freedom N, introduced in Eq. (2.14), therefore providing a
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constraint on the dimensionless energy density Qg (f ) itself [208, 242]. These constraints are
illustrated by the orange, dotted line in Figure 2.11.

To conclude, we give an overview of the expected sensitivity of several future GW detectors,
together with the sensitivity of current detectors. Various PI sensitivity curves, as introduced
in Section 2.2.1, are reported in Figure 2.11, together with examples of possible signals across
different frequency bands. The sensitivity improvements of current and future GW experi-
ments, together with the development of detectors in previously unexplored frequency ranges
are opening a gateway to the vast landscape of GWBs across frequencies, ensuring a bright
GWB future.




Part 11

The Astrophysical Gravitational-Wave
Background






The first part of the original work conducted in this thesis is centred around the astrophysical
GWB, and more specifically, the background coming from BBH mergers. Throughout these
chapters, particular attention will be paid to applying the concepts outlined in the previous
chapters as tools to understand the BBH population.

Chapter 3 - Stochastic Search for Intermittent Backgrounds

The current implementation of the search for a GWB assumes that the background is continuous
in time. However, the GWB from unresolved BBHs is expected to be intermittent. Indeed, the
short signal durations compared to the time in between events cause the signal to be popcorn-
like in the IVK instruments. We address this discrepancy by proposing a novel method: the
stochastic search for intermittent backgrounds. The method targets the intermittent nature of
the BBH background by introducing a new parameter, the duty cycle, which allows the signal
to be on or off, thus capturing the popcorn-like feature of this background. On a series of toy
models of increasing complexity we show that the method performs better than the standard

search for a continuous GWB.

Chapter 4 - The Metallicity Dependence and Evolutionary Times of Merging BBHs
Gravitational-wave events detected by current-generation interferometers happen at low to
moderate redshifts, limiting our ability to probe the high redshift evolution of the compact
binary population in the Universe. As the GWB comes from the superposition of all compact
binary mergers across the Universe, [71] demonstrated that it can be used to infer properties
of the BBH distribution at larger redshifts. In this chapter, we use this formalism to infer the
metallicity dependence and evolutionary times of BBH mergers. We perform our analysis using
data from the first three observing runs of the IVK collaborations, and consider the future
Advanced LIGO A+ sensitivity as well.
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3 STOCHASTIC SEARCH FOR INTERMITTENT
GRAVITATIONAL-WAVE BACKGROUNDS

I would like some sugar on that popcorn.

No one. Ever.

A likely source of a GWB in the frequency band of the LVK detectors is the population of
stellar-mass BBH mergers throughout the Universe. Rate estimates calculated from the BBH
signals detected to date predict a BBH merger in the observable Universe every ~ 5-10 minutes
on average [3, 17]. Since the duration of a BBH merger in the IVK band is of the order of
a second, the duty cycle & of such events (defined as the time in band for one merger signal
divided by the average time between successive mergers) is of order 1072, Thus, the expected
GWRB signal is “popcorn-like” or intermittent, with the signal being “on” only a small fraction of
the total observation time.

The total expected BBH GWB signal is potentially detectable with the Advanced LVK de-
tectors when observing at design sensitivity [4, 17]. Although the SNRs for the individual
BBH events are small, the combined SNR of the correlated data summed over all events grows
like the square-root of the observation time, reaching a detectable level of 30 (correspond-
ing to a false alarm probability of approximately 10~2) after ~ 40 months of observation [4].
This estimate of the time-to-detection is based on the standard cross-correlation search, as de-
scribed in the previous chapter [35]. Recall that this search looks for evidence of excess cross-
correlated signal power, assuming that the amplitude of the GW signal component is drawn
from a continuous-Gaussian distribution. This search assumes that the signal is “on” all the
time, in conflict with the intermittent nature of the stellar-mass BBH background, which is ex-
pected to be the dominant signal. Thus, although the standard cross-correlation search is able
to detect the time-averaged signal from an intermittent GWB [199], this search is sub-optimal
in the sense that the time-to-detection will be longer than that for a search which properly takes

into account the intermittent nature of the background.

Therefore, the purpose of this chapter is to introduce a new stochastic-signal-based

INTERMITTENT BACKGROUNDS
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search that specifically targets intermittent GWBs, and hence can potentially reduce the
time-to-detection of the BBH background signal. This new search is built on the seminal work
of Drasco and Flanagan, who proposed a Gaussian mixture-model (GMM) likelihood function
for analysing intermittent GWBs (as will be reviewed in Section 3.1.2) [111]. Based on this
idea, our proposed search for intermittent GWBs looks for excess cross-correlated power in
short stretches of data. Conversely, a deterministic-signal-based search for the intermittent
BBH background was proposed by Smith and Thrane, which involves marginalising over the
signal parameters for deterministic BBH chirp waveforms in short (~ 4 s) stretches of data (as
will be discussed in Section 3.1.3) [241]. By construction, our proposed search is adaptable
to a generic intermittent GWB since it looks only for excess cross-correlated power. We also
expect our proposed search to be computationally more efficient in detecting a signal than
the deterministic-signal-based approach of Smith and Thrane, since our search ignores the
deterministic form of the GW signal waveforms and hence the need to marginalise over all the

associated signal parameters.

A brief outline of this chapter is as follows: first, we give an overview of the current searches
for intermittent GWBs in Section 3.1. We then proceed by introducing our proposed stochas-
tic search for intermittent GWBs in Section 3.2. To compare the performance of the various
search methods mentioned above, we analyse a series of datasets which are tailored to high-
light the merits and shortcomings of each style of search. We start in Section 3.3.1 by consid-
ering stationary-Gaussian white noise in two co-located and co-aligned detectors, and inject
an intermittent GWB made up of white GW bursts with Gaussian signal amplitudes scaled by
distances to the sources drawn from a uniform-in-volume (UIV) distribution. We then consider
a background made up of coloured, i.e., frequency-dependent, GW bursts' in Section 3.3.2,
which follow the expected spectral shape of BBH mergers. Finally, we analyse a set of deter-
ministic BBH chirp waveforms in Section 3.3.3, where the chirp parameters are fixed except
for the distance to the source, which is also drawn from a UIV distribution. In Section 3.4,
we discuss some generalisations to the method since the publication of our original methods
paper in [176]. We conclude in Section 3.5 by discussing further extensions of our method and
additional necessary tests before applying it to real GW data.

This chapter is based on work in collaboration with Jessica Lawrence, Arianna Rengzini, Andrew
Matas, Joseph Romano, and Nick van Remortel, as published in [176].

!The term “burst” will be used throughout this chapter as it is the most general, irrespective of the type of
signal. In the context of compact binary mergers, these bursts of GWs are often referred to as “transients”.
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3.1 An Overview of Proposed Searches for
Intermittent GWBs

Before introducing our search for intermittent backgrounds, we review the current proposed
searches for such backgrounds. We first comment on the standard continuous search in Section
3.1.1, then introduce a GMM approach to detecting intermittent GWBs in Section 3.1.2, as
first proposed in [111]. We conclude by introducing a deterministic search for intermittent
backgrounds in Section 3.1.3, which was first proposed in [241].

3.1.1 Standard Continuous Cross-correlation Search

One recalls from Chapter 2 that the standard continuous cross-correlation search aims to
measure the fractional energy density of a GWB Qg (f ), as previously defined in Eq. (2.13)
[35]. For the target signal of a BBH GWB, it is well known that the fractional energy density
spectrum is Q¢ (f) ~ £ to good approximation, in the frequency ranges probed by the LVK
interferometers [219]. This knowledge can be incorporated into the search, reducing it to the
measurement of a single quantity Qg (f.s), Where f,. is a reference frequency chosen where the
sensitivity of the IVK detectors is best (typically 25 Hz) [19]. For the remainder of the chapter,
we will refer to Qg (f..f) simply as Qg for brevity. For a set of data containing enough events
to be statistically significant, Qg is the amplitude of the time and population-averaged energy
density. We will refer to this stochastic search as the standard cross-correlation search for a
continuous-Gaussian background (SSC). A short overview of this search and how it compares

to other searches is provided in Figure 3.1.

Since this search assumes a continuous-in-time signal in the data, it does not properly model
an important feature of the BBH GWB signal — the intermittency. To remedy this improper
modelling, several searches targeting intermittent GWBs specifically have been proposed. We
start by giving a high-level overview of these different analysis methods. However, we refrain
from giving details about the actual form of the likelihoods and refer to Appendix A for more

information.
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Stochastic search for
continuous GWBs

Pros
* Computationally cheap
+ Robust to different

sources
Cons
* Longer time to
detection

* Recovers fime and
population-averaged
energy density

More optimal, larger computational cost

Stochastic search for
intermittent GWBs

Pros

Recovers
population-averaged
burst power and duty
cycle

Models the intermittent
nature of the BBH
background

Cons

Not optimal for BBH
mergers

Deterministic search for
intermittent GWBs

Pros
* Recovers many
parameters describing
the BBH population
+ Shortest time to

detection
Cons
+ Compuftafionally
expensive
* Specific only to BBH
mergers

Figure 3.1. Overview of different search methods, listing their advantages and disadvantages.
Note that the optimality increases from left to right, however at an increased computational
cost as well.

3.1.2 Gaussian Mixture-model Likelihood Function for

Intermittent GWBs

Method

In 2003, Drasco and Flanagan proposed a search for an intermittent GWB that makes use
of a GMM likelihood function of the form

N, seg

Lo=] [[ELi+(1=8)L,,], 3.1)
I
where £ is the probability that a particular segment contains a GW signal, i.e., the duty cycle
[111]. The quantities £, ; and £, ; are the likelihood functions for segment I in the presence
and absence of a GW signal, namely the signal and noise likelihoods. For the simple toy model
considered in their paper (i.e., single-sample” GW “bursts”, occurring with probability & drawn
from a fixed Gaussian distribution with variance ai, and injected into uncorrelated white noise
in two co-located and co-aligned detectors®), the signal and noise parameters that enter the

likelihood functions £,; and £, are the variances ©, = (03,0, ,0; ) and ©, = (07 ,07),

2Single-sample bursts are bursts whose duration is less than the sample period At.
3This means that the ORE as introduced in Section 2.1.3, does not need to be taken into account.
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respectively. By maximising L, with respect to all four parameters (&, 0127, afll, 0',%2), Drasco
and Flanagan obtained a detection statistic (the maximume-likelihood statistic), which they
could use to search for intermittent GWBs. Note that in the case £ = 1, i.e., assuming the

signal is always present, one recovers the SSC introduced above.

Although Drasco and Flanagan tested their proposed method with a test statistic within a
frequentist framework, we have decided to work within a Bayesian framework in this chap-
ter*. We define several concepts of importance within this framework before moving on to the

discussion of the results by Drasco and Flanagan.

Most concepts related to Bayesian inference were already introduced in Section 2.2.2. Nev-
ertheless, we review some of these expressions explicitly within the context of this chapter. For
example, given a likelihood function L., and priors 7, the joint posterior distribution for the

duty cycle and the signal+noise parameters can be computed using Bayes’ theorem:

LoldIE, 02,02 02 )n(E)n(o?)n(o? Jn(o?)

Z(d) ’

p(§, 04,0007 |d) = (3.2)

where
Z(d) = J dEJ doi J doi1 J darz12 L...(d|&, O'i, Uil’ aiz)n(i)n(oi)n(ail)n(aiz) (3.3)

is the model evidence. Marginalised posterior distributions (for each parameter separately) are

obtained by integrating the joint posterior distribution over all the other parameters, e.g.,

p(&) = f do? f dai1 f dalz12 p(&, 02, oil, aiz). (3.4)

Of course, likelihood functions, priors, etc., are all calculated in the context of a particular
choice of analysis model .#, (e.g., a GMM likelihood search for intermittent GWBs or the SSC),
which we have not indicated in the above expressions. If we explicitly denote the dependence of
the above distributions on the choice of analysis model, we can define the Bayes factor between
models ., and Mg, as done in Eq. (2.43). Recall from Section 2.2.2 that the Bayes factor
tells us how much more the data favours model ., relative to .# ﬁs. Throughout this chapter,
we will make plots of the natural logarithm of the Bayes factor as a function of the duty cycle

to compare the various search methods.

“*For a discussion and comparison on frequentist versus Bayesian statistics, see [230].
SMore information on the Bayes factor and its interpretation can be found in Section 2.2.2 and [230, 251].
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Results

With these concepts in mind, we now move to the discussion of the results of the pro-
posed GMM likelihood. Drasco and Flanagan showed that their detection statistic for intermit-
tent GWBs performs better than the standard cross-correlation statistic for continuous-Gaussian
backgrounds when the duty cycle £ is sufficiently small. To illustrate this, we implement their
proposed GMM likelihood in a Bayesian framework®. Instead of using their proposed frequen-
tist detection statistic, we use the Bayes factor as a measure of efficiency’. To be able to study
its behaviour as a function of the duty cycle, we combine 100 data realisations for each &
value. Each data realisation consists of 40,000 segments, where a fraction of them contains
single-sample bursts drawn from a Gaussian distribution with variance ai =1.

We keep the total continuous-Gaussian SNR fixed to 3, computed using Egs. (3.5) and (3.7),
by adjusting the noise variances for each value of the duty cycle, rather than adjusting the signal
parameters. So, as & decreases, the segment SNRs must increase, which means that the noise
variances must decrease. This is illustrated in Figure 3.2, where both the continuous-in-time,
i.e., £ =1in Eq. (3.1), and the intermittent GMM likelihood analysis methods are used. Each
plotted point corresponds to the mean of the In Bayes factor over 100 realisations of data, while
the error bars correspond to the standard deviation of the In Bayes factor.

While the continuous search performs equally well for all duty cycles, since it assumes § = 1,
the Bayes factor for the GMM likelihood increases as £ decreases, exceeding the continuous
stochastic likelihood Bayes factor. This illustrates that the GMM likelihood performs better
than the continuous likelihood for smaller values of £. Equivalently, the relative performance
of the Bayes factors shown in Figure 3.2 can be expressed in terms of the expected SNR in an

individual segment assuming the presence of a GW signal with burst variance o3:

o,
e (3.5)
g, 0

n = ny

pseg =

In terms of pg.,, the condition for the GMM likelihood to perform better than the continuous
likelihood is

Poeg~ 1. (3.6)

In the limit where p, < 1, the GW signals in an individual segment are sufficiently weak
that the GMM likelihood does not perform any better than the standard stochastic continuous
likelihood. Conversely, when p., > 1, the GW signals in the individual segments are so strong
that they are individually resolvable, with segment SNRs exceeding the threshold needed for

®For more details on this implementation and the likelihoods, we refer the reader to Appendix A.1.
’For the Bayes factor, in Eq. (2.43), we consider the model .#, to contain a signal and noise, whereas Mg
represents the noise only model.
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Figure 3.2. In Bayes factors of the signal+noise model to the noise-only model as a function of
the duty cycle & for the intermittent search (blue) and the continuous search (orange) where
the signal consists of single sample bursts drawn from a Gaussian distribution of variance o7.
The GMM likelihood outperforms the SSC method for small duty cycles.

detection with a single-detector burst statistic. In other words, a search for an intermittent GWB
is the most sensitive search when the GW signals in the individual segments are marginally sub-
threshold (pge, ~ 1).

Furthermore, we can determine an approximate value of p, for the IVK detectors, for the
population of stellar-mass BBH mergers throughout the Universe. As mentioned previously, it
should take ~ 40 months of observation using the SSC cross-correlation statistic to observe the
BBH background with a total SNR p,,, = 3 [4]. Since the segment duration® proposed by Smith
and Thrane for an intermittent search is of order T, ~ 4 s [241], 40 months of observation
corresponds to Ny, ~ 2.5 X 107 segments. The final input that we need to do the calculation
is the expected duty cycle of the signal, which for stellar-mass BBH mergers throughout the
Universe is £ ~ 1073, These values imply

Prot

g Vv Nseg

which is in the regime where a search for an intermittent GWB should start to perform better

Pseg = ~ 0.6, (3.7)

than the SSC cross-correlation search. The value of p,., at which the intermittent search begins
to outperform the continuous search in Figure 3.2 matches this result.

The proper modelling of the intermittent BBH background will be at the core of our method

8See Section 3.1.3 for more details.
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as well, similarly to the GMM likelihood by Drasco and Flanagan [111]. Before illustrating how
our method builds on the work of Drasco and Flanagan, we briefly review the deterministic

search proposed by Smith and Thrane.

3.1.3 Deterministic-signal-based Search for Intermittent GWBs

In 2018, Smith and Thrane extended the work of Drasco and Flanagan by proposing an opti-
mal fully-Bayesian deterministic-signal-based search for the intermittent GWB produced by the
population of stellar-mass BBH mergers throughout the Universe: the Bayesian Search [241].
Asin [111], Smith and Thrane assumed a mixture model for the intermittent GW signals. They
chose a segment duration ~ 4 s, which is long enough to include a typical BBH chirp signal,
yet short enough that the probability of two such signals occurring in a single segment is neg-
ligibly small (~ 10~%). However, instead of considering single-sample GW bursts drawn from
a fixed Gaussian distribution, they considered finite-duration deterministic BBH chirp wave-
forms h = hg,,(t; 0), where 0 are the chirp parameters (e.g., the component masses and spins
of the two black holes, the inclination angle of the orbital plane relative to the line of sight,
etc). Smith and Thrane then marginalised (instead of maximised) over the signal parame-
ters for each segment of data, assuming prior probability distributions for these parameters,
while replacing the noise parameters by measured estimates of these quantities. If the signal

priors are conditioned on segment-independent population parameters 6, , which parameter-

pop>
ize the distributions from which the individual masses, spins, etc., are drawn, then the final
(marginalised) likelihood function L, = L,(d|&, 6,0,

the population parameters 6,,,. Finally, doing Bayesian inference calculations given L, and a

) depends only on the duty cycle & and

prior for & and 6,,,, Smith and Thrane were able to construct joint posterior distributions for

pop>
¢ and 60, as well as Bayes factors comparing the evidence for this intermittent signal model
and e.g., that for the standard cross-correlation search for a continuous-Gaussian GWB.

The deterministic-signal-based search of Smith and Thrane is expected to decrease the time-
to-detection of the intermittent GWB produced by stellar-mass BBH mergers by a factor of
~ 1000 relative to the SSC by taking into account both the intermittent nature of the signal as
well as knowledge of the form of the individual waveforms, whose parameters are marginalised
over [241]. For this factor of ~ 1000 determination, they did not consider any population
parameters, so the only parameter that they needed to infer from the data was the duty cycle
&. A posterior distribution for & sufficiently bounded away from zero would be evidence of
a confident detection of an intermittent GWB signal. The gain in time-to-detection comes at
the computational cost of having to perform Bayesian marginalisation over all the BBH chirp
signal parameters for every 4 s segment of data. This search is currently in the testing phase, in

preparation for running on real IVK data in the near future. A brief summary of the pros and
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cons of this search is given in Figure 3.1.
Within this chapter, for comparative purposes, we will implement a much simpler version
of this deterministic-signal-based search. We will label this deterministic-signal-based search

the deterministic search for intermittent backgrounds (DSI) throughout this work.

3.2 SSI: Stochastic Search for Intermittent GWBs

Building off the work of Drasco and Flanagan [111], we propose a new search based on
a stochastic-signal model consisting of intermittent “bursts” of correlated stochastic GWs with
unknown duty cycle &, in otherwise uncorrelated noise in two detectors. We call this search
SSI, for stochastic search for intermittent GWBs, referencing both the signal model the analysis
assumes, as well as the type of background for which it is designed. To make the connection
with BBH mergers, we assume that these bursts of GWs last on the order of a few seconds so
the data are split into short, 4 second stretches as in Smith and Thrane, and that the PSD in the
IVK detectors goes like f 7/, appropriate for binary inspiral”. This corresponds to a fractional
energy density spectrum Qg (f) ~ f2/3, as converted by using Eq. (2.15).

Rather than marginalise over the parameters of deterministic BBH chirp waveforms as in the
deterministic-signal-based approach, our search looks for excess cross-correlated power when
the signal is assumed to be present, using a mixture-model likelihood function. Thus, we trade
off optimality for computational efficiency and flexibility relative to the deterministic-signal-
based approach, while still accounting for the intermittent nature of the BBH background,
which is missing from the SSC.

We begin by dividing up the data into short segments such that the probability of a seg-
ment containing more than one signal is small. The total likelihood is given by a product over
segments of the GMM likelihood function:

Lii(dIE, 0, popr 0) = [ [[EL(d116, pops 0) + A= E)L,(d116,)]. (3.8)

I

where 0, represents the noise parameters, 6,

;. pop T€PTEsents the signal population parameters,

and d; represents the data in segment I.
For our stochastic-signal-based search, the segment-dependent signal likelihood takes the

form

Es(dlles,popﬁ Qn) = f des,l [’s(dlles,IJ Qn)ﬂ(es,lles,pop) ) (39)

where the segment-dependent signal parameters 6, ; are marginalised over. Marginalising over

°Note that this could easily be generalised to different values of the spectral index.
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the correct segment prior is an important and necessary step in order to recover correct and
unbiased results.

We choose to write the likelihood for a specific set of parameters, 6, .., = (Q;), 05; = Qp
and 0, = {ail, 0'32}, where (Q,) is the population-averaged energy density amplitude of bursts
of GW power and €, is the energy density amplitude in data segment I. The population
parameter (Q,) is related to Qgy (what the SSC estimates), introduced at the beginning of

Section 3.1.1, by:
Qew = (), (3.10)

where £ is the duty cycle, as appearing in Eq. (3.8).

For the analyses included in this chapter, we simulate stationary, white-Gaussian noise. This

means that the noise PSD is independent of frequency and has the value

0.2

— My
P, = Jhigh — flow S
where u = 1,2 is the detector index and fy,, and fy;,, are the low- and high-frequency cut-
offs for our search. We will take fi;q, to equal the Nyquist critical frequency f,,, = 1/(2At),
where At is the sample period. Each segment of time-domain data of duration T is Fourier
transformed and coarse-grained to frequencies f;, having frequency resolution M /T. We then
take our noise parameters to be the variance of the noise in each detector, ai . Under these

u
assumptions, the segment-dependent signal likelihood in Eq. (3.9) becomes

1
2 2y _
Es(d"mb)"’nl’anz)‘f a0nm@ D] | Gorgo—m g
X eXP{_(PU(fk)PZJ(A;() (fk))[ Py Py (fi) + By i Py (fi) — 2P, IkaI(fk)]}
(3.12)
where
0'2 02 o
P, =" Py, P, =2 Py, Py, =0, H(f),
() Froan—Fom + Py (f), 51 (f) - + Py (f), b1 (f) = Qy, ((;C)lg)

are the total auto-correlated power spectra in each detector and the PSD for a GW burst in

segment I, and k runs over the coarse-grained frequencies f,. The spectral shape H(f) is of

3HZ 1 (f Y\
H(f)—10 5 f(fref) ; (3.14)

the form
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and allows to go from the dimensionless energy density fraction ©,(f) to PSD P,(f), as also
previously seen in Eq. (2.15). The Fourier transformed data &M,Ik enter the evidence via the

following quadratic combinations:

21 keM/2T-1 )
PlIk:?M |dy 1”5
k'=k—M /2T
k-+M/2T—1
A 21 ~
bu=2= > |dul, (3.15)
T M
k'=k—M /2T
k+M/2T—1
.21 o
Py = M Re (dl,lk’dZ,Ik’) >
k/'=k—M /2T

which are coarse-grained estimators (i.e., averaged over fine-grained frequencies labelled by
k’) of the total auto-correlated and cross-correlated power spectra in the two detectors.

The segment-dependent noise likelihood can similarly be written as

1 151 Tk ﬁz Ik
L.(dlo%,02)= exp {—M [— + —]} ) (3.16)
S l:[ (T /22 (P, (f)P.,(£)" Py Py,

Reduced form of the likelihood

In principle, the noise parameters 6, = {07211, aflz} in the likelihood functions above should be
inferred together with the signal population parameters 6; ,,, = (€2;,) as part of the Bayesian
inference procedure. Doing so defines the so-called full version of the analyses. However,
as the noise in the IVK detectors is stationary to good approximation, it is typically sufficient
to use measured estimates of the noise parameters (denoted by 6'i1 and é'iz and computed
using Eq. (A.16) in Appendix A) in the likelihood function, thereby avoiding having to infer
them in this analysis. We refer to this approach as the reduced form of the analyses, which is
computationally cheaper than the full form. The reduced version of the likelihood requires that
the cross-correlation estimators be approximately Gaussian, which holds only if the number of
samples per segment N is sufficiently large. For additional information, we refer the reader to
[197], where a detailed comparison between full and reduced likelihoods was performed.

The reduced segment-dependent signal likelihood is given by [197]:

£,(d,|(9,),52% ,52 )—Jdﬂ (9, 1(2)) ! ex [ (Qb’l_ﬂb’l)z} (3.17)
s\MT b/>™Y oY ) — b,I b,I b — T~ = <~ |-> .
b \/ 2mvar(Q, ;) 2var(§2 )

where

a = > Ql(fk)ﬁb,lk
M S QUfDH )

-1
, Var(ﬂb’l)z(ZMZQI(fk)H(fk)) . (3.18)
k
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These are the optimally-filtered cross-correlation estimators and corresponding variances,
which are constructed from coarse-grained estimates of the cross-correlated power Py, ., given

by Eq. (3.15), and the segment-dependent optimal filter function

H(f)
= 3.19
U= 5 p (3.19)
In the above expression,
B 6.2 _ 6.2
P (f)= = +QpH(f), Py (f) = = +Q, H(f), (3.20)

f high — flow f high — flow

where H(f) was previously defined in Eq. (3.14). Note that Q;(f) is a generalisation of the
standard optimal filter'° for an f =7/ PSD, extended to include the segment-dependent burst
contribution, i.e., dependent on the likelihood parameter Q,;, to the total auto-correlated
power estimates P, ;(f) and P, ;(f).

The reduced segment-dependent noise likelihood ,Cn(dll('ril, 6§2) is given by

A, )2
L,(d|62,5%)= ;_ exp [—M] , (3.21)
o y/ 2mvar(Q2y) 2var(£2,)

where Qb,l and var(,) are the same as for the segment-dependent signal likelihood, but with

a segment-independent, noise-only optimal filter function

H(f)
P, P,

n= ny

Q(f) = (3.22)
The above expressions establish the methodology behind SSI. We now proceed to testing
its implementation on several datasets of increasing complexity, and compare its performance

with other search methods.

3.3 Analyses

In this section, we describe in detail a set of analyses, which we use to illustrate various
aspects of the search methods described above. The tests that these analyses allow us to perform
should be thought of as providing a “proof-of-principle” demonstration of our proposed SSI
method. A more rigorous test of this search on actual IVK noise and realistic injected BBH chirp

signals is a topic for future investigation''. A schematic overview of the different analyses we

OMore information on optimal filtering can be found in Section 2.1.4 and in [35, 230].
UFor additional information on possible generalisations of the method, see Sections 3.4 and 3.5.
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consider in this chapter is provided in Figure 3.3.

Realistic CBCs
* Realistic
/ Toy Model 4 Signa|
il « Deterministic || Population
J—— / Toy Model 3 BBH chirp and noise psd
C —— i ignals f - glitches
\ g » Stochastic signals for " |
I Toy Model 2 GWs with f-73| | uniform in + signals could
—  White signal power volume overlap
Toy Model 1 amplitudes spectrum for source between
- White signal drawn _from a uniform in distribution segments
. Gaussian volume with fixed « consider
ptnll = istributi detectors not
drannaie dls_trlbutl_on for source mass and S—
Gaussian uniform in distribution phase ;ﬁ-doca e
i volume source
distribution of S ;
co-aligned
fixed variance distribution
Co-located and co-aligned detectors, noise drawn from Gaussian distribution of fixed variance ]

Figure 3.3. Schematic overview of the different stages of the development of SSI. Various
toy models are given with a short description, illustrating the increasing complexity of the
considered models.

For all the analyses we consider, we assume white, stationary-Gaussian noise in two co-
located and co-aligned detectors with variances ail and oiz, respectively. The assumption of
co-located and co-aligned detectors means that we can ignore the ORE which, as one recalls,
encodes the reduction in cross-correlated power that comes from correlating two physically
separated and possibly misaligned detectors, as introduced in Section 2.1.3 [79, 130]. To
calculate the total SNR for each set of data, we use the average SNR per segment computed
using formulas specified below for each dataset and rearrange Eq. (3.7) to solve for p,,. We
note that this p,,, is the total SNR of the continuous-in-time cross-correlation search, which
assumes the signal is present in every segment of data. For our intermittent analyses, we use
this definition of total SNR to quantify the strength of the GW signal.

3.3.1 Extension of Previous Work

Recall that in Section 3.1.2, the results of Drasco and Flanagan [111] were reproduced
within a Bayesian framework, as illustrated in Figure 3.2. We remind the reader that the signals

considered there are single-sample GW “bursts” drawn from a fixed Gaussian distribution with
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variance 0'127. We now build on this and proceed with the generalisation of the proposed GMM

likelihood to allow for more realistic signals.

Model description

As a first step, we now allow multi-sample (N > 1) bursts of white stochastic GWs having
duty cycle &, with signal samples drawn from a probability distribution that depends on the
distance r to an individual source. For a source at arbitrary reference distance r,;, we draw the
signal samples from a Gaussian distribution with fixed variance o2 . For a source at a general

distance r, we first draw the signal samples from a Gaussian distribution with variance crrze as

f
explained above, and then rescale the samples by a factor of r,/r, since GW signal amplitudes

fall off as 1/r [190]. Thus,
2

r
2 _ 2 ref
oy(N=o02; —r; (3.23)

is the burst variance for a source at distance r.

For the population model, we will assume that the source distances are drawn from a UIV

probability distribution

3r?
p(rlrmax) = T'?’—?” (324)

max rmin

where r,, is the maximum distance out to which the sources are formed (i.e., an unknown pop-

max
ulation parameter that will eventually be inferred from the data). The parameter r,;, is taken
to be a fixed, known parameter, for simplicity. Note that choosing r;, 7 0 in the simulation
process limits the number of GW bursts that are so loud that they are individually detectable in
a single segment of data. We also note that this choice of population model is a simplification
as it does not take into account cosmology.

It follows from Egs. (3.23) and (3.24) that

3

3
PO ) = 55 (02 (3 (3.25)

3
max rmin)

is the probability distribution for the signal variance alz)(r) associated with a source at distance

r. We also define the population-averaged burst variance:

2\ — e 2 2 rrzef( Imax — rmin)
(o}) = dr p(rlrme)o,(r) = 30, —— 5 , (3.26)
T'min rmax - rmin

which is obtained by averaging o2(r) over the UIV-distributed source distances r. We define

g
GW —

of the signals. This quantity is what the SSC estimates.

o 3 (0%), which has the interpretation of being the time and population-averaged variance
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Since the probability distribution for oi(r) depends on just one free parameter, i.e., 1, in
Eq. (3.25), we can equally well use the population-averaged variance (O‘i) as the population
parameter for the probability distribution. Solving Eq. (3.26) for ry,,, in terms of (o7), we find

2
3 0y, 1
I'max = T'min \J_Z+3<O'—I;§X_£ 5
b

(3.27)
2
O-i,max = O-i(rmiﬂ) = O-rzefg_%f ?
leading to
(0.2)(0.2 max)1/2
p(op(rl{o3) = b (02(r)) />, (3.28)

J—3+1207,./(0}) =3

The above expression is somewhat messy, but it will be useful when we perform Bayesian in-
ference on (012;). Building on the above, we define the average segment SNR of the distribution

in a similar manner as Eq. (3.26):
(Pseg) = f dr p(r{Tmax)Pseg(1)s (3.29)

where p,(r) for these signals is given by Eq. (3.5) with o? replaced by o3(r).

(]
L

data in detector 1
o

00 02 04 06 08 10 12 14 16

time(s)

Figure 3.4. Example of simulated data with amplitudes drawn from a UIV distribution. The

parameters used for this injection are given in the ‘Extension of previous work’ section of Ta-
ble 3.1.
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€ dd1dVHD

Extension of previous work

N, seg N g "min | Tmax | Tref O-fef (O-i) O-i (p seg) Prot
4x10% | 2048 | 2.98x107° | 2 S5 1 1 |0.0769 | 0.691 | 5.04 3
Stochastic bursts
N, seg N T 5 T'min "max Tref Qref (Qb> flow f high (p seg,stoch) P tot,stoch
4x10% | 2048 [ 4s | 2.98x10° | 2 Mpc | 5 Mpc | 2 Mpc | 2.61 | 0.803 | 20 Hz | 256 Hz |  5.04 3
Deterministic chirps
N, seg N T T'min "max flow f high m <Q b) g <p seg,stoch) P tot,stoch (p seg,det) P tot,det
4x10% | 2048 | 4s | 2 Mpc | 5 Mpc | 20 Hz | 256 Hz | 30 M, | 0.803 || 2.98x10 3 | 5.04 3 13.2 | 7.86

Table 3.1. Parameters used for the different analyses in Section 3.3. Parameters listed in ‘Extension of previous work’ and ‘Stochastic
bursts’ were used in the production of Figure 3.6 and Figure 3.7, respectively. The first 9 columns in ‘Deterministic chirps’ were used
in the production of Figure 3.9, while the last 5 columns specified the additional parameters used for Figures 3.10 and 3.11.
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Figure 3.5. Distribution of the burst variances drawn from a UIV distribution, with theoretical
minimum and maximum burst variance evaluated at r_,, and r;,, respectively, and average
burst variance (o}) computed according to Eq. (3.26).

Results

We now generate multi-sample (N = 2048) bursts of white stochastic GWs having duty
cycle & = 2.98 x 1073, with signal samples drawn from a probability distribution that depends
on the distance r to an individual source, as described above. With the chosen parameters
(listed explicitly in Table 3.1) the population-averaged variance is (a%) = 0.0769 and the noise
variances are ail = O'iz = 0.691. An example of the simulated data is shown in Figure 3.4,
together with the distribution of the burst variances O'i(l”) in Figure 3.5.

We analyse the data with SSC and SSI, using the full version of the likelihoods, i.e., inferring
the noise parameters as well as the population parameters. We will not consider DSI for this
particular data. The concrete expressions for the likelihoods can be found in Appendix A.1. In
Figure 3.6, we display the recovery of our SSI search, illustrating that the generalisations made
in this section compared to Section 3.1.2 still allow for a successful recovery of the population
and noise parameters.

We note that given the large number of samples per segment (N = 2048) used for this
analysis, one could have resorted to the reduced version of the likelihoods, where the estimates
of the noise parameters are used, as provided in Appendix A.1.4. We refrain from entering into
a detailed comparison between full and reduced implementations of the likelihoods, as this
was the topic of work by Matas and Romano [197]. However, throughout the remainder of

this chapter, we will work with a large number of samples per segment and will employ the
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reduced version of the likelihoods.
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Figure 3.6. Corner plot for the full version of the SSI analysis, combining the posteriors of 100
realisations of the data. The black lines show the injected values of the parameters used for
the simulated data, and the three shaded regions for the 2D joint posteriors correspond to 1o,
20, and 30 uncertainty levels. All parameters are recovered within a 1o credible interval.

3.3.2 Stochastic Bursts

We extend the analysis described in the previous section to include frequency dependence.
We analyse data defined by multi-sample (N > 1) bursts of stochastic GWs having duty cycle &

and an f~7/3 PSD'?, for a UIV distribution of source distances between ;. to r,,,, as in Section

2Note that we only generalise the signal PSD to a frequency-dependent spectrum. The injected noise remains
white and Gaussian.
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3.3.1. The choice of spectral index a = —7/3 is appropriate for compact binary inspiral. We

first simulate data for a source at reference distance r, so that it has the following PSD**:

—7/3
Pref(f) :Aref (fif) 5 (330)

where A, is some fixed amplitude, and f, is a reference frequency, usually taken to be 25 Hz
in line with LVK searches [19]. For a source at a general distance r, we do the same as above,
and then rescale the amplitude of the simulated signal by a factor of r./r, which is equivalent

to having
2

r
Ab(r) EAreer;f (331)

as the amplitude of the PSD for a GW burst at source distance r. The PSD of a burst is therefore

T'2 f -7/3

Py(r; f) = A= (—) . (3.32)
r f ref

Note that by using Eq. (2.15), we can also write the above expression in terms of the fractional

energy density spectrum Q,(r; f). Then by taking f = f,.;, we can define the amplitude of the

energy density at reference frequency f,. of a burst at distance r:

2

1072 et
X Pb(r;fref) = Qref%:

3H§ ref

__ 1072

Q,(r) = ref = 3—H§

f2 At (3.33)
By following the same derivation as the one given in Eq. (3.26), the population-averaged energy
density amplitude for sources distributed uniformly-in-volume between r,;, and r,,,, is
r2 (rm X rmin)
<Qb) = BQref o . 3 . (334)
r3

max rmin

The probability distribution of the amplitude of the energy density of the bursts ,(r) has the
same form as Eq. (3.28):

<Qb>ﬂllw/rflax _5/2
p(Qb(r)l(Qb>) = ’ Qb (T'), Qb,max = Qb(rmin) . (335)
\/_3 + 120b,max/(Qb> -3

Thus, the signal segment likelihood used for SSI is given by Egs. (3.12) (full) and (3.17)
(reduced) with prior given by Eq. (3.35) (i.e., (€, ;1{(2})) = p(£2,(r;){2;))). The integration
bounds are then Q, i, ({Q2)) and Q, ., where Qy i, = Q4 (a) and 7, is written in terms of

13In practice, we first simulate the data in the frequency domain with an amplitude spectral density y/P,.¢(f)
and random phases, and then inverse-Fourier-transform the data back to the time domain.
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the population parameter (Q;), in the same manner as in Eq. (3.27).

For reference, we note that the expected value of the stochastic (optimally-filtered) SNR for

a segment that contains a GWB burst is

high 1/2
! P () :| (3.36)

=v2T d
pseg,stoch ; f Pnlpnz

low

where P, and P,, are the noise PSDs in each detector. Note that, if the two detectors were
not co-located and co-aligned, we would need to include a factor of the ORF squared in the
numerator of the integrand in the above equation, as was the case in Eq. (2.34) [79, 130]. The
above expression for P gocn i @ power SNR, defined as the expected value of the optimally-

filtered cross-correlation statistic divided by its standard deviation, see e.g., [230].

Results

As mentioned before, our stochastic-signal-based search looks for a GWB consistent with a
PSD with spectral index a = —7/3, as expected for BBH mergers. In contrast, the deterministic-
signal-based search described in Section 3.1.3 (which we call DSI) looks for deterministic BBH
chirp waveforms, where the signal parameters of the individual chirps must be marginalised
over. We inject intermittent, stochastic bursts with an f ~7/> PSD and duty cycle £ = 2.98x 1072,
The parameters used for the injection are displayed in Table 3.1. We arbitrarily choose the
reference distance 7, = r,;,,- The value of Q, is chosen to be 2.61 (to be consistent with the
parameters chosen in Section 3.3.3). With these parameters, the population-averaged energy
density amplitude of the bursts is (€2,) = 0.803. The noise is then set such that the average SNR
per segment, as computed with Eq. (3.36), is 5.04 to give a total SNR of p,,, = 3, as obtained
by using Eq. (3.7).

We analyse our data with the reduced likelihood forms which estimate the noise parameters
of SSI and DSI. The exact form of the likelihood is given in Eq. (3.17) (with coarse-graining
factor M = 16) and Eq. (A.2.4), respectively. The population parameter recovered by SSI is

(©Q,) while the population parameter recovered by DSI is r,,,,,. However, we note that these are

max-
related by Eq. (3.34) and can easily be mapped into each other. In Figure 3.7, we demonstrate
that DSI cannot recover the signal in the data, since no chirp waveform exists. While this
result is in a sense obvious, it highlights the challenges that a deterministic-signal-based search
faces. Incorrectly modelling the waveforms of the chirps could lead the search to overlook a
signal which is present. Conversely, SSI recovers both stochastic bursts of GW power as well as

deterministic waveforms, as we will see in the next section.
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Figure 3.7. For intermittent, stochastic bursts with an f~7/ PSD, we demonstrate recovery
of our search (top) and compare it to that of a deterministic-signal-based search (bottom).
Our search recovers the injected signal parameters within a 10 credible interval, while DSI
recovers the uniform prior on r
cycle (§ = 10™%). Thus, the DSI analysis finds no signal in the data.

and the lower boundary of the prior imposed on the duty

max

INTERMITTENT BACKGROUNDS

83



84

3.3.3 Deterministic Chirps

Finally, we consider multi-sample bursts of GWs produced by deterministic BBH chirp sig-
nals, for a UIV distribution of sources as in Eq. (3.24). The corresponding PSD will necessarily

~7/3 frequency dependence. By using deterministic BBH chirp signals,

have an approximate f
this analysis is more in line with the assumptions made by the deterministic-signal-based search

DSI.

Model description

We assume that all parameters defining the chirp waveforms except for the distances to
the sources (e.g., the chirp mass .4, = (m;m,)*°/(m; + m,)*/®, the inclination angle ¢, the
coalescence time t.,, and the phase of coalescence within a segment) have fixed values and
are known a priori by the DSI search. For simplicity, we choose the two component masses to be
equal (i.e., m; = m, = m); the inclination angle t = 7t/2 so that the source is linearly polarised
(i.e., h(t) = h(t), h,(t) = 0); the phase at coalescence ®, to be zero; and the coalescence
time ¢, to occur at the end of a segment, so t.,, = T, the segment duration. Fixing the value of
almost all waveform parameters allows us to simplify our implementation of DSI without having
to resource to marginalisation over all these parameters. Nevertheless, our implementation of
the DSI method retains two important aspects of the DSI search: the deterministic waveforms

and the intermittent nature of the signal.

For a source drawn from the population with distance r, the explicit form for the simulated

deterministic chirp signal is given in the time domain by [190]:

1 (GAN* [ 5 \V*
hepirp(£57) = —( ) (—) cos[®(7)], T=t,y—t. (3.37)
2r U c? cT
The quantity
5G4, \°®
(I)(T) 5—2(—3) T5/8+<I)0 (3.38)
c

encodes the frequency evolution of the chirp:

F(H) = —%%@(T) _1 (G“”c)_m( > 1 )3/8 . (3.39)

T c3 256 T

The corresponding BBH chirp PSD is

2 - 2 73
Pchirp(r;f) = ? |hchirp(r;f)| EAchirp(r) (f_f) s (3.40)
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where flchirp is the Fourier transform of the chirp waveform and

2

r 2 ¢ (57 (GMN"
A A =2 (2= c 713, 3.41
chlrp(r) ref 2 ref T 4rr2ef (24)( 3 ) (nfref) ( )

Note one can express the chirp PSD Py, in terms of the fractional energy density of the chirps
Qenirp Dy using Eq. (2.15). Figure 3.8 shows a plot of a representative BBH chirp signal in the
time domain (top panel) and an average over an ensemble of BBH chirp signals in the frequency

domain (bottom panel).

For reference, we note that the expected value of the deterministic (matched-filter) SNR for

a segment which contains a BBH chirp signal is [230]:

2 frigh A 271/2 2 rhisn p. 1/2
Preg e = {424 a ! Ch}rf(f)l } =v2T {ZJ df %(f)] . (342)
fi fi

low My low o

where P, is the noise PSD in detector u = 1, 2, as defined in Eq. (3.11). The above expression
for pPgeq ger is an amplitude SNR, defined as the expected value of the matched-filter statistic
divided by its standard deviation. The quadrature sum takes into account the contribution

from using both detectors to do the analysis.

As mentioned in Section 3.1.2, the detection statistic in our Bayesian framework is the Bayes
factor where the models in Eq. (2.43) are the signal+noise model and the noise only model
for a particular search. While SSC and SSI contain the same noise model, the noise model in
DSI does not take the same form. Hence, the Bayes factors for the different searches are not
computed with respect to the same noise model and one cannot compare these methods with
one another in terms of the Bayes factor. Instead, we evaluate how the intermittent nature of
the signal impacts each search method’s effectiveness in recovering the signal by plotting the In

Bayes factor as a function of the duty cycle. In other words, we wish to answer two questions:

1. How well does SSI do in recovering the signal at different duty cycles for a constant total
stochastic SNR?

2. How well does DSI do in recovering the signal at different duty cycles for a constant total
deterministic SNR?

The answers to the questions are independent of one another and cannot be used as a way to
assess if one search is “better” than the other. However, since SSC and SSI contain the same

noise model, these searches can be compared to one another using the Bayes factor.
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Figure 3.8. Top: Example BBH chirp signal in the time domain as given by Eq. (3.37). Bottom:
Averaged PSD of an ensemble of BBH chirp signals as a function of frequency for the noise and
signal separately, together with their theoretical predictions according to the injected values.
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Results

In order to assess the efficiency of the methods with respect to their respective noise-only

models, we simulate 40,000 segments of data with each segment being 4 seconds long. We

choose values of r;, = 2 Mpc, 1., = 5 Mpc and the BBH component masses to each be 30M,,.

These parameters give a value of (€2,) = 0.803. The parameters used for this analysis are

tabulated in the first 9 columns of the ‘Deterministic chirps’ section in Table 3.1. Thus, the

signal has the same strength as in Section 3.3.2, but it is now composed of deterministic chirps,

instead of stochastic bursts. The same coarse-graining factor and low- and high-frequency cut-

offs that were used in Section 3.3.2 are used for this case as well when analysing the data.
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Figure 3.9. Plots of the In Bayes factor averaged over 100 data realisations for SSC and SSI
(top) and DSI (bottom) for deterministic chirp signals occurring with various values of the duty
cycle £. Both intermittent searches are well-suited for detecting signals with a low duty cycle.

INTERMITTENT BACKGROUNDS

87



88

Figure 3.9 shows the In Bayes factors for the stochastic-signal-based searches (top panel)
and for the deterministic-signal-based search (bottom panel) as a function of the duty cycle.
Analogously to what was done in Section 3.1.2, the total SNR is kept constant by adjusting
the noise levels. For the stochastic searches, we keep the total power SNR constant, computed
using Eq. (3.36), while for the deterministic search we keep the total amplitude SNR constant,
obtained using Eq. (3.42). We see that both intermittent searches (SSI and DSI) perform well at
low duty cycles, with values of the In Bayes factors reaching over 1000 for some of the smallest

values of the duty cycle considered.

7.13¢ — 01714301

m  SST Reduced
m  DSI Reduced

e 3.79¢ — 03F 14803

Figure 3.10. Posterior corner plot combined over 100 data realisations analysed with SSI Re-
duced (blue) and DSI Reduced (green). Both searches recover the injected signal parameters
(£ =2.98 x 1072 and (Q,) = 0.803) within a 1o confidence interval. The reported recovered
values and uncertainties are those recovered by the SSI Reduced search.

In order to directly compare SSI with DSI, we now run both analyses on the same dataset.
The data is generated such that the duty cycle is & = 2.98 x 1073, The signal is the same as
described above and the noise variance is chosen such that the average stochastic SNR per
segment, computed using Eq. (3.36), is equal to 5.04 and the total stochastic SNR is equal to 3.
Note for these values, the average deterministic SNR per segment, computed using Eq. (3.42),
is 13.20 with the total deterministic SNR being 7.86, which is considerably larger than the
total stochastic SNR. Note that these parameters are displayed in the remaining columns of the

‘Deterministic chirps’ section of Table 3.1. A comparison of the recovered corner plots is shown
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in Figure 3.10. We see that for this data, both searches recover the signal within a 1o credible
interval, with the error bars for DSI much smaller than SSI, due to the deterministic approach
appropriately modelling the chirp waveform of the signal. We also show a comparison of 1D
posterior plots'* of Qg in Figure 3.11. Similarly to the corner plot, the posterior width is
smaller for DSI than SSI, although SSI still performs better than SSC.

1200 - = SST Reduced
SSC Reduced
= DSI Reduced

1000 - / X\ = injected value
800 -

600 1 “

400 / / \\
200 - \
AN

0 1 2 3 4 5 6 7 8
9) x1073

gw

P(Qgw|d)

Figure 3.11. 1D posterior plot of Q5 samples from SSI Reduced (blue), SSC Reduced (orange)
and DSI Reduced (green) constructed by combining posterior samples for & and (£2,) using
Eq. (3.10). Note that the inference done with the DSI likelihood gives posterior samples for
the parameters & and r,,, and the values of r,,, are then converted to samples in (€2,) by
Eq. (3.34), since the other variables in Eq. (3.34) are fixed and known.

One notes a small bias in the recovery of Qg for SSI in Figure 3.11. In Figure 3.12 we
show the relative difference of the injected value and recovered value of Qg as a function of
& for the three searches, together with the 10 uncertainty band, after combining the posterior
over 100 realisations of data. We note that the biased recovery is not always towards higher
values of Q. We also note that the width of the uncertainty for the DSI analysis improves as
& increases because the total deterministic SNR is not held constant and increases.

To conclude, we give an estimate of the improvement in time-to-detection of a GWB with
our search. Note that this estimate is computed under the assumptions adopted in this chapter
and will therefore most likely differ for a realistic detector configuration, with realistic detector
noise. We also note that the strength of the signal may affect these values. Nevertheless, to
obtain such an estimate, we simulate a GWB consisting of deterministic chirps with parameters
{Psegstoch) = 2 (corresponding to (0eq er) = 8.3) and & = 2.98x 10>, We then vary the number

4For both SSI and DSI, the posterior plot on Qg is obtained by multiplying the posterior on £ with the posterior
on () according to Eq. (3.10).
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Figure 3.12. Comparison of recovered values to injected value of Qg for SSI Reduced (blue),
SSC Reduced (orange) and DSI Reduced (green) for different values of the duty cycle. All
injected parameters are equivalent to the parameters used in the top panel of Figure 3.9 and
the recovered values are those after combining 100 realisations of data. The shaded regions
represent the 1o credible interval of the combined 100 realisations of data.

of data segments and assess how many 4 second segments are needed to reach a threshold value
of the In Bayes factor which is large enough to claim a detection. We define this threshold to be
of value 12.5, corresponding to a detection with SNR equal to 5. This is shown in Figure 3.13
for SSI and SSC. Due to the large difference in deterministic and stochastic SNR, the In Bayes
factor for DSI already reaches ~ 160 at the first value of N, considered. We therefore do
not include DSI on this plot to avoid scaling issues. We estimate that SSC would cross this
threshold after 650,000 segments of data, whereas SSI already reaches this threshold after
12,000 segments. This corresponds to a factor of ~ 54 improvement in time-to-detection for

SSI versus SSC for these parameters and assumptions.

The above sections established the methodology behind SSI and illustrated its performance
relative to other search methods for a series of toy models of increasing complexity. Although
these results are a testament to the promising capabilities of the method, several alterations
need to be implemented before being able to run on real detector data. Some of these are

discussed in the next section.
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Figure 3.13. In Bayes factor vs N, for data with (0., son) = 2 and & = 2.98 x 1073. We define
a detection threshold of In B = 12.5. SSI crosses this threshold after ~ 12,000 segments of
data, while SSC crosses this threshold after ~ 650,000 segments of data, corresponding to a
factor of improvement in detecting the signal of roughly 54 for SSI relative to SSC.

3.4 Towards More Realistic Signals

Our work [176] ended with a series of possible generalisations towards more realistic sig-
nals to allow us to run our method on real detector data. This section contains unpublished
results to illustrate the steps undertaken in an attempt to make our SSI method work on more
realistic data. This section is meant to give a broad overview of the current generalisations and
showcase the improvements since the publication of [176], rather than an in depth discussion

of each aspect. Concretely, the following points are addressed:
* Integration of SSI within the pygwb package
* Non co-located, non co-aligned detector configurations
* Coloured noise PSDs

Each of these points is briefly touched upon below, with some preliminary, unpublished results
to illustrate each of the generalisations.
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3.4.1 Integration of SSI within pygwb

After the publication of our work [176], the SSI code was slightly rewritten to be able to
make extensive use of the capabilities of the pygwb package, which was introduced in Section
2.2.3 [222, 223]. Not only does this allow us to streamline the data generation and analysis
thereof, but it also allows us to speed up the computation significantly. We highlight the most
important changes related to this below. Additionally, this illustrates the synergy between the
different parts of the thesis, connecting pygwb to other projects carried out during the timeline
of this PhD.

Computation of CSDs and PSDs

Recall that in our SSI method, the strain data are used in the computation of the PSDs and CSDs
on a segment per segment basis, making use of Eq. (3.15). These then entered the likelihood
in e.g., Egs. (3.18) and (3.20). Although previously computed with our own code implemen-
tation, the SSI likelihood now relies on pygwb to compute PSDs and CSDs. Outsourcing this
computation to the pygwb package allows us to speed up the computation of these quantities,
as pygwb is naturally equipped to run these computations in parallel. Additionally, the PSD
and CSD computations now benefit from all the features present in the pygwb code, such as
windowing, downsampling, etc. Although we did not have to rely on these techniques for our
toy model data in [176], having access to these data processing methods is extremely useful as

we move towards the analysis of real detector data.

Data simulation

On top of the vast simulation capabilities already present in the simulator module of the
pygwb package, the module underwent several modifications to accommodate the needs of the
SSI search. Concretely, all features present in our version of the SSI code were ported over
to the pygwb package, allowing us to simulate intermittent stochastic bursts within the pygwb
framework. Furthermore, CBC waveforms can easily be generated and injected in the simulated
data, thanks to the interaction of pygwb with the bilby package [43]. These waveforms are
generated using a pre-defined population of CBCs with specific mass and distance distributions,
as well as sky-localisation and spin distributions. In addition, most waveform approximants
include the full waveform, i.e., inspiral, merger and ringdown'. This allows us to steadily move
towards more and more realistic signals and populations, relaxing some of the assumptions
made in our methods paper [176]. For example, one could study the impact of modifying the
mass distribution to results obtained by the IVK collaborations in their third observing run,

—7/3

15Note that in our chirp toy model discussed in Section 3.3.3, only the f inspiral phase was considered in

the simplified waveform.
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instead of fixing the mass to an arbitrary value, as done in our work for simplicity (described
in Section 3.3.3).

Additionally, as will be expanded upon below, one of the generalisations needed towards
the analysis of real data is the ability to run our method on spatially separated detectors.
Recall that in our work, we assumed the detectors to be co-located and co-aligned. However,
the simulator module naturally accommodates non co-located and non co-aligned detectors,
as will be discussed below.

Merging our method with the existing capabilities of the pygwb package and building
upon these offers us a considerable head start in the generalisation of the method, both from
the point of view of data analysis and data generation. Below, we discuss some additional mod-
ifications to the method, which all heavily rely on the interaction with the core functionalities

of the pygwb package described previously.

3.4.2 Non Co-located and Non Co-aligned Detectors

For each of our toy models described in Section 3.3, the detectors were assumed to be
co-located and co-aligned, for simplicity [176]. As discussed in Section 2.1.3, a non-trivial
detector baseline geometry introduces the need for the ORFE, which encapsulates the reduction
in sensitivity due to the physical separation and relative orientation of the detectors. Here, we
generalise the SSI method to allow for such non co-located and non co-aligned detector setups
and introduce the ORF in the likelihood to properly take this into account. In practice, the
expressions in Egs. (3.18) and (3.19) of the SSI likelihood are modified as follows:

A > Qi(f )Py . ( )—1
s = ’ ’ Q) =| 2 3.43
=S GGy ) M;QI(fk)H(fk)r(fk) (3.43)
d
N Q,(f)= _HE (I (3.44)
' pl,l(f)pz,l(f) ’ :

where y(f) denotes the baseline ORF in both expressions, as introduced in Section 2.1.3. The
remainder of the likelihood is left unchanged. This simple alteration allows the SSI analysis
to run on data obtained from non co-located and non co-aligned detectors. Additionally, from
the point of view of data generation and the computation of PSDs and CSDs, we still entirely
rely on the pygwb package. As pointed out in the previous section, data can easily be generated
for non co-located and non co-aligned detectors in pygwb [222, 223]. We now move to the

discussion of more realistic noise PSDs.
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3.4.3 Coloured Noise PSD

Recall that the simulated noise in the various toy models presented in Section 3.3 was

assumed to be white and Gaussian, i.e., without a frequency-dependent spectrum:

2

o

P,(f)= [ (3.45)
where ‘7,21 denoted the noise variance, and f,, and fy;,, the low- and high-frequency cut-offs
for our search. However, realistic noise curves from the IVK detectors are far from flat across
the frequency range of interest. This was illustrated in e.g., Figure 1.5 of Section 1.2.1 where
the noise PSD of the two LIGO detectors was displayed for a chunk of data in the third IVK
observing run. We therefore generalise our investigation from the previous sections to non-
trivial noise PSDs, both at the level of the signal simulation and the analysis, and allow for
coloured, i.e., frequency-dependent, noise PSDs'®. Concretely, the expression in Eq. (3.20) is

altered such that the estimated noise PSDs are now given by:

Pl,l(f)Epnl(f)-l_Qb,IH(f)) pZ,I(f) Epnz(f)+Qb,1H(f)- (3.46)

As previously mentioned in Section 3.4.1, for the estimation of the noise PSDs 13,11, (f) in each
detector, we rely on the pygwb package. Note that switching to coloured noise PSDs therefore
constitutes more of a conceptual change, rather than an involved coding alteration, although
an important one nevertheless.

To illustrate the changes above, we simulate stochastic bursts for the LIGO Hanford and Liv-
ingston baseline, i.e., non co-located and non co-aligned detectors, and inject these in coloured
noise that follows a LIGO-like'” noise PSD. The parameters used for the simulation are provided
in Table 3.2. The results are depicted in Figure 3.14, illustrating that the alterations to the SSI

search were successful, still guaranteeing a recovery of the injected parameters.

Stochastic bursts, coloured noise, and non co-located detectors

N, seg N T "'min I'max f low f high m (Q b ) g
10° | 2048 | 4s | 750 Mpc | 1278 Mpc | 20 Hz | 256 Hz | 30 M, | 107> | 107°

Table 3.2. Parameters used for the analysis presented in Figure 3.14.

16Note that this does not include any non-stationarities and glitches that are present in real detector data. These
are left for future investigation.

7By this, we mean it has the same spectral shape as the LIGO noise PSD, but is rescaled arbitrarily to obtain the
desired SNR. In addition, we use a smooth version of the LIGO noise PSD to not have to deal with the noise lines
in the spectrum, as presented in e.g., Figure 1.5. However, note that we could exclude these noise lines through
a frequency notching procedure within pygwb [222, 223].
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Figure 3.14. Top: Example of a coloured noise PSD (orange), introduced as one of the general-
isations to our SSI method. The injected signal is made of stochastic bursts, with mean injected
signal represented in blue. Bottom: Posterior corner plot for an individual data realisation to
illustrate the generalisation to non co-located and non co-aligned detectors with coloured noise
PSDs of the SSI method.

The above shows that we are able to generate signals for non co-located and non co-aligned
detectors, with Gaussian coloured noise, bringing our SSI search a step closer to real detector
data. To conclude this part on generalisations of the method, we now comment on updated

detection prospects for SSI, given the above modifications to the code.
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3.4.4 Updated Detection Prospects

The above alterations allow us to update predictions for the improvements of SSI compared
to SSC, previously shown in Figure 3.13. In particular, we consider the time SSI would need
to claim the detection of the predicted astrophysical BBH background. Concretely, we consider
the LIGO Hanford and LIGO Livingston baseline at Advanced LIGO Design sensitivity, corre-
sponding to the expected sensitivity at the end of the fourth observing run'®. The injected
signal is constituted of stochastic bursts such as the ones used in Section 3.3.2, whose resulting
background is characterised by a power-law Qg (f ) spectrum with spectral index a = 2/3 and
reference population-averaged amplitude (€, (f..f)) = 5 x 1077. This population-averaged am-
plitude, together with a duty cycle & = 1073 corresponds to the predicted Qg (f.of = 25 Hz) =
5x 107! for an astrophysical BBH background, given current individual BBH merger detections
[17]. We vary the duty cycle and the length of data analysed, as represented by the observation
time T, and compute the resulting Bayes factor averaged over fifty data realisations for each
point in parameter space. As a detection threshold, we use In B = 8, which corresponds to a
SNR' of approximately 4, usually associated with the threshold required to claim the detection
of a GWB [19]. The results are illustrated in Figure 3.15. As can be seen, the detection thresh-
old is reached after two weeks of data at Advanced LIGO Design sensitivity for a duty cycle
& = 1073, representing a tremendous improvement compared to traditional search methods
such as SSC for which this background would only be detectable after ~ 40 months observing

time at design sensitivity [4].

To end this section, however, we issue a word of caution with regards to this updated pre-
diction for the detection prospects. Although providing an optimistic time-to-detection of the
BBH background, several assumptions went into generating these prospects. For example, the
injected signal is still stochastic in nature, i.e., composed of stochastic bursts, rather than chirp
waveforms. Additionally, although current predictions for the Advanced LIGO Design sensi-
tivity curve were used to generate the noise, discrepancies between actual detector noise and
predicted noise curves can arise due to unforeseen circumstances. Nevertheless, these updated
predictions form a strong case for the added value of a search like SSI in decreasing the time-
to-detection of the BBH background, keeping in mind possible refinements given the points
above.

18To mimic this, we simulate Gaussian noise according to the Advanced LIGO Design noise PSD, as obtained
from https://dcc.ligo.org/LIGO-T2000012-v1/public.
9The In B can be translated into terms of SNR, as described in [230].
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Figure 3.15. In Bayes factor as observation time T, and duty cycle £ are varied. Contours
denote lines of constant In Bayes factor, with In 3 = 8 used as a detection threshold. The
dashed lines show the intersection of the detection threshold contour with the & = 1072 line,
as expected for the BBH background. This illustrates that the detection threshold could be
reached within two weeks for such a BBH background with duty cycle & = 1072,

3.4.5 Further Ongoing Generalisations

The previous subsections highlighted some of the modifications made to the code since the
publication of [176]. Additionally, several other new features are currently being tested, which
we briefly mention below without too many details as these are still in the development stage.

* Segment boundary - For all of our data in this chapter, we only simulated signals which
lie completely within the analysis segment boundaries®®. A crucial next step is inves-
tigating how a signal which extends past a segment boundary will impact our results.
Preliminary results seem to suggest that since the typical fraction-of-a-second duration
that chirps are in the frequency band of the IVK detectors, signals being spread across
boundaries happen only a small fraction of the time. This seems to have a negligible im-
pact on the SSI results. However, this needs to be investigated further to fully understand

the effects on our method.

* Realistic waveforms — With the synergy between SSI and pygwb, the simulation of real-

20We remind the reader that SSI divides the data stream in short segments of 4 seconds each, potentially cutting
signals at segment boundaries.
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istic waveforms is almost child’s play. As mentioned earlier, these waveforms include the
inspiral, merger and ringdown, offering a more complete picture of the BBH constituting
the background, compared to the simpler case considered in our previous work where

we only considered the inspiral f~7/3

phase. Additionally, these waveforms are drawn
from a population of BBHs, as specified by the user. This puts us in a position to slowly
increase the complexity of the population we consider, and explore how this affects the
SSI method. Examples include random sky-localisation of the mergers, as well as more

realistic BBH mass distributions. This is currently being investigated.

All the generalisations above bring us a step closer to being able to run the SSI method on
real detector data. However, an additional challenge which is not addressed above will be the
detector noise. Although generalised to allow for coloured noise PSDs, our method does not
account for the possible features in the detector noise, such as glitches and non-stationarities.
However, in the first instance, we decide to focus the developments regarding SSI on the com-
plexity of the population making up the GWB, and leave the assessment of the impact of these
noise artefacts for future work.

3.5 Conclusions

Developing data-analysis techniques to reduce the time-to-detection of an astrophysical
GWB with the IVK detectors is one of the current challenges that the GW community faces.
Searches that include the intermittency of the BBH background to improve detection statis-
tics have been proposed in the past [67, 111, 241, 264]. In this chapter, we proposed a new,
stochastic search for intermittent GWBs and compared its efficiency with other searches. Our
stochastic-based search looks for excess cross-correlated power in short stretches of data, ig-
noring the deterministic form of the GW signal waveforms and, hence the need to marginalise
over all the associated signal parameters, as is done in the deterministic-signal-based approach
of Smith and Thrane [241]. Not only is it beneficial to develop multiple searches in order to
cross-check a potential detection, but there is an added benefit to running a search which does
not look for a specific waveform in the data. The stochastic signal model allows our search to
be flexible with respect to the type of signal it can detect.

For a series of analyses on data of increasing complexity, we showed that for data with
low duty cycles our search performs better than the SSC, which does not take the intermittent
nature of the BBH background into account. Furthermore, we showed that SSI is more flexi-
ble to the source of the intermittent GWB than our implementation of the Smith and Thrane
approach [241] and should be more computationally efficient in detecting a signal.

Before being able to apply this search method on real GW data, further generalisations need
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to be made. Several examples of such generalisations were given, both in the implementation
process and left for future work. For example, the generalisation to non co-located and non
co-aligned detectors was made, as well as allowing for coloured noise PSDs. Furthermore,
ongoing investigations regarding the impact of signals lying across segment boundaries and
using more realistic waveforms are performed.

Note also that various assumptions were made about the individual BBH chirps we con-
sidered. For example, the two component masses were chosen to be equal, and the resulting
chirp mass chosen to be identical for all the chirps (with only the distance to the source varying
from one data segment to another). In reality, the black hole masses will most likely follow a
power-law + peak distribution as shown by the VK results at the end of their third observing
run [17]. Generalising our method to allow for such mass distributions, as well as assessing
the performance of our search in that case, is currently being investigated.

In addition, challenges related to the correct noise estimation will likely present themselves,
but will be addressed in future work. For example, the Gaussian noise assumption will probably
be violated, due to the presence of noise transients: glitches. During the third observing run
of the IVK collaborations, these glitches were omnipresent in the data [19, 100]. Although
successfully mitigated through gating procedures during the third observing run, the sensitivity
of our search to the presence of such glitches and the impact of such gating procedures will have
to be investigated before analysing real detector data. Additional complications related to noise
estimation arise from the presence of a continuous GWB of BNS mergers. At any time, several
BNS mergers are expected to be emitting GWs in the LVK frequency band. Not only does this
violate the assumption that a segment contains either one signal or noise only, but it will also
affect the noise PSD estimation. Analysing real detector data will introduce many challenges,
which we plan to address incrementally, considering more and more realistic detectors and
signals.
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4 THE METALLICITY DEPENDENCE AND EVO-
LUTIONARY TIMES OF MERGING BINARY
BLACK HOLES

Why are black holes so different from all
other objects in the macroscopic
Universe? Why are they, and they alone,
so elegantly simple? If I knew the
answer, it would probably tell me
something very deep about the nature of

physical laws. But I don’t know.

Kip S. Thorne

Since the first detection of GWs by the LIGO-Virgo collaborations in 2015 [2, 6, 22, 44],
the number of detected CBCs has been steadily increasing, amounting to around ninety detec-
tions in the third observing run [17]. These individual detections offer new insights into the
demographics of compact binary mergers, including their mass and spin distributions. At the
same time, growing GW catalogues offer an opportunity to study the evolution of the binary
merger rate over cosmic time. The redshift-dependent merger rate is dictated by a confluence
of environmental conditions governing compact binary formation and evolutionary processes
describing their subsequent evolution. It therefore offers a window through which we can learn

about the births of compact binaries and the lives of their progenitors.

Compact binaries are expected to preferentially arise from massive stars in low metallicity
environments [59, 82, 135, 184, 194, 236]. Both the underlying metallicity-specific star forma-
tion rate (SFR) and the metallicity dependence of compact object formation, however, remain
poorly understood [81, 83, 85, 244]. Therefore, GW observations might provide one of the
best observational routes to constraining or measuring the metallicity specific SFR and com-

pact object formation efficiency. Furthermore, the time-delay distribution between progenitor
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formation and eventual binary merger is not known and, if measured, it could provide hints
as to what are the dominant formation channels and environments of BBHs. Binaries in the
field, i.e., that are not part of a stellar cluster, for example, exhibit longer/shorter evolutionary
time delays if they undergo stable/unstable (e.g., common envelope) mass transfer, respec-
tively [244]. Binaries assembled dynamically in clusters might experience a different range of
time delays altogether, with further distinctions depending on whether these dynamical systems
merge inside the cluster or are jettisoned and merge outside the cluster [235].

Current GW detectors, however, are limited in their ability to probe high-redshift BBH
merger events. For example, current catalogues provide meaningful constraints on the merger
rate only to z < 1 [17, 69], although the formation rate can be probed out to z ~ 4 for popu-
lation synthesis-motivated assumptions about the time-delay distribution [128]. Even with the
future Advanced LIGO A+ sensitivity [57], the redshifts that will be probed by individual com-
pact binary detections will likely remain below z ~ 3, thus suggesting that the high-redshift
investigation of the BBH merger rate will remain challenging, at least until the era of next-
generation instruments like the ET and CE [62, 124, 257].

Direct compact binary detections are not our only source of information, however. In addi-
tion to those individual binaries detected by the IVK collaborations, a GWB from unresolvable
CBCs is expected, as introduced in Chapter 2 [80, 221, 230]. Even though a GWB remains to
be detected by the IVK collaborations, current upper limits on the GWB can already allow us
to constrain the merger rate at higher redshifts than individual BBH merger detections alone
[18, 19].

Many studies have previously used catalogues of GW detections to study the formation
history of compact binaries [126, 127, 203, 227, 257]. In this chapter, we will study the evo-
lutionary history of compact binaries by combining direct detections with constraints on the
GWB. The approach of combining individual BBH merger events with upper limits on the GWB
was first explored in [71], where a phenomenological broken power-law model was adopted
for the BBH merger rate. In this study, however, we will seek to go a step further, moving past
the merger rate itself and constraining the metallicity dependence and evolutionary time delays
associated with compact binary formation and evolution.

This chapter is structured as follows. In Section 4.1, we introduce our model for the BBH
merger rate, starting from a metallicity-dependent SFR and an evolutionary time-delay dis-
tribution. In parallel, we demonstrate how differing assumptions regarding BBH formation
impact the expected amplitude of the GWB. The methodology for our joint individual BBH and
GWB analysis method is outlined in Section 4.2. Our results using data from the first three
IVK observing runs are discussed in Section 4.3.1. Finally, we explore the potential of the
analysis method with future constraints by considering the Advanced LIGO A+ sensitivity in
Section 4.3.2.
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This chapter is based on work in collaboration with Thomas Callister, Max Lalleman, and Nick

van Remortel, as published in [253 ].

4.1 Binary Black Hole Merger Rate

Whereas past work, as discussed in [71], focussed on characterising the resulting merger
rate of black holes, in this chapter we will seek to work further backwards, studying the un-
derlying formation efficiency and time-delay distribution of BBHs. Standard models for the
merger history of compact binaries rely on three ingredients: a metallicity specific SFR, an
efficiency with which stellar progenitors yield merging compact objects, and a distribution of
evolutionary time delays.

Throughout this chapter, we will consider the SFR as given in [188]. They obtain a fit to
the global SFR per unit volume of the form:

(1+2)*7
14+ ((1+2)/2.9)>¢

R,(z) o< 4.1
Note, however, that in Appendix B.2, we provide results for an alternative SFR proposed in
[255] to illustrate that the main conclusions of this chapter can still be drawn if one assumes a
different SFR.

It is expected that merging BBHs preferentially form in low metallicity environments, with
efficiencies falling steeply at metallicities Z 2 0.1 Z, [59, 82, 135, 194, 236]. Motivated by
this, we will assume that the birth rate of BBHs is proportional to the product R, (2)F(Z™*,z),
where F(Z™*, z) is the fraction of star formation occurring at redshift z below metallicity Z™*.

An analytic prescription for the fraction of star formation is given by [174] as

R Zmax 2
F(Zmax,z)NF(O.84,( ~ ) 100-32), (4.2)

©

where I" is the incomplete gamma function and Z, is the solar metallicity. The merger rate as a
function of redshift is then obtained by performing a convolution of the metallicity-dependent
SFR and a distribution of time delays p(t;) between binary formation and merger. We model

this time-delay distribution as a power law:

p (td|K tmin) oc (td)K (tglin = tq < tdmax) (43)
T 0 (else) ’

where 7 is fixed to the age of the Universe, i.e., 13.5 Gyrs, and tg‘i“ is a parameter that
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can be inferred from the data. The merger rate as a function of redshift is now given by the

convolution of the time-delay distribution with the metallicity-dependent SFR:

R(z) = f dty p(ts)R, (zf(z, td))F (Z < 2" z,(z, td)) , (4.4)

where the binary formation redshifts z; = z,(z, t;) are regarded as a function of merger redshift
and time delay.

Our prescription for the BBH merger rate left three parameters undefined — the slope x
of the time-delay distribution, the minimum time delay tg‘i“, and the maximum metallicity
Z™ amenable to compact binary formation. Our goal in this chapter will be to infer these
parameters from GW observations. The measurement of these parameters could shed light on
the different binary formation channels, as each of these predicts different values of the spectral

index k. For example, the value of k is expected to be -1 in the classical field formation scenario
[108, 109].
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Figure 4.1. Examples of the BBH merger rate R(z) for different values of the slope of the
time-delay distribution, x, and different values of the maximum metallicity below which black
holes are formed, Z™*. All curves are arbitrarily normalised to R(z = 0.2) = 1. The value of

the minimum time-delay parameter, tgﬁ“, is set to 0.05 Gyrs. Steeper time-delay distributions

result in a larger merger rate at large redshifts, whereas larger metallicity thresholds result in
a lower merger rate at large redshifts.

An example of the merger rate R(z) is given in Figure 4.1. We vary the slope of the time-
delay distribution «, as well as the maximum metallicity below which black hole formation
occurs Z™**, but fix the value of the minimum time-delay parameter tg‘i“ to an arbitrary value
of 0.05 Gyrs. Each curve is arbitrarily normalised to R(z = 0.2) = 1. A more negative slope
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K corresponds to more events that merged at early evolutionary times. Given a fixed observed
merger rate in the local Universe, more negative k correspondingly boosts the merger rate
at large redshifts, as illustrated in Figure 4.1. Similarly, lower metallicity thresholds allow
for a larger merger rate at earlier times, i.e., at large redshifts, when the metallicity of the
environment in which the binaries formed was still low. Note that, although the effect of varying
the minimum time-delay parameter is not displayed, decreasing its value would result in an
increased merger rate at high redshifts, as mergers now occur at earlier times, and therefore,
larger redshifts.

As we vary parameters, the behaviour of the black hole merger history in the local Universe,
where BBH mergers are currently observed, remains practically unaltered [ 17]. In contrast, the
most dramatic differences occur at large redshifts. Although these redshifts are too distant to
directly observe, these different models yield very different predictions regarding the GWB.

One recalls that the GWB can be expressed in terms of the dimensionless energy density
fraction Q(f), as previously introduced in Eq. (2.13) in Chapter 2 [230]. More specifically, for
the GWB coming from unresolved compact binaries throughout the Universe, the dimensionless
energy density takes the form [71, 211]:

dE,
R(Z)<d_fs> f(42)
(1+2)H(z)

Q(f) = LJ " da , (4.5)
Pc 0

where the Hubble rate at redshift z is given by H(z) = Hy,+/Q,,(1 +2)3 + Q,, neglecting the

contribution from the radiation density, and R(z) denotes the BBH merger rate. The matter
and dark energy densities are taken to be Q,, = 0.3 and Q, = 0.7, respectively [212]. We

impose a redshift cut-off z.,, = 10, as few BBHs are expected beyond this redshift, provided

max
the BBHs are stellar progenitors. The quantity (dE,/df,) is the GW energy spectrum of a single
binary, averaged across the BBH population [34]. If A denotes the intrinsic properties of a given

binary (masses, spins, etc.) and p(A) is the distribution of these parameters across the BBH

dE,\ dE,
< o >— f AT, 4.6)

where this quantity is evaluated at the source-frame frequency f, = f (1 +2) in Eq. (4.5). More

population, then

details about the assumed mass and spin distributions will be given below.

In Figure 4.2, we show an example of the computed Q(f) spectrum for different values of
the time-delay distribution parameters, as introduced in Egs. (4.3) and (4.4). The variation
in the Q(f) spectrum when varying the time-delay distribution and metallicity parameters can
be directly linked to the behaviour of the merger rate R(z) in Figure 4.1. Indeed, increasing

the integrated merger rate correspondingly increases the Q(f) spectrum. Note that the largest
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background comes from a steep time-delay distribution and a very low maximum metallicity,
while the smallest background comes from allowing long time delays and a high maximum
metallicity. For a more detailed explanation of the computation of Q(f), we refer the reader
to Appendix B.4. Furthermore, we note that the example given here is largely illustrative. For

example, more detailed investigations have recently been performed in [178].

K=-2, 7" = 10727,
10-10] k=-1, 2" = 10727,
K = -2, Zlnax = Z@
k=-1, 2" = 7

10! 102 103

f [Hz]
Figure 4.2. Example of the Q(f) spectrum for different values of the same parameters x and
Z™* as in Figure 4.1. The value of all other parameters that enter in the mass distribution
as given by Egs. (4.13) - (4.15) is fixed to arbitrary values: m,, = 10Mg, My, = 80Mo,
a=—2, y, = 20M,, 0, = 3M,, f, =0.01, B, =2, Ry = 1M_ ' Gpc2yr", 6my,, = 1M,
OMy;gn = 3M,, and t7" = 0.05 Gyrs. For more details on the time-delay parameter ;" and
R, We refer the reader to Egs. (4.3) and (4.11), respectively. The behaviour of the Q(f)
spectrum as the time-delay parameters are varied can directly be related to the behaviour of
the merger rate in Figure 4.1, as a larger integrated merger rate results in a larger net Q(f)
spectrum.

4.2 Analysis Method

Our goal is to learn about the evolutionary history of BBHs by synthesising all available
GW information, combining both direct detections of BBH mergers with upper limits on the
integrated GWB, based on a framework first proposed in [71]. The inputs to our analysis are a
set of N, direct BBH detections, with data {d}flz"t’f,
C(f) of the GWB, as first introduced in Eq. (2.26). Let A signify the set of hyperparameters
describing the BBH population, e.g., the slope of the time-delay distribution, x, introduced in

along with cross-correlation measurements
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Eq. (4.3). We assume that the joint likelihood of these measurements can be factorised as
[’({di}>é|A) = ‘CBBH({di} [A) EGWB(élA): 4.7)

where Lypy and Lgyg denote the likelihoods for the individual BBH detections and the GWB,
respectively.’

Individual binary black hole contribution
The individual BBH likelihood takes the form [186, 193, 249]:

Nobs dN
Lppy ({d;}|A) o< e MNew () J p(d;|2) J(A)dl, (4.8)
i=1
where, as in Section 4.1, A denotes the parameters (redshift, masses, spins, etc.), and p(d;|1)
denotes the likelihood of a GW event d; given parameters A. In the expression above, we also

note the presence of the differential mass-redshift distribution for BBHs, which is given by:

dN

ddeldmz p(z’ ml)mZ)J (4 9)

where N denotes the total number of BBH mergers integrated across all redshifts and masses.
Assuming that the component mass distributions do not vary with redshift®, this allows us

to decompose the mass-redshift distribution, and adopt the following parameterization:

dR R(z) ¢(my)
dm;dm, = ""R(0.2) ¢(20M,)

p(my), (4.10)

where
Rref

(4.11)

dzdmy |,_g my=20M,

is the merger rate at redshift z = 0.2 and primary component mass m; = 20M,. As a reminder,
the merger rate R(z) was previously introduced in Eq. (4.4), whereas ¢(m,) and p(m,) denote
the mass distributions and will be given below.

The rate in Eq. (4.10) can be related to the differential mass-redshift distribution in Eq.

(4.9) by
dN dv. 1 dR

dzdm;dm, T dz 1+ dm,;dm,’

(4.12)

This factorisation does not strictly hold, as the same stretches of data contribute to both the direct compact
binary detections and the GWB measurements. However, the contributions of direct detections to GWB measure-
ments are negligible, making the factorisation a good approximation at current detector sensitivity.

2Although intrinsic evolution of the compact binary mass distribution with redshift is a generic prediction [244,
265], no such evolution is detected with current data [17, 129, 244].
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where the factor (1+2) ™! transforms from detector-frame to source-frame time, and A < denotes
the co-moving volume per unit redshift.

In addition, the differential mass-redshift distribution, given in Eq. (4.9), contains a mass
distribution for each of the masses. According to the most recent results of IVK’'s GWTC-3
catalogue [17], we model the primary mass distribution as a mixture between a power law and

an additional Gaussian excess®:

f, (m; — u,)? 1+ .
p(m;) = \/# exp (—%) +(1-1,) ((100M®)1+a —a(2M®)1+“)m1’ (4.13)

where a is the spectral index of the power law, the mean u,, and variance 0'31 characterise the

Gaussian peak, and f, denotes the relative contribution of the Gaussian peak and the power
law [14, 247]. A smoothing function is applied, such that the mass distribution is suppressed
for m; < my,, and m; > my;e:

_( — ow)2
plmesp (258t ) - (my < i)

¢ (m) =19 p(m,)exp M) (my > myg, ) (4.14)

2
Zamhigh

p(m;) (else)

where 6my,,, and 6my,;, denote the scale of smoothing. The secondary mass m, is assumed to

follow a power-law distribution, while ensuring m, < m;:

1+[3’q B
p(m,|m )=( )m ! (4.15)
21y m1+/5q @M, Y4y 2

where 3, denotes the spectral index of the distribution, and p(m,|m; ) is set to zero below 2M,,.
Although not explicitly mentioned throughout this section, the spin magnitudes and spin-orbit
tilt angles are included in the analysis as well, for which the distributions are provided in
Appendix B.3.

In Eq. (4.8), the total number of GW events, i.e., detected and undetected, is denoted by
N(A), whereas the number of observed events is represented by N,,,. The expected number of

observations Ny, is given by

Nexp(A) = f dAPdet(A') (AIA) (4.16)

where P, (1) is the probability of successfully detecting a BBH merger described by parameters

A. In practice, N,,,(A) can be approximated through a Monte Carlo average over artificial

exp

3This is often referred to as power-law-+peak in the community.
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signals injected into detector data:

Niound
1 dN/dA;
N..(A) = — — (4.17)
P Ni; Z pinj(li)
where the sum runs over the number of above detection threshold injections, N4, drawn
from a reference distribution p;,;(4;) [70]. More details about the set of injections used in this

analysis can be found in Appendix B.1.

The remaining necessary element in Eq. (4.8) is the individual BBH likelihood p(d;|7),
which can be estimated using Monte Carlo integration over posterior samples drawn from a
reference prior p,. [186, 193, 249]:

N,

* [ dN/dA;

Ligy ({d;} |A) oc e New® | | <;7L> ) (4.18)
i=1 ppe( i) samples

where p,.(4;) denotes the prior used during the parameter estimation to infer the distribution
of the parameters describing the GW event, and the average is taken over the posterior samples

of each event.

Gravitational-wave background contribution

Our joint analysis also incorporates the contribution from the GWB. Remember that GWB
searches, such as the one performed by the IVK collaborations [19] and described in Section
2.1.4, aim to measure the dimensionless energy density Q(f). To this end, an optimal cross-
correlation estimator C(f) is introduced, as was defined in Eq. (2.26) [35]. Recall that the
normalisation of this estimator is such that (C(f)) = Q(f). An estimator of the variance is
given by (é(f)CA'(f’)> =6(f — f)o®(f), where o*(f) was previously defined in Eq. (2.27).

This cross-correlation estimator then enters in the likelihood Lgyy in Eq. (4.7), which is
well-approximated by a Gaussian distribution [19], as was seen in Eq. (2.38) in Chapter 2.
The model Q,,(f) in Eq. (2.38) is then given by the Q(f) introduced previously in this chapter
in Eq. (4.5), given some hyperparameters A. For additional information, we refer the reader
to [19].

All together, we infer 16 hyperparameters: the nine parameters governing the primary and
secondary mass distributions in Egs. (4.14) and (4.15), the three spin parameters detailed in
Appendix B.3, the three parameters {Z™, k, tg‘in} characterising the formation and evolution
of BBH systems, as well as the reference merger rate amplitude R . defined in Eq. (4.11). The

priors used for the parameter estimation are summarised in Table B.1 in Appendix B.3.
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4.3 Results

In this section, we discuss the results of our analyses. Section 4.3.1 presents the results
using currently available IVK data, while Section 4.3.2 shows results that will be available in
future observing runs with the improved A+ sensitivity of the Advanced LIGO detectors.

4.3.1 Constraints from IVK O1, 02, and O3 Data

We now apply the methodology outlined in the previous sections to place constraints on
the time-delay parameters giving rise to the BBH population, using data from LVK’s first three
observing runs. More details about the exact data used are given in Appendix B.1.

In Figure 4.3, we show the obtained posteriors on the time-delay parameters {x, Z™, ¢™in}
from Eqgs. (4.3) and (4.4), as well as the merger rate amplitude R, at z = 0.2 and m; = 20M,,
as defined by Eq. (4.11). We simultaneously infer all the hyperparameters, e.g., also appearing
in the mass distributions, but these are omitted from the plot for the sake of visual clarity. Since
the merger rate amplitude R, parameterizes the merger rate at z = 0.2 and m; = 20M,, it
will be almost solely determined by LVK’s individual BBH detections, which happen at low to
moderate redshifts. This is indeed the case, as illustrated by the recovery of the R . parameter
in Figure 4.3, which is dominated by individual BBH events. In addition, the slope of the time-
delay distribution « is constrained to negative values. A positive value of k would give rise to
a merger rate R(z) that decreases with z at low redshifts, contradicting the currently observed
merger rate dependence on the redshift. Current individual BBH detections together with the
GWB estimator are not able to constrain the metallicity threshold Z™*, nor the minimum time-
delay parameter tgﬁn.

The authors of [127] similarly constrained the conditions of compact binaries using direct
detections of binary mergers from the first two LIGO observing runs (but without additional
constraints from the GWB). We do note, however, that they assume an alternate SFR given by
[189], and that only two parameters are varied at a time, contrarily to our case where the slope,
the minimum time delay, and the metallicity threshold are varied simultaneously. Keeping
these differences in mind, our results are consistent with the ones obtained in [127]. They
constrained the slope of the time delay distribution to negative values at the 90% confidence
level, and are unable to constrain the value of the metallicity threshold for the values of the
minimum time delay considered in this chapter.

In principle, measurements or upper limits on the GWB are dominated by binaries at higher
redshifts, and could thus offer a complementary constraint on the slope of the time-delay dis-
tribution x, the metallicity threshold Z™**, and the minimum time delay tg‘in. However, we

find that current constraints on the GWB are not sufficiently sensitive to appreciably change
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Figure 4.3. Posteriors on the parameters governing BBH birth and evolution using both direct
detections and GWB constraints on the first three LVK observing runs. For clarity, the only
posteriors that are shown are for the reference merger rate amplitude R, the slope of the
time-delay distribution k, the metallicity threshold Z™®, and the minimum time delay tg‘in,
although we simultaneously inferred the BBH mass distribution as introduced in Section 4.2.
The reference merger rate amplitude R ¢ is well constrained due to the currently observed
individual BBH merger events happening at low redshifts. Although the metallicity threshold
Z™ and the minimum time-delay parameter tg‘i“ cannot be constrained with data from the
first three observing runs, the slope of the time-delay distribution x is constrained to negative
values. Positive values of this parameter would give rise to a different merger rate that decreases
with redshift, contradicting current observations.
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Figure 4.4. Posterior samples on the merger rate Cfl—n]‘fl(m1 = 20M,,) for the joint analysis using
both direct detections and GWB constraints. For reference, the 5% and 95% credible limits are
shown in full black lines for the individual BBH run, and the dashed black line shows the median
value for the BBH only run. The results of the individual BBH run and the joint analysis using
both direct detections and GWB constraints are comparable, illustrating that the GWB upper
limits are not informative at current detector sensitivity. Furthermore, we note that the merger
rate is well-constrained at low redshifts because of the individual BBH mergers detected at
those redshifts.

the measurements using solely individual BBHs. To illustrate this point further, we compare
the resulting posterior samples on the merger rate j—n}fl(ml = 20M,) in Figure 4.4. The individ-
ual blue traces correspond to individual posterior samples drawn from Figure 4.3, while solid
black curves show the bounds obtained from analysing BBHs only. This shows that, at current
sensitivity, results are entirely dominated by individual BBH mergers.

To illustrate why current upper limits on the GWB are not yet informative, we show the
expected Q(f) from the posterior samples of the joint analysis using both direct detections and
GWB constraints in Figure 4.5. We compare these samples with the 20 O3 PI sensitivity curve,
which illustrates the sensitivity to an isotropic GWB, as introduced in Section 2.2.1 [250]. Recall
that, approximately, spectra lying above the PI curve typically have a SNR large enough to be
detected, while spectra lying below have a SNR that is not sufficiently large for detection. As
can be seen, none of the posterior samples for Q(f) are within reach of the PI curve, illustrating
that we do not expect additional information from the GWB contribution to the likelihood at
current sensitivities.

Note that our results rely on our fairly strong systematic choice of a fixed SFR. As a check

on the corresponding systematic uncertainty inherent in our results, we repeat this analysis
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Figure 4.5. Posterior on (f) using the posterior samples from the joint analysis using both
direct detections and GWB constraints on the first three IVK observing runs. The median is
denoted by the dashed black line, and the 95% credible upper limit by the full black line.
The 20 O3 PI curve from [19] is shown (dotted black) as an indication of the GWB detection
threshold after the first three IVK observing runs. All posterior samples fall below the O3 PI
curve, illustrating that we do not expect the GWB contribution to be informative at current
detector sensitivity.

in Appendix B.2 for an alternative SFR given by [255], illustrating that our main conclusions
remain unaltered when assuming a different SFR. The stellar metallicity distribution in Eq.
(4.2) represents an additional systematic uncertainty in our analysis. Although we use a fit
provided by [174] in this work, more modern fits have recently been proposed, e.g., [84, 243].

Future work will assess the impact of the choice of metallicity distribution on our results.

4.3.2 Constraints Using Advanced LIGO A+ Sensitivity

Although current GWB limits are not yet informative, increased integration time will give
increasingly sensitive GWB measurements, even in cases where detector horizons do not ap-
preciably change. This improved sensitivity will be increasingly informative regarding the evo-
lutionary history of BBHs. We therefore consider GWB measurements obtainable with the Ad-
vanced LIGO detectors at their future A+ sensitivities [57], assessing the potential of our joint
analysis method in constraining the time-delay parameters.

Following a future observing run with LIGO A+ instruments, there are two possibilities: a
detection of the GWB could be made, or the background could go undetected still. We will

consider both cases, exploring the resulting constraints on the time-delay parameter space in
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each case. In both cases, we simulate a GWB signal consistent with the results obtained in
Section 4.3.1 using data from the first three observing runs. To accomplish this, we choose two
samples from the posterior distribution presented in Figure 4.3: one posterior sample predicting
a GWB that should be detectable with LIGO A+, and a second predicting a background that
should remain undetected”. For both cases, we consider the LIGO Hanford and LIGO Livingston
baseline, and assume an observation time of one year at the Advanced LIGO A+ sensitivity [57].
Future observing runs with more sensitive instruments will certainly also yield additional direct
detections of BBH mergers. Our goal in this section, however, is primarily to understand the
astrophysical information contained in a detection (or non-detection) of the GWB. We therefore
do not simulate additional compact binary mergers, but use the same GWTC-3 catalogue of

direct detections as in Section 4.3.1.

Case 1: A Detection

We first consider the detectable GWB case, for which the simulated Q(f ) spectrum is shown
in Figure 4.8, together with the 20 A+ PI curve assuming a one-year observation time, for
reference. Note that as the injected GWB lies above the PI curve, we indeed expect a detection.
We infer the slope of the time-delay distribution «, the metallicity threshold Z™*, and minimum
time delay tg‘i“ using both the individual BBH events from the GWTC-3 catalogue, and the
simulated detectable GWB at A+ sensitivity. The posteriors for these parameters are shown
in Figure 4.6, where the black dashed histograms represent the results of the analysis with
current data reported in Figure 4.3 to facilitate comparison. We omit the R..; posterior from
the plot, and note that since the merger rate amplitude R, is currently entirely determined by
individual BBH events, the addition of GWB measurement at A+ sensitivity does not alter the
posterior on R.,.; compared to the runs at current sensitivity in the previous section. Contrarily,
the posteriors on the time-delay parameters are much more constrained than in the runs using
data from the first three observing runs of the previous section. Larger negative values are
favoured for the slope of the time-delay distribution «, whereas smaller values are supported
for both the metallicity parameter Z™**, and the minimum time delay tfini“. In Figure 4.2, it
min
detection of a GWB by definition requires a reasonably large signal, pushing our posteriors on

was illustrated that smaller values of Z™*, k and t7"" corresponded to larger GWB signals. A

all three parameters to smaller values in Figure 4.6.

“This is done by comparing the predicted (f) spectrum of the posterior sample with the Advanced LIGO A+
PI curve [19]. A sample lying above the PI curve is labelled as detectable, whereas the opposite is true for samples
lying below the PI curve [250]. More information regarding PI curves can be found in Section 2.2.1.
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Figure 4.6. Posterior on the slope of the time-delay distribution «, the metallicity threshold
Z™and the minimum time-delay parameter tg‘i“ for the joint analysis using both direct de-
tections and GWB constraints at Advanced LIGO A+ sensitivity, in the presence of a detectable
GWB. The dashed black lines represent the 1D histograms for the joint analysis on data from
the first three observing runs from Figure 4.3, for reference. We note that there is more support
for larger negative values of the slope of the time-delay distribution «, and that smaller values
of the metallicity parameter Z™® and the minimum time delay tg‘i“ are favoured. In addition,
we point out the complementarity of these constraints with the case of an undetectable GWB
at A+ sensitivity, as reported in Figure 4.9.

In addition to the posteriors, we show the merger rate j—rfl(ml = 20M,) constructed from
the posterior samples in Figure 4.7, as well as the posterior samples on Q(f ) in Figure 4.8. The
posterior samples of both quantities show agreement with the injected quantities, which are
denoted by the red dash-dotted line in both figures.
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Figure 4.7. Posterior samples for f—n};(ml = 20M,) with the injected rate corresponding to a

detectable GWB at A+ sensitivity indicated by the red dash-dotted line. The full black lines
denote the 5-95% confidence interval, and the dashed black line denotes the median.
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Figure 4.8. Posterior samples for Q(f ) with the injected detectable background denoted by the
red dash-dotted line. The 95% upper limit is denoted by the full black line, and the dashed
black line represents the median. The dotted black line represents the 20 A+ PI curve.

Case 2: A Non-Detection

We now repeat the above analysis, but with a GWB measurement at A+ sensitivity that falls

below the expected sensitivity of a GWB search, as displayed in Figure 4.11. This is illustrated
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by the fact that the injected GWB falls below the A+ PI curve. Similarly to the detectable
case, the simulated GWB measurement is constructed from a posterior sample of the run with
current data to ensure consistency with observed GWTC-3 BBH events. In Figure 4.9, we show
that the improved A+ sensitivity, even in the absence of a GWB detection, allows for better
constraints on the time-delay parameters. In particular, we note that the slope « of the time-
delay distribution and the metallicity threshold Z™®* are now required to lie along a preferred
two-dimensional contour. The same is true of k and the minimum time delay tg‘i“. The result
is that very large and negative values of x, and small values of Z™* and tg‘i“ are excluded,
since these values would all have yielded a detectable GWB. Larger values of the metallicity
parameter Z™* and the minimum time delay tgﬁ“ are favoured to be consistent with a non-
detection of a GWB. Furthermore, we note that f—n}fl(ml = 20M,) is poorly constrained in the
case a GWB detection cannot be claimed, as illustrated in Figure 4.10. In particular, we point
out the similarity of this posterior with the result with current data presented in Figure 4.4, but
note the somewhat lower 95% upper limit due to the improved A+ sensitivity. Furthermore,
the Q(f) posterior in Figure 4.11 is consistent with the results using current data shown in
Figure 4.5, although with a slightly lower 95% upper limit, again as a result of the improved
A+ sensitivity.

It is particularly interesting to stress that distinct regions of parameter space can be con-
strained depending on whether the GWB is detected or not. The non-detection of a GWB at
A+ sensitivity would allow us to heavily constrain the slope of the time-delay distribution «,
as other values of that parameter would have given rise to a detectable GWB, which was not
observed. However, the Z max-tfini“ parameter space remains mostly unconstrained, although
slightly favouring larger values of both parameters. In contrast, the detection of a GWB instead
allows us to place stronger bounds on Z™* and t;“i“, but yields less stringent constraints on the

K parameter, favouring larger negative values.

To illustrate why distinct regions of parameter space can be constrained with the detection

or non-detection of a GWB, we consider the SNR, which we remind the reader is given by

3H ([ 22\
:\/_ 0 d 12 )
o ZTlon-sz ffﬁpl(f)Pz(f)) ’ @19

min

where T denotes the observation time, y,,(f) the ORF as introduced in Section 2.1.3, and
P;(f) the noise PSD of detector i = {1, 2} [230]. In Figure 4.12, we show contours of the
stochastic SNR in the k —Z™® parameter space, using the Advanced LIGO A+ sensitivity. When
computing the expected GWB spectrum Q(f ), the minimum time delay was set to t7™ = 0.05
Gyrs and the values of other hyperparameters were set to the median values of the posteriors

in Figure 4.3. Additionally, we show 1D histograms of regions of parameter space where the

METALLICITY DEPENDENCE AND EVOLUTIONARY TIMES

117



118

0.80
—1.39t3.90

~6 —1 =2 0 -3 -2 —1

K log (2™ / Z ) log (3 /Gyrs)
Figure 4.9. Posterior on the slope of the time-delay distribution «, the metallicity threshold
Z™ and the minimum time-delay parameter tg‘in for the joint analysis using both direct detec-
tions and GWB constraints at Advanced LIGO A+ sensitivity, in the presence of an undetectable
GWB. The dashed black lines represent the 1D histograms for the joint analysis on data from
the first three observing runs from Figure 4.3, for reference. We note that large negative values
for the slope of the time-delay distribution « are disfavoured, and that there is an enhanced
support for larger values of the metallicity parameter Z™** and the minimum time delay tg‘i“.
In addition, we point out the complementarity of these constraints with the case of a detectable
GWB at A+ sensitivity, as reported in Figure 4.6.

expected SNR is smaller (larger) than 3 in blue (green). In particular, we want to highlight that
the regions of parameter space where the SNR is larger (smaller) than 3 corresponds to the re-
gion of parameter space where most posterior samples lie for a detectable (undetectable) GWB

in Figure 4.6 (Figure 4.9). The detection (non-detection) effectively forces the posterior sam-
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Figure 4.10. As in Figure 4.7, but now for the case of an undetectable GWB.
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Figure 4.11. As in Figure 4.8, but now for the case of an undetectable GWB.

ples to lie within a region of parameter space with a corresponding SNR that is above (below)
the detection threshold of p = 3. Therefore, the two cases considered in this chapter, both a
GWB detection and non-detection at the Advanced LIGO A+ sensitivity, provide complementary

information about the time-delay distribution and metallicity-specific SFR.
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Figure 4.12. Contours of the expected stochastic SNR using the Advanced LIGO A+ sensitivity
for the slope of the time-delay distribution x and the maximum metallicity below which black
holes are formed Z™®. The 1D histograms denote the regions of parameter space where the
SNR is smaller (larger) than 3 in blue (green). In constructing the stochastic SNR contours,
the minimum time delay was set to tg‘i“ = 0.05 Gyrs and all other hyperparameters were set
to the median value of the posteriors in Figure 4.3. The regions of parameter space where the
SNR lies above (below) 3 corresponds to the region of parameter space where most posterior
samples lie for a detectable (undetectable) GWB in Figure 4.6 (Figure 4.9).

4.4 Conclusions

The target of this chapter was to shed light on the evolution of BBHs with GW data. We
currently have two sources of information — the direct BBH detections comprised in GWTC-3,
and the upper limits on the GWB. Each of these observational inputs provides us information
about the binary merger rate at different redshifts. Our goal was to synthesise both together to
constrain the parameters that govern the metallicity-specific formation rate of BBH progenitors
and their subsequent evolutionary time delays.

We considered IVK data from the first three observing runs, including both individual BBH
mergers from the GWTC-3 catalogue, as well as current upper limits on the GWB. Current
individual BBH mergers allowed to constrain the slope of the time-delay distribution to negative

values, but left the other parameters of interest unconstrained. The addition of information
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from the GWB in our joint analysis using individual BBH mergers and the upper limits on a
GWB did not provide more stringent constraints at current sensitivity.

Nevertheless, we considered the future Advanced LIGO A+ sensitivity and considered both
the case of a GWB detection and non-detection at that sensitivity. We showed that both cases
offer unique and complementary constraints on the parameter space of interest. Indeed, the
non-detection of a GWB at Advanced LIGO A+ sensitivity results in tight constraints on the
slope of the time-delay distribution. On the other hand, the detection of a GWB would allow to
constrain larger parameter space regions of the metallicity threshold and minimum time-delay
parameter.

Although considering current GWB upper limits did not improve the constraints on the
metallicity-specific SFR and time-delay parameters at current sensitivity, this chapter showed
that the additional information contained in a GWB measurement will be essential to learn

more about the environment in which compact binaries formed and their evolution.

Data and code
Data produced in this paper are available at https://zenodo.org/doi/10.5281/zenodo.
10016289. The code used to produce the results in this paper can be found on https://

github.com/kevinturbang/bbh_gwb_time_delay_inference/tree/main.
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In addition to the vast amount of astrophysical sources contributing to the GWB, an abun-
dance of cosmological processes could have generated GWs throughout the history of the Uni-
verse. Potential sources include inflation, cosmic strings, first order phase transitions, domain
walls, and many more [68, 75]. The resulting background from these phenomena offers a
unique probe of the early times of the Universe, or equivalently, the high energies involved in
those processes, unattainable by particle detectors on Earth. In this thesis, however, we focus

on one of these scenarios: first order phase transitions.

Chapter 5 - First Order Phase Transitions

First order phase transitions are predicted in many Beyond the Standard Model theories. Their
unique GWB signature within current and future GW experiments would offer smoking gun
evidence for new physics. This chapter reviews the theory behind first order phase transitions
and the resulting background, while commenting on the special case of supercooled phase
transitions. We then proceed by placing constraints on supercooled phase transitions using
IVK data from the first three observing runs. We then consider two well-motivated particle
physics models and constrain their relevant parameter space through the non-observation of a

first order phase transition signal in IVK data.
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5 FIRST ORDER PHASE TRANSITIONS

Bubbles! Bubbles! My bubbles!

Finding Nemo (Pixar Animation Studios)

The richness of the GWB lies in its many contributions from various processes of completely
different origins. Additionally to the contribution from astrophysical sources, a vast amount of
cosmological processes that happened during the history of the Universe could have contributed
to the overall GWB. In this chapter, however, we focus on the contribution from first order phase
transitions (FOPTs) [173].

In the context of particle physics, FOPTs take place as the temperature of the Universe
decreases, allowing the scalar field to tunnel from the so-called false vacuum to the lower-
energy, true vacuum. Similarly to what happens when water boils, i.e., goes from a fluid phase
to a gaseous one, this process is accompanied by the nucleation of bubbles, which then expand
throughout the Universe, converting false vacuum into true vacuum as these sweep through
the vast extent of our Universe. This results in the generation of GWs as bubbles collide and
produce sound waves and turbulence in the plasma of the Universe. This mechanism provides a
powerful way to probe the very high energy scales involved during these processes through the
observation of a GWB. Furthermore, this interplay between particle physics and GWs provides
a unique opportunity to explore regions of parameter space otherwise unreachable in typical
particle physics experiments. Indeed, the new physics energy scales 2 100 TeV fall outside
the range probed by Earth-based accelerators. However, precisely such large energy scales can
give rise to a signal within the frequency range of the LVK detectors, since the peak of the GWB
spectrum is expected to fall within the range ~ 10 — 1000 Hz for these scales.

This chapter starts by reviewing the theory of FOPTs by first introducing the concept of
effective potential, and then taking a closer look at the generation of GWs from FOPTs. Section
5.2 is dedicated to deriving constraints using LVK data from their first three observing runs on a
specific type of FOPTs: supercooled phase transitions. We then apply the same methodology to
constrain the parameter space of two concrete particle physics models that exhibit supercooling

in Section 5.3.
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This chapter is partially based on work in collaboration with Charles Badger, Bartosz Fornal, Kata-
rina Martinovic, Alba Romero, Huai-Ke Guo, Alberto Mariotti, Mairi Sakellariadou, Alexander

Sevrin, Feng-Wei Yang, and Yue Zhao, as published in [50 ].

5.1 Theory of First Order Phase Transitions

In this section, we review the theory governing FOPTs. The concept of the effective po-
tential is introduced, together with a toy model illustration of FOPTs and second order phase
transitions (SOPTs), highlighting the main differences between the two. In addition, we review
the mechanism behind the production of GWs from phase transitions and provide expressions
for the predicted GWB signal. We end this section by commenting on a special class of FOPTs:

supercooled phase transitions.

5.1.1 The Effective Potential and Phase Transitions

We now introduce the concept of effective potential, basing our review on [216]. When
considering particle physics models that contain a scalar field, one usually thinks of the so-

called Mexican hat potential:
2
A
Vo($)=—97+ To" (5.1)

In reality, however, this tree-level potential receives contributions from quantum loop diagrams.

Considering only one-loop contributions’, these extra contributions take the form:

A ORI {m:‘(cp) [1og(m;ff )) —ci]}, (5.2)

where the index i runs over the particle content of the model, n; denotes the number of degrees

of freedom for each of the particles (including a negative sign for fermions), and m;(¢) are the
masses of the i particles that couple to the scalar field ¢. The parameter u denotes the so-called
renormalisation scale and ¢; = 5/6 for gauge bosons, and ¢; = 3/2 for other fields.
Additionally, the high energy scales, or equivalently high temperatures, make quantum field
theory alone unsuitable to accurately describe the physics governing phase transitions. Instead
of assuming these phase transitions take place in a vacuum, one relies on thermal field theory
for a more precise description of the thermal bath in the Universe. This is captured by an

'Higher-order loops are assumed to be subdominant.
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additional contribution to the potential:

T4
ilg 1) =Yg I o) 53
where
J(B*m3($)) = f dx x*log(1—(—1)f exp (—y/x2 + B2m?(9))). (5.4)

The sum in the above expression runs over the particles i, with associated number of degrees

of freedom n;, 8 = %, and where F; = 1 for fermions and F; = 0 for bosons.

In the high-temperature limit, the integral in the above expression can be approximated
[216]. For bosons, the integral can be expanded as:

+..., (5.5)

3/2
nt  m?m? ﬂ:(mz)/ 1 m* m?
PR

Jam?/T)=—"_ M _T(m —my
s/ T ==+ o s\ 32 T4 08

where loga, = 5.4076. For fermionic contributions, the high-temperature expansion of the

integral takes the form:

7t m?m 1 m* m?

Je(m?/T) = — — — — — — — 1 +..., 5.6
T = g0 " 2417 ~ 3214 %8 412 -0

where loga, = 2.6351. Both of the above expressions will be useful to build up some intuition

when discussing two toy models later on in this section.

Furthermore, an additional term is sometimes added to the effective potential, the so-called
Daisy contribution:

Vo9, T = i ()" = (i) + 1)), 5.7

1

where the sum again runs over the particles i and II; is the leading contribution in temper-
ature to the one-loop thermal mass [95]. This contribution is introduced to deal with the
re-summation of thermal loop diagrams, a topic that goes beyond the scope of this thesis. We
refer the interested reader to [95] for additional information. Note, however, that these cor-
rections to the potential are often small and do not have a large impact on the shape of the

potential.

Taking all the above additions to the tree-level potential into account, one obtains the ef-

fective potential:

Veff(¢: T) = VO(¢) + V1CW(¢) + VT(¢: T) + VDaisy(¢: T) (58)
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The above expressions dictate the temperature evolution of the potential, and therefore also
the dynamics of the scalar field obeying this potential. Different model parameters and particle
content of the theory will have a direct impact on the shape of the potential, influencing its
evolution with temperature. As we will see below, the shape of the potential will determine
whether a FOPT or a SOPT takes place as the temperature of the Universe decreases. Indeed, a
potential barrier between the origin and the true vacuum will prove to be a characteristic and
necessary feature for FOPTs. This is illustrated with two toy models below, based on [216].

Second or higher order phase transition
We start by discussing the case of SOPTs, by studying a concrete toy model realisation of the
effective potential introduced above. In practice, it can be shown that SOPTs are approximately

well-characterised by the following toy model:
2 2 2 A 4
V(¢,T)=D(T>~T2)¢ +Z¢’ (5.9)

where D, T,, and A are constants, determined by the underlying particle physics theory. Indeed,
working in the high-temperature expansion introduced in Egs. (5.5) and (5.6), it can easily be
seen that the leading-order” contributions to the potential scale as ~ ¢2T?2. The temperature-
dependent curvature, m? = 32V /39 ¢2, is given by

m?(¢,T) =3A¢*+2D(T?—T7), (5.10)

with two stationary points of the system being:

2D (T2 —T2)
$(T)=0, ¢(M)=\——F" (5.11)

A
Considering the evolution of the potential with the temperature T, one notices that for T > T,
only the first solution in Eq. (5.11) exists, and m?(¢,T) > 0, rendering the origin the only
stable minimum of the theory. When T = T, the potential only contains the quartic term, and
both stationary points coincide. Once a regime where T < T, is entered, the origin becomes
unstable due to the negative mass term in Eq. (5.10). The origin becomes a local maximum,
with two new stationary points appearing away from the origin (¢ # 0). At T = 0, the mass
term is negative, making the origin unstable. On the other hand, the other minimum at ¢ =
++4/2D /AT, is favoured due to its lower energy, spontaneously breaking the original ¢ <> —¢
symmetry of the theory. The field configuration corresponding to ¢ = 0 is called the symmetric

2Note that the next-to-leading order term for bosons scales as ~ ¢>T, leading to a FOPT as will be illustrated
below.
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phase or false vacuum, whereas ¢ # 0 is said to be the broken phase or true vacuum. This is
illustrated in Figure 5.1.

A key characteristic of SOPTs is that the transition happens smoothly as the temperature
decreases. As will be seen below for FOPTSs, it is the presence of a potential barrier between the
true and false vacuum that enables the generation of GWs. Since this feature in the potential

is not present for SOPTs, GWs cannot be generated during such transitions.
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Figure 5.1. Top: A toy model representation of SOPTs. As the temperature of the Universe
decreases, the origin becomes unstable, resulting in the true vacuum of the theory being away
from the origin. For concreteness, the values of the parameters in Eq. (5.9) were chosen to be
D =1, A =16, and T, = 10. Bottom: A toy model representation of FOPTs. As the Universe
cools down, an inflection point appears in the potential. Both minima (at the origin and away
from it) are degenerate when the critical temperature T, is reached, with a barrier between the
two minima for even lower temperatures. For concreteness, the values of the parameters in Eq.
(5.12) were chosentobe D =2, E =4, A =16, and T, = 3.
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First order phase transition

We now move to the description of FOPTs through the same toy model approach as done above
for SOPTs. However, FOPTs differ from second or higher order ones due to the presence of a
barrier in the potential between the symmetric and broken phase. To illustrate this character-

istic feature, the toy model potential now contains a cubic term in the potential:
2 2 2 3 A’ 4
V(¢,T)=D(T*—T2?)$p>*—ET¢>+ 245 (5.12)

where D, T,, E, and A are constants, again determined by the underlying particle physics theory.
As pointed out above, working in the high-temperature limit, the appearance of the cubic term
can intuitively be understood from the next-to-leading order term in the bosonic contribution
in Eq. (5.5), which scales as ~ ¢3T. As the Universe cools down, an inflection point is formed

at a temperature T = T;, given by

,  8ADT?

T2=—— 0 5.13
1~ 8AD —9E2 (5.13)

with corresponding field value ¢(T;) = 3ET,/2A. As the temperature decreases further, a
barrier appears between this inflection point and the origin. The two points become degenerate

at the critical temperature T.:
, ADT?

T = ——.
¢ AD—E?
Once the critical temperature is reached, the origin becomes metastable, with the other mini-

(5.14)

mum at ¢ # 0 taking on the role of true vacuum of the theory with lower energy. Finally, the
barrier completely disappears at some temperature T,,, making the origin a local maximum of
the potential. This is illustrated in Figure 5.1. Although the barrier impedes the scalar to roll to
the true vacuum, we will see that thermal tunnelling through the barrier will allow the scalar
field to reach the true vacuum. This is an important part of the mechanism that will eventually
lead to GWs, as will be illustrated below.

Before moving on to the discussion of GW generation from FOPTs, we want to point out
that the particle content of the Standard Model (SM) alone does not give rise to FOPTs in the
early Universe. Nevertheless, FOPTs are a generic feature in a number of theories beyond the
Standard Model (BSM). As such, the observation of a FOPT GWB signal will provide smoking
gun evidence for BSM physics, making it an exciting topic to investigate. Some examples in-
clude models with new physics at the electroweak scale [36, 77, 110, 140, 256], hidden sectors
[66, 93, 144, 239], dark matter [49, 52, 53, 55, 145], unification [65, 92, 157, 207], confine-
ment [94, 150, 158], baryon and/or lepton number violation [48, 54, 78, 133, 148, 168],
neutrino mass models [64, 104, 206, 267], axions [101, 103, 258], supersymmetry breaking
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[90, 102, 134], or theories explaining flavour anomalies [ 132, 139]. For a more complete list
of references on models exhibiting FOPTs, we refer the reader to [68].

This first section established the basic concepts related to phase transitions, and stressed
the key feature of FOPTs enabling the generation of GWs: the potential barrier. In the next
section, we review how a potential barrier allows for the generation of GWs and provide the
GW spectra of the resulting GWB.

5.1.2 Gravitational Waves from First Order Phase Transitions

In this section, we review the mechanism behind the generation of GWs during FOPTs
happening in the early stages of the Universe. We start by introducing the concept of FOPT
bubbles, naturally followed by the introduction of a set of key parameters characterising the
phase transition. We then proceed with a review of the expected contributions to the GWB and

detail how the introduced parameters enter in the predicted GWB spectra.

Bubble Dynamics

The toy model introduction of FOPTs given in Eq. (5.12) revealed a key feature that char-
acterises the FOPT: the potential barrier. Although this barrier prevents the scalar field from
“rolling” from the false vacuum at the origin to the lower-energy true vacuum away from the
origin, thermal tunnelling presents itself as an alternative way to reach the true vacuum. After
reaching the critical temperature T, such thermal tunnelling can occur through the generation
of true vacuum bubbles in the Universe. These bubbles of true vacuum will expand in a sea
of false vacuum, converting false vacuum into true vacuum [75, 191]. This is schematically
represented in Figure 5.2.

To describe the above tunnelling process, one needs to find the field configuration that
interpolates between the false and the true vacuum: the bounce solution. This is the solution
to the following equation of motion:

d*¢ 2d¢ IV

FJF;E_%@,T):Q, (5.15)

with boundary conditions rlg(r)lo ¢(r) =0, and ‘;—‘f .—o = 0. The solution to this equation of mo-
tion can be computed numerically by using the so-called shooting method [112]. Several imple-
mentations of the method are publicly available, e.g., FindBounce [141] or CosmoTransitions
[259]. An example of such a bounce profile solution is given in the top panel of Figure 5.3.

With the bounce solution at hand, the tunnelling process from false to true vacuum is then
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P =0

Figure 5.2. Schematic representation of true vacuum bubbles expanding in the false vacuum
Universe. Inside the bubbles, the field ¢ sits in the true vacuum, i.e., ¢ # 0, whereas in the
remainder of the Universe, the field is still in the false vacuum, i.e., ¢ = 0, waiting to be
converted to the true vacuum.

characterised by a tunnelling probability per unit volume:
I(T)=A(T)exp(=S(T)), (5.16)

where A(T) denotes some proportionality factor, and the quantity S(T) stands for the Euclidean
action, evaluated on the bounce solution from the equation of motion above [191]. We are
interested in FOPTs taking place at finite temperatures, for which the tunnelling probability

can be approximated as [183]:

S5(T

I(T) ~ T4exp(— 3(T )), (5.17)
where
1

S5(T) = f d3x (E(aiq5)2+V(q5,T)). (5.18)
In particular, one can consider spherical bubbles possessing an O(3) symmetry, yielding [191]:

< (1(doY
S;(T)=4rn drrel = — | +V(¢,T) |, (5.19)

0 2\ dr

where again, this quantity is evaluated on the bounce solution by substituting the solution of
Eq. (5.15) for ¢(r). An example of the bounce action is given in the bottom panel of Figure
5.3.
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Figure 5.3. Top: Bounce profile as a solution to the equation of motion in Eq. (5.15), with

potential parameters in Eq. (5.12) settoD =2, E =4, A =16, T, =3, and T = 4.22. Bottom:

Bounce action S; /T as a function of temperature for the potential in Eq. (5.12) with parameters

D=2 E=4,A=16,and T, =3.

Properties of First Order Phase Transitions

A natural question that arises is how long the conversion of false to true vacuum takes, and
more importantly, whether the bubble expansion is fast enough compared to the expansion rate
of the Universe for the FOPT to complete. The latter is characterised by the Hubble parameter
H(t) = a(t)/a(t), where a(t) is the scale factor parameterizing the expansion of the Universe

[76]. The Friedmann equation then relates the evolution of the Hubble parameter with the
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energy content of the Universe, which for radiation and vacuum domination reads:

H*(T)= L (@T%AV), (5.20)
3M2\ 30

where M, = 2.435 x 10'® GeV denotes the Planck mass, AV denotes the difference between the

zero-temperature potential evaluated at the false vacuum and the true vacuum, and g, denotes

the effective number of relativistic degrees of freedom® [119]. To compare the expansion rate

of the Universe to the tunnelling rate of the bubble, one can consider the tunnelling rate inside

a Hubble volume 1/H?(T). Requiring the number of bubbles that nucleated between t = 0 and

t =t, to be of O(1) gives an estimate of the time t, at which the phase transition happened:

t
' r
dt =0(). (5.21)
L H3(t)
The above condition can easily be translated in terms of temperature, rather than time, as
dT/T =—Hdt:
T,
‘dT T
a — 0(1), 5.22

*

which once solved, yields an expression for the nucleation temperature T, of the FOPT. Since

the above integral is dominated by its value at T,, the condition can be approximated as:

~4log| = |, 5.23
T 8\ g (5.23)

*

which can be solved numerically for arbitrary bounce actions. However, as an example, one can
consider a phase transition around the electroweak scale, for which T, ~ 100 GeV. Assuming
radiation domination, i.e., where AV is negligible in Eq. (5.20), the nucleation condition then
reduces to finding the intersection S5(T,)/T, ~ 145 [191].

In addition to the nucleation temperature, several other quantities describe the FOPT. For
example, a measure of the strength of the phase transition is given by the following parameter,

normalised to the radiation energy density of the Universe:

_ Pvac(T,)
o= —-

s 5.24
prad(T*) ( )

which is proportional to the vacuum energy density of the transition, p,,., evaluated at the

3Typical values for energy scales around the electroweak scale are around g, ~ O(100) [119].
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temperature at which the phase transition takes place:

poac(T) = (—V(nm, T+ TV (), T)) (5.25)

T=T,

Here, n(T) denotes the vacuum expectation value (VEV) in the true vacuum of the effective

potential at temperature T.

Additionally, the inverse duration of the phase transition in Hubble units is characterised

i B d( ())
P _pd(50)

H  *dT\ T (5.26)

T=T,

where H, = H(T,) is the Hubble parameter evaluated at the temperature of the phase transition.

Although the nucleation condition, given in Eq. (5.22), was introduced as a way to verify
that the phase transition actually takes place, this requirement might not be enough to guar-
antee that the whole Universe is converted from false to true vacuum. This is especially true
in vacuum-dominated universes, where the second term of Eq. (5.20) dominates [121]. In
that case, one can consider the so-called percolation temperature at which the probability of
being in the true vacuum is large enough to ensure the completion of the FOPT relative to the
expansion of the Universe. This is defined through the probability of a point still being in the
false vacuum:

P(T)=¢e"'D), (5.27)

where 5

T T’
4 [ ©dT’ T(T) .V,
I(T)=— —_— dT—=%- |, 5.28
(=73 JT T’ Tf4H(T/)UT H(T)) 28

with v,, the bubble wall velocity [121, 143]. The temperature at which P(T,) = 1/e, or equiv-

alently I(T,) = 1, is defined as the percolation temperature. In addition, one needs to verify
that this probability decreases faster than the increase of the expanding Universe volume being

considered:
1 d Vfalse

Y it <0, (5.29)
false

T=T,

=H(T) (3 + T#)

[‘:tp
where V.. is the physical volume of false vacuum. In other words, the bubble has to expand
faster than the expansion rate of the volume it resides in. For weak FOPTs, with generally large
values of f3/H,, the value of the nucleation and percolation temperatures typically coincide.
However, for stronger phase transitions, the percolation temperature should be computed to
ensure the phase transition completes.

With the above parameters and concepts at hand, we now proceed with the discussion of
the various contributions from FOPTs to the GWB. The previously introduced bubbles and their
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expansion throughout the plasma in the early stages of the Universe will be at the center of
the GW generation mechanism. In addition, we will see below how the parameters introduced

above enter in the different contributions to the GW spectra.

Gravitational-Wave Background

The previous section laid out the necessary concepts and parameters that describe FOPTs.
Below, we illustrate how these parameters enter in the predictions for the GWB signal from

FOPTs and review the generation mechanisms of GWs from FOPTs.

Recall that the dimensionless energy density Qgw(f ), previously introduced in Eq. (2.13)
in Chapter 2, characterises the GWB. For FOPTs, the total GWB spectrum is given by the sum
of several contributions:

QGW(f) = ch(f) + st(f) + Qturb(f): (530)

where Q. represents the contribution from bubble collisions, €, that of sound waves, and
finally, Q4 the contribution from magneto-hydrodynamic turbulence. The prediction for each

of these contributions forms the results of a plethora of numerical simulations*.

The relative strength of these contributions is controlled by the total energy budget of the
FOPT and can be parameterized by additional parameters x; which denote the efficiency of each
contribution i to the total GWB spectrum. The value of these factors capture the intricacies of
the processes involved in the FOPT and form the result of involved computations which go
beyond the scope of this thesis. Nevertheless, we point out that many factors have an impact
on these quantities, such as the particle content of the plasma and its resulting friction on the

bubble walls. More information can be found in [121].

Below, we provide additional information about the different generation mechanisms and
give the predicted GWB spectra for each of the contributions to the total GWB from FOPTs.

Bubble collisions
A first contribution arises from the collision of expanding bubbles throughout the Universe.

Working under the assumption that the energy is stored in the walls of the bubble, and that

“New simulation results appear regularly, often with different GW spectra predictions, see e.g., [96, 97, 138,
164, 181, 200, 262]. In this thesis, we stick to one expression throughout, although being aware that more
recent or different versions of the spectra are available. Nevertheless, the work presented below still illustrates
the methodology as a proof of concept, easily applicable to other GWB spectra available in the literature.
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these are thin®, one finds [74]:

H\? [ kpea \2 (1003 ( 0.11v3
2 _ —5 * be w
h2Q,, = 1.67 x 10 (—) (1 ) ( . ) VoY Sue(f), (5.31)

where the spectral shape of the GWB is captured by S;.(f ). The bubble wall velocity is denoted
by v,,, and the efficiency parameter mentioned above, or more precisely, the fraction of latent
heat converted into kinetic energy of the walls, is denoted by x;, [121, 122, 137]. One also
notes the appearance of the a and 8/H, parameters, as previously introduced in Egs. (5.24)

and (5.26), respectively. From simulations [ 159], the spectral shape is found to be:

38(f /be)Z.S
1+2.8(f /fpe)>®’

Spe(f) = (5.32)

where the peak frequency redshifted to today is given by:

0.62 p )( T, )( g. )1/6
=16.5 £ Hz. 5.33
o (1.8—0.1vw+vv2v)(H* 100Gev J\100/ H (5:33)

In this expression, T, stands for the temperature at which the phase transition took place, and

g, denotes the number of relativistic degrees of freedom. A few examples of such spectra are

shown in the top panel of Figure 5.4.

Sound waves

We now proceed with the contribution from sound waves. Indeed, following the collision of
bubbles, sound waves are generated throughout the plasma of the Universe, which in turn can
generate GWs. Numerical simulations predict the GW spectrum to take the form [74, 142,
153]:

1/3
B2, (f) = 2.65 x 10-° (%) (FY (;ﬂ) 1, Y (T0)Se () (5.34)
where S, (f) denotes the spectral shape of the spectrum:
() ()
Sl)= (fsw a3 /fr) (5:39)

The redshifted peak frequency f, is given by

1(B T, g V¢
=192 ( ) Hz. 5.36
fow =197 (H*)(looGeV) 100) "7 (5.36)

w

5This defines the so-called envelope approximation. In recent years, it has been shown that more accurate
predictions can be found if one moves away from this approximation [164, 181, 200, 262].
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[ [Hz]
Figure 5.4. Examples of spectra for the bubble collision contribution (top), as given by Eq.
(5.31), and the sound waves contribution (bottom), as given by Eq. (5.34). Different values of
the a, B/H,, and T, parameters are used to illustrate the dependence of the GWB spectra on
these quantities. The dashed lines denote the supercooling limit, in which o > 1, as given in
Eq. (5.39) (Eq. (5.41)) for bubble collisions (sound waves). The coloured lines denote the PI
curves for several experiments: BBO[263], AEDGE[205], LISA[58], and ET [215].

An additional suppression due to the finite lifetime of the sound waves contribution®, 7,, is
captured by [118, 142]:
T(to) =1-(1+27,H,) ", (5.37)

where 1y, &R, /U, with R, = (87)"v, /B [142, 152], and UJE = 3k, a/(4(1+a)) [261]. The
parameter K, denotes the fraction of vacuum energy transferred into the kinetic energy of the

®The finite sound wave lifetime, 7, results in a multiplicative factor that is a function of 7, and the expansion
rate of the Universe when the sound waves were active [118, 142]. Currently, the value of 7, remains highly
uncertain, though an analytical estimate is usually adopted in the literature.
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bulk flow [122, 137]. A few examples of such spectra are given in the bottom panel of Figure
5.4.

Turbulence

An additional contribution from subsequent magneto-hydrodynamic turbulence in the plasma
usually also forms a source of GWs. However, due to the large uncertainty in the predicted spec-
trum, and the usually smaller amplitude of the spectrum compared to the other contributions,

we refrain from including this contribution in this work [74, 167].

Detectability of Gravitational-Wave Background Signals

Although below we will focus on the IVK interferometers and provide constraints from real
detector data from the first three IVK observing runs, we briefly discuss the detectability of
FOPT signals at future sensitivities. To this end, we consider the ET, LISA, and the Advanced
LIGO A+ detector configurations. To assess the detectability of the FOPT GWB signals, we
use the PI curve formalism introduced in Section 2.2.1 and check whether a given predicted
spectrum lies above this curve. Note that this exercise is mostly for illustrative purposes, as
many uncertainties are involved in this example. Indeed, the PI curves are designed to assess
the detectability of signals that follow a power law across the detector’s frequency range, rather
than the broken power law (BPL) shape of FOPT spectra. Additionally, both the predicted
FOPT GWB spectra and the sensitivities of future interferometers are still subject to change.
Nevertheless, this analysis provides a ballpark estimate of the FOPT parameter space that can
be probed by future detector configurations.

In Figures 5.5, 5.6, and 5.7 we illustrate the detection prospects for FOPT signals from
bubble collisions and sound waves for the Advanced LIGO A+, the ET, and the LISA detector
configurations, respectively. Coloured regions denote regions of the FOPT parameter space
where the predicted signal intersects the PI curve, where the colour denotes the minimum
value of the a parameter for the signal to be detectable. As can be seen from Egs. (5.31) and
(5.34), as a increases, so does the signal, eventually reaching an asymptotic value. Therefore,
any value of the a parameter above the minimum value required for detection will also be
detectable.

These examples illustrate the different parts of parameter space that will be probed by
future detector sensitivities. In particular, one notes the difference in energy scales, as given
by the temperature T, at which phase transitions happened. Indeed, as can be seen from Egs.
(5.33) and (5.36), the peak frequency of the FOPT spectrum is proportional to the energy scale
at which the phase transition happened. Therefore, each experiment in a different frequency

range opens a window to the physics happening at the corresponding, different energy scales.
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Figure 5.5. Detectability region of FOPT GWB signals using the Advanced LIGO A+ sensitivity
[19] assuming a dominant bubble collisions contribution (left) and a dominant sound waves
contribution (right). The colour denotes the minimum value of the a parameter for the signal
to be within reach of the detector sensitivity.
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Figure 5.6. Detectability region of FOPT GWB signals using the ET sensitivity [215] assuming
a dominant bubble collisions contribution (left) and a dominant sound waves contribution
(right). The colour denotes the minimum value of the a parameter for the signal to be within
reach of the detector sensitivity. Note the different axes scaling and colour scaling with respect
to Figure 5.5, illustrating the improved reach and sensitivity of the ET.
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Figure 5.7. Detectability region of FOPT GWB signals using the LISA sensitivity [ 58] assuming
a dominant bubble collisions contribution (left) and a dominant sound waves contribution
(right). The colour denotes the minimum value of the a parameter for the signal to be within
reach of the detector sensitivity. Note the different axes scaling and colour scaling with respect
to Figure 5.5, illustrating the improved reach and sensitivity of the LISA, as well as the different

energy scales it can reach.
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5.1.3 Supercooled Phase Transitions

A particularly interesting scenario is when the FOPT is supercooled, which often increases
the duration of the FOPT, leading to an enhancement of the GWB signal. The phenomenon
of supercooling occurs when the nucleation temperature is much lower than the scale of the
symmetry breaking triggering the FOPT, leading to a large FOPT strength, i.e., a > 1. Given
the current sensitivity of the LVK detectors, one may expect that FOPT GWB signals in reach of
the experiment would most probably come from a supercooled FOPT. Such prolonged periods
of supercooling can arise in theories with Coleman-Weinberg-type symmetry breaking [86] or
in strongly-coupled scenarios. Some models of this type are discussed in [26, 27, 56, 91, 101,
118, 120, 121, 146, 165, 166, 172, 180, 181, 196, 204, 214, 217, 258].

Although the theory behind FOPTs remains the same as the one discussed in the previous
sections, a few differences should be noted compared to the case of FOPTs without supercool-
ing. For example, the temperature of the thermal bath at the time when the GWs are produced
is not the nucleation temperature, but rather the reheating temperature Tgy;. Indeed, after the
collision of bubbles, the scalar field oscillates around the minimum of the potential, eventually

decaying and reheating the plasma [121]. The reheating temperature is approximately given

’Note that, in the case of supercooled FOPTS, special care needs to be taken to make sure that bubble percolation
is possible despite the exponential expansion of the false vacuum [120]. More information regarding percolation
can be found around Eq. (5.27) and in [120, 121].
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by:
30

m2g,

where AV is the potential difference between the true and false vacuum, and g, is the number

4
TRH ~

AV, (5.38)

of relativistic degrees of freedom. It is often the case that Ty > T,, especially for supercooled
phase transitions. However, for sufficiently fast reheating one has H(T,) ~ H(Tgy), which
implies that 3/H, ~ f8/Hgy [74]. In addition, it has been argued that in such a supercooled
case, the bubble wall velocity is close to the speed of light [120]. We therefore set v,, = ¢ in
the subsequent analyses.

Keeping the above in mind, we recall that several processes contributed to the GW signal
from FOPTs. Those included bubble collisions, sound waves, and turbulence (the last of which
we would not consider here, as it is generally subdominant [74, 167]). For the case of su-
percooling, we assume a > 1 and modify the spectra in Egs. (5.31) and (5.34) accordingly®.
When calculating the contribution of bubble collisions to the GWB signal, we assume that, in
the limit of large a, the fraction of the latent heat deposited into the bubble front is k., ~ 1,
leading to [74, 159, 173]:

Q. (f) ~ 4.88x107°

GIRST_(H)(100)1 (5:39)

1428 (f/fi)*\ B g

The peak frequency fi,. is given by:

Joe ™ 37(100) (HRH)(l Tev)“HZ' (5.40)

When considering cases in which the released energy is efficiently transferred to the plasma in

the form of sound waves, we assume kg, ~ 1, and the resulting spectrum is [74, 151]

h*Q,(f) ~ 1.86 x 107° 1 0.(71;/?;2)2]7/2 (H/;H ) (1;*0)

.  wim

(5.41)

where the peak frequency f;,, takes the form:

g T,
£ 190(1%*0) (Hﬁ )(1 {j:v) uHz. (5.42)
RH

Implicit in this spectrum is an infinite sound wave lifetime 7. Note that this is a good approx-

imation only if turbulence and other damping processes are ignored, which is what we assume

8The GW spectra in [74, 151, 159, 167, 173] are simulated for FOPTs not exhibiting large supercooling. In our
analyses we assume that those results can be extrapolated to the region of large a.
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in the subsequent analyses. Note that, as we assumed a supercooled FOPT and considered the
limit of @ > 1, the dependence on the a parameter completely vanishes from the spectra above.
These spectra are illustrated by the dashed lines in Figure 5.4 for some benchmark values of
the parameters entering the GWB spectrum.

This concludes the first section on the theory governing the GWB emission during FOPTs.
We seek to apply this formalism to search for signatures of such GWB signals in IVK data.
We will start by remaining agnostic about the model in which the FOPT arises, and simply
constrain the spectra above and the relevant FOPT parameters, without assuming a specific
particle physics model in which the FOPT arises. This will be done by constraining a general
BPL spectrum and using the spectra in Egs. (5.39) and (5.41), which will be referred to as
the phenomenological approach below in Section 5.2. Then, in Section 5.3, we will consider
two specific particle physics models in which such FOPTs arise, and provide constraints on the

parameter space of the models under consideration.

5.2 Constraints on Supercooled Phase Transitions
Using IVK Data

To place constraints on model parameters using public GWB data from the first three ob-
serving runs of the IVK collaborations [ 19], we apply a Bayesian inference search following the
methodology of [231]. Although a search for FOPT signals was already performed in [231], we
now apply this search under the assumption that the signal comes from a supercooled phase
transition, which, as mentioned in the previous section, is highly probable given the current sen-
sitivity of the IVK detectors. As shown in Egs. (5.39) and (5.41), the supercooling assumption
gets rid of some parameter dependence and simplifies the GWB spectra, e.g., the a parameter,
and therefore results in less parameters in the Bayesian inference search. The remainder of this
chapter is based on original results [50].

For the Bayesian inference, we use the likelihood previously defined in Eq. (2.38), but now
modify the model assumption for Qy,(f ) to denote the GWB spectrum from FOPTs. The optimal
estimators C,,(f) and o,,(f) in Eq. (2.38), are the ones defined by Egs. (2.26) and (2.27), as
produced by the IVK collaborations’ [19, 230].

In the remainder of this section, two approaches will be explored. One of these is based
on approximating the GWB signal as a BPL and another using the spectra provided in the
previous section, as given by Egs. (5.39) and (5.41). In both cases, the contribution from
the astrophysical background, i.e., from unresolved CBCs, will be taken into account as well.

Indeed, whereas a GWB from cosmological origin is purely speculative, the background from

°The data products are available to the public here.
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unresolved CBCs results from the current (limited) sensitivity of the detectors and will likely
present itself as a foreground for cosmological GWBs. For the frequency range of the VK

instruments, the CBC background is expected to follow a power law:

%L
Qcpc(f) = Qs (—) s (5.43)

Sref
where f,.¢ is a reference frequency set to f,.; = 25 Hz, in line with IVK GWB searches [19]. It
is worth noting that the constraints obtained in this section are general and can be applied to
any model exhibiting supercooled FOPTs to constrain the underlying physical parameters. This

will be done in Section 5.3 for two concrete particle physics models.

5.2.1 General Broken Power Law Search

We first start by considering the BPL approach. It can be observed that the spectra in Egs.
(5.39) and (5.41) can be approximately modelled as BPLs. Motivated by this observation, we
model the FOPT contribution to the GW spectrum with a BPL as

awn=a. () ()T .48

where n; and n, denote the spectral indices before and after the peak, respectively, A is a peak
smoothing parameter, and 2, and f, can be related to the peak amplitude and peak frequency
of the spectrum. Given the above BPL parameterization, one can see that the spectra introduced
in Egs. (5.39) and (5.41) approximately follow a BPL with parameters n; =3, n, =—1, A =4
and n; = 3, n, = —4, A = 2 for bubble collisions and sound waves, respectively. We perform a
parameter estimation search for both contributions separately, corresponding to the case where
one of the contributions dominates the GWB spectrum. In each case, the values of n,, n,, and
A are set to the relevant values of that contribution, as given above'°.

The likelihood to perform this search is given by Eq. (2.38), where Q,,(f) = Qcpc(f) +
Qpp(f), with Qcpc(f) defined in Eq. (5.43) and Qpp; (f) in Eq. (5.44). The GW parameters
to be constrained are ® = (Q,, 2,, f.). The priors used during the analysis are summarised
in Table 5.1. We report the results in Figure 5.8 for bubble collisions (top panel) and sound
waves (bottom panel). From the posteriors on the amplitude of the CBC background, Q,,
upper limits'' at 95% confidence level are obtained: 5.60 x 10~° when bubble collisions are

the dominant production mechanism and 5.70 x 10~° when sound waves dominate, both

ONote that in [231], n, was allowed to vary, meaning no assumption was made about whether bubble collisions
or sound waves dominate.
UFor additional information about Bayesian upper limits, we refer the reader to Section 2.2.2.
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Figure 5.8. Constraints from LVK’s first three observing runs on the BPL parameters of a FOPT
signal, together with the contribution from the CBC background as represented by .., assum-
ing dominant bubble collision spectrum (top) and a dominant sound waves spectrum (bottom).
The 68% and 95% confidence regions are denoted by the red and blue line, respectively. The
priors are given by the dashed gray lines in the 1D posterior plots.
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consistent with the upper limits obtained in [19, 231]. Similarly, 95% confidence level contours
are obtained on the amplitude and peak frequency of the contribution from FOPTs, Q, and f,,
as depicted in Figure 5.8. The values of the Bayes factor, as previously introduced in Eq. (2.43),
are log BB¢TBC = —1.26 and log B¢SW = —0.80, showing no evidence for a FOPT GWB signal

noise noise

in the data.

Broken power law

Parameter Prior Minimum | Maximum
Qs Log-Uniform | 107% 1077
Q, Log-Uniform 107 1071
f. Log-Uniform 1072 10°
Phenomenological
Qef Log-Uniform | 1071° 1077
B/Hpy | Log-Uniform 1 10°
Trsy Log-Uniform 10° 10%

Table 5.1. Summary of the priors used for parameter estimation for the BPL model search and
the phenomenological model search. The narrow prior on 2, stems from estimates of the CBC
background [4]. The prior on the peak frequency is chosen such that it lies in the region where
the IVK instruments are most sensitive. Values lower than 1 for 3/Hgy are not considered,
since otherwise the phase transition would not take place.

5.2.2 Phenomenological Search

We now proceed with a different model assumption. Instead of the general BPL. model used
above, we consider the GW spectra introduced in Section 5.1.3, more specifically Egs. (5.39)
and (5.41), corresponding to bubble collisions and sound waves. The likelihood used to per-
form this search is then given by Eq. (2.38), with Q,(f) = Qcpc(f) + U (f) and Q,(f) =
Qcpc(f) + Qg (f) for bubble collisions and sounds waves, respectively. Therefore, the GW pa-
rameters to be constrained in this search are ® = (Q, B/Hgpy, Try)- We again highlight
the difference with the search conducted in [231], where the a parameter was included. As
discussed earlier, for supercooled FOPTs with a > 1, neglecting this parameter is a valid as-
sumption. The priors on the parameters used for parameter estimation are given in Table 5.1,
and the resulting posterior distributions are presented in Figure 5.9. From the posteriors on
the amplitude of the CBC background, Q., upper limits at 95% confidence level are obtained.
The value for the case in which bubble collisions dominate is 5.89 x 107, and 5.93 x 10~° for
when sound waves dominate. These are consistent with the upper limits obtained in [19, 231].
Furthermore, exclusions at 95% CL for temperatures Tgy and inverse duration of the FOPT

P /Hgy are also depicted in Figure 5.9.
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Figure 5.9. Constraints from LVK’s first three observing runs on the phenomenological parame-
ters 3 /Hgy and Tgy of a supercooled FOPT signal, together with the contribution from the CBC
background as represented by €,.;, assuming a dominant bubble collision spectrum (top) and a
dominant sound waves spectrum (bottom). The 68% and 95% confidence regions are denoted
by the red and blue line, respectively. The priors are given by the dashed gray lines in the 1D
posterior plots.
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By using Bayesian inference and the GWB estimators from the first three observing runs of
the IVK collaborations, we set constraints on general GWB spectra coming from supercooled
FOPTs. It should be emphasised that the constraints derived above can be used in any model
exhibiting supercooling. More precisely, once a model and its parameters are specified, one
can compute the expected FOPT parameters 3/Hgy and Tyy (or equivalently Q, and f,) and
compare them with the 95% confidence upper limits provided here. In this way, one can use
GW data to exclude regions of the parameter space in concrete particle physics models. We

illustrate this in the next section for two concrete particle physics models.

5.3 Two Well-Motivated Particle Physics Models

We now apply the same methodology as in the previous section to concrete particle physics
models. In this study, we focus on Model I [121] and Model II [101], which exhibit super-
cooling. They are both well-motivated from a particle physics point of view and require few
additional particles beyond the SM particle content. We note, however, that our analysis can be
applied to any other model with supercooling. The general goal is to assess the detectability of
signals from supercooled FOPTs with the IVK detectors, and determine the regions of parameter

space that can be excluded with current GW data in concrete particle physics models.

This is the first time that IVK data from the first three observing runs are being used to set
limits on the parameters of particle physics models through a FOPT search. So far, only general
constraints on the GWB from FOPTs had been derived [231]. In particular, in the current
analysis, we derive constraints directly at the level of the particle physics parameters, e.g.,
particle masses and couplings, using the predicted FOPT GWB signal in our Bayesian inference
analysis. This presents a novel way of bridging the gap between data analysis and theoretical
particle physics model building.

Below, each model is introduced by sketching the general context of the theory and its
relevance within the current particle physics landscape. After a brief theoretical introduction
of the model outlining the particle content and effective potential governing the theory, the
GWB spectrum is determined and Bayesian inference is performed to set constraints on the

parameter space of each model. This section is based on original work [50].
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5.3.1 Model I: a Minimal U(1);_; Extension of the Standard
Model

Introduction

The first model we consider is based on a theoretically attractive minimal U(1);_; exten-
sion of the SM gauge group [120, 121, 196]. Upon introducing three right-handed neutrinos,
the theory is anomaly-free, realises the see-saw mechanism providing an explanation for the
observed neutrino masses, and can be incorporated into SO(10) grand unification. The model
includes only two new bosonic fields: a real scalar ¢ and a gauge boson Z’. Below, we sum-
marise the theory governing this simple model, and proceed to discuss the constraints on the
resulting FOPT GWB signals.

Theoretical Framework

This model extends the SM particle content with the addition of the following particles:
three right-handed neutrinos'?, a U(1),_; gauge boson Z’, and a complex scalar field ¢ with
charge +2 under U(1);_; (containing a real scalar field ¢). The latter will be responsible for
the symmetry breaking. The full scalar potential will include terms for the Higgs scalar, as well
as the newly introduced U(1);_; scalar. However, due to collider constraints on the mass of
the gauge boson Z’, the FOPT is forced to happen along the new scalar direction first [121].
Indeed, since the mass of the Z’ is at least of the order of ~TeV, i.e., above the electroweak
scale, the phase transition will first happen along the new scalar direction, and then along the
Higgs direction. The zero-temperature scalar potential, according to Egs. (5.1) and (5.2), is

therefore given by

2
W @)= a0t 3 gt imio|iog( ) -c]}. 4

where n; is the number of degrees of freedom, ¢y, ; = 3/2, ¢z = 5/6, u is the renormalisation
scale which we set at the VEV v of the scalar ¢, and G denotes the Goldstone boson [121]. The

field-dependent masses are:

m2(¢)=4g7¢%, mi($)=3A,97, mi$)=Au07, (5.46)

12These cancel the U(1)p_; anomaly, see [121].
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where g is the gauge coupling under the new U(1),_, symmetry. The finite temperature part
of the effective potential is

4 oo s
Vi )= 5 > nif dy y*log (1= VOO 4 —— 57 o (i (@)-Tm($)+1,(T)E ),
0

i=¢,G,Z’ j=9.6,Z]

(5.47)
with the thermal masses given by

,(T)=Tg(T) = (g*+ 1A,) T? M, (T) = 48°T?, (5.48)

where the subscript L denotes longitudinal components. The second term in this thermal po-
tential comes from the Daisy contribution, previously introduced in Eq. (5.7). Note that the
interactions with the right-handed neutrinos do not appear in the expressions above, as [120,
121] assume the Yukawa couplings to be negligible, i.e., Y; < g.

To summarise, the behaviour of the potential in this simple extension of the SM, and there-
fore also the FOPT itself, is entirely governed by two parameters: the VEV v, and the U(1);_;
gauge coupling g. This means that also the GWB is completely specified through these two
parameters. Trading the VEV v for the the gauge boson mass m,,, related via

my =2gv, (5.49)

the two parameters describing Model I are (m,,, g). For additional information on this model,
we refer the interested reader to [120, 121, 196].
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I |
I\ Comparison with other constraints II

Figure 5.10. Schematic representation of the steps taken to obtain constraints on the model
parameters of Model I and Model II.
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Constraints from IVK Data

For each point (m,,, g) of the parameter space, one can compute the parameters describing
the phase transition, i.e., Tz and 8 /Hgy, and the resulting GWB spectrum. This is schematically
represented in Figure 5.10. We restrict ourselves to m,, € [10*, 10''] GeV and g €[0.3, 0.4],
which corresponds to FOPTs where the GWB signal is dominated by sound waves as given by
Eq. (5.41) [120]. If the gauge coupling g is chosen to be larger than 0.4, the FOPT is not
supercooled and a ~ 1. Furthermore, we are not exploring values of g below 0.3, as these
correspond to a regime where both bubble collisions and sound waves contribute considerably
to the GW spectrum, as discussed in [120].

We perform a Bayesian inference search over the (m,, g) parameter space, and include
the contribution of the CBC background. The likelihood is given by Eq. (2.38), with Q,,(f) =
Qcpc(f) + Q,(f), where Qg (f) is calculated from Eq. (5.41) using the model parameters
(my, g). Thus, the parameters of the search are @ = (Q,.;, M, g). The priors are summarised
in Table 5.2 and the resulting posteriors are shown in Figure5.11. The upper limits on the
amplitude of the astrophysical CBC background are consistent with [19, 231]. Furthermore,
a region of parameter space around m, ~ (108 GeV) is excluded, and corresponds to FOPT
GWRB signals peaked within the frequency range of the IVK detectors.

Model I
Parameter Prior Minimum Maximum
Qe Log-Uniform 1071 1077
my, Log-Uniform 10* GeV 10! Gev
g Uniform 0.3 0.4
Model 11
Qe Log-Uniform 10710 1077
F Log-Uniform | 1.4 x 10° GeV | 10! GeV
A Uniform 0.325 0.6

Table 5.2. Summary of the priors used for parameter estimation for Model I and Model II. The
narrow prior on Q¢ stems from estimates of the CBC background [4].

Additionally, in Figure 5.12, we show the GWB spectrum for two benchmark points to

illustrate the constraints obtained in Figure 5.11. As can be seen, a GWB spectrum that was
within reach of the IVK 20 PI curve [19] in Figure 5.12 is excluded in Figure 5.11. This is
because no evidence for a GWB is found in the data, therefore excluding any sets of parameters
that would have given rise to a detectable signal. Contrarily, the benchmark corresponding to
the undetectable spectrum is not excluded, as the IVK detectors are not sensitive enough to

access that part of parameter space.
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Figure 5.11. Constraints from IVK’s first three observing runs on the parameter space (m, g)
for Model I, together with constraints on the astrophysical CBC background amplitude Q..
The 68% and 95% confidence regions are denoted by the red and blue line, respectively. The
priors are given by the dashed gray lines in the 1D posterior plots. Two benchmark points are
indicated, for which the GWB spectra are reported in Figure 5.12 for illustrative purposes.

We now compare the exclusion regions obtained directly on the parameters of the
model with the ones deduced from the analysis in Section 5.2'°. Given a choice of the
parameters (my,g), one can verify whether the corresponding values of (8/Hgy, Tpy) OF
(f.,8,) are excluded using the analysis in Section 5.2. As Figure 5.13 demonstrates, a good
agreement is found between the various exclusion regions, regardless of the search performed.
Therefore, the results obtained in Section 5.2 are easily reinterpreted in any specific model
with supercooling. This is also supported by the analysis we perform below for another
well-motivated particle physics model.

13The particle physics masses and couplings can be mapped into the parameters of the BPL and the phenomeno-
logical search by computing the expected GWB from FOPTs.
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Figure 5.12. Gravitational-wave spectra Qqy(f) for two benchmark points in Model I and
Model II in full and dashed lines, respectively. Detectable benchmark points are given in blue,
whereas undetectable benchmark points are represented in red. These benchmark points are
indicated in the corresponding parameter space in Figure 5.11 for Model I and in Figure 5.14
for Model II.
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Figure 5.13. Comparison of the constraints on the parameter space (m,,, g) for Model I (left
panel) and on (A, F) for Model II (right panel) obtained by constraining the model parameters
directly as in Figures 5.11 and 5.14 (blue line), with those obtained by adopting the BPL model
as given in Figure 5.8 (gray line), and those adopting the phenomenological model in Figure
5.9 (red line).
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5.3.2 Model II: a Radiatively Broken U(1) Peccei-Quinn
Symmetry

Introduction

The model described in [101] is based on the symmetry breaking of the U(1) Peccei-Quinn
symmetry. This symmetry is often invoked as a solution to the strong CP problem, which per-
tains to the GG term in the quantum chromodynamics (QCD) Lagrangian, where G denotes
the field strength and G its dual. The SM is unable to explain the smallness of the value of the 6
parameter, as constrained by neutron electric dipole experiments [ 156]. However, by introduc-
ing the Peccei-Quinn symmetry, a similar term containing the field strength and its dual appear,
but now contains the axion field because of the anomaly between the Peccei-Quinn symmetry
and QCD. The smallness of this term is then naturally explained by the axion potential forcing
the axion to take on a zero VEV, thus solving the strong CP problem [156]. Not only does the
axion provide a solution to the strong CP problem, but it has also been considered as a possible
dark matter candidate, therefore solving two open problems in the SM. The model considered
in [101] accommodates this new symmetry and extends the SM by including just two new com-
plex scalar fields, S and X, which are SM singlets, and both carry Peccei-Quinn charges. More

details on the theory describing this model is given below.

Theoretical Framework
After adding the two new scalars S and X, the tree-level scalar potential is given by
Vo(S,X) = Ag|S|* + A IX|* + Agx |SI*1X | . (5.50)

It exhibits a flat direction for Agy = —24/AgAx, which can be parameterized by

T

(S,X) = (sina, cos OL)i , sinfa =

e (5.51)
V2 Vs + /2
The mass of the field along the direction orthogonal to ¢ is
m. = (4AsA5) 49 . (5.52)

Assuming that the condition for the flat direction holds at the renormalisation scale A, and

substituting the parameter A for the field value at the minimum of the potential, F, the zero-
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temperature scalar potential is given by

Vo(@) + Vi () = %df‘(log%—%) : (5.53)
At the minimum, ¢ has a loop-suppressed mass, whereas the phase of X is massless up to QCD
anomalies, and becomes the axion with a decay constant F, = F cos a. The finite temperature
part of the effective potential is given by a formula analogous to Eq. (5.47), but with just a single
term involving m .. To prevent the finite temperature effects from moving the true vacuum away
from the flat direction, we set

Ax=As =1, (5.54)

which is equivalent to imposing a Z, symmetry at the level of the Lagrangian. Additional details
about this model can be found in [101].

To summarise, just as in the previous model, this model is governed by two parameters:
(A,F). Both of these determine the shape of the potential, and therefore also the FOPT and
the resulting GWB signal. We now proceed with the derivation of constraints on the parameter
space of this model using GWB data from the first three IVK observing runs.

Constraints from IVK Data

Similarly to Model I, one can compute the FOPT parameters 3 /Hgy and Tgy, and determine
the GW spectrum, as represented schematically in Figure 5.10. We again conduct a Bayesian
inference search directly on the parameters of the model. In the case of Model II, the dominant
GW contribution comes from bubble collisions [101]. In the likelihood given by Eq. (2.38),
Qu(f) = Qepe(f) + Q.(f), where Q,.(f) is given by Eq. (5.39) and can be obtained from
the underlying model parameters (A,F). The parameters used for the search are therefore
© = (Q. F, A) and the priors on Q. F and A are summarised in Table 5.2. The ranges
of parameters we consider are: F € [1.4 x 10°, 10''] GeV and A € [0.325,0.6]. A value
of F smaller than 1.4 x 10° GeV (corresponding to an axion decay constant of 10° GeV) is
experimentally excluded [ 105], whereas values of A lower than 0.325 correspond to cases when
the phase transition does not complete, i.e., no nucleation occurs. The prior upper bounds on
F and A are not constrained and were set arbitrarily. Figure 5.14 displays the exclusion regions
implied by the data from the first three IVK observing runs. The gray region represents part of
the parameter space where no nucleation occurs and the phase transition does not complete.
As shown in Figure 5.14, part of the parameter space can be excluded at a 95% confidence
level. This mostly puts constraints on the values of A, excluding smaller values, as these are
the ones that give rise to the strongest GW signals. Furthermore, one notes consistency with
the usual CBC upper limits found in this work, and in [19, 231].
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Figure 5.14. Constraints from LVK’s first three observing runs on the parameters A and F for
Model II, together with constraints on the astrophysical CBC background amplitude Q. The
68% and 95% confidence regions are denoted by the red and blue line, respectively. The priors
are given by the dashed gray lines in the 1D posterior plots. The gray region in the bottom
plot corresponds to a region where nucleation does not occur and the phase transition does
not complete. Two benchmark points are indicated, for which the GWB spectra are reported in
Figure 5.12 for illustrative purposes.

As done above for Model I, in Figure 5.12, we again provide the GWB spectrum for two
benchmark points to illustrate the constraints obtained in Figure 5.14. Both a detectable and
undetectable benchmark point are shown, illustrating the same reasoning as given above for
Model L.

One can now compare the exclusion regions obtained directly on the model parameters,
with those derived following the analysis in Section 5.2. The results are shown in the right-
hand side of Figure 5.13, where we note a decent agreement between the exclusion regions
arising from the different searches, similar to the agreement obtained in the case of Model I.
Once again, this illustrates how the exclusion regions in Section 5.2 can be used to constrain

any supercooled FOPT at a particle physics model level.
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5.4 Conclusions

Standard high energy physics experiments are approaching the limits of their discovery
potential. In many cases, the most natural regions of model parameter space relevant for ad-
dressing questions in particle physics are not even within their target sensitivity. New discovery
tools are needed to probe physics at the PeV energy scale and beyond. Such a novel and pow-
erful discovery tool has recently been provided by GW detectors, with their relevance destined
only to increase in future years, given the upcoming upgrades to existing GW experiments and
the construction of new GW detectors sensitive to a wider range of frequencies.

We started by reviewing the theory that governs FOPTs and discussed the resulting GWB
signal in detail. Subsequently, to demonstrate the huge opportunity for particle physics arising
from GW searches, we carried out the pioneering study in which we used the data from the
first three VK observing runs to perform a Bayesian inference analysis and set direct limits
on the parameter space of particle physics models. This is a natural extension of [231], in
which only general constraints on FOPT parameters were derived. In our analysis, we focussed
on supercooled FOPTs, since they are naturally characterised by an enhanced signal strength,
potentially already within the reach of current IVK detectors.

To illustrate our methodology, we applied our analysis to two well-motivated particle
physics models, which address some of the most intriguing open questions about the Universe:
the dark matter puzzle, the strong CP problem, and the origin of the neutrino masses. We
place Bayesian 95% upper limits on the parameter space of those models, providing valuable
insights into the available room for new physics. The same strategy can be used to impose
limits on other models exhibiting supercooled FOPTs and is left for future work.

It is worth emphasising that our work bridges a gap between data analysis and phenomeno-
logical studies, making the constraints from GW searches easier to reinterpret, and applicable
to any particle physics model with a supercooled phase transition. Furthermore, even though
predictions for the GWB from FOPTs might change in the future, our work established a frame-

work that is easily applicable to alternative GWB spectra.
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6 CONCLUSIONS AND OUTLOOK

Before I came here, I was confused about
this subject. Having listened to your
lecture I am still confused. But on a

higher level.

Enrico Fermi

This work explored various aspects related to the gravitational-wave background (GWB). In
particular, the development of a novel detection method to decrease the time until the detection
of such a background formed an important part of this thesis. Additionally, special attention
was devoted to several models, both astrophysical and cosmological, in which those GWBs

arise, and the implications for each of these models were investigated.

In this thesis, we started with a review of gravitational waves (GWs) arising in Einstein’s
theory of general relativity (GR) in Chapter 1. The essential concepts of GR were reviewed,
GWs were introduced as solutions to the Einstein equations and several detection methods were
discussed. For the latter, we focussed on the current state-of-the-art GW interferometers of the
LIGO-Virgo-KAGRA (LVK) collaborations, although next-generation interferometers and other
detection methods were also briefly touched upon. To conclude the chapter, several examples
of GW sources were provided, with an emphasis on the ones expected in the IVK detectors:
compact binary coalescences, continuous waves, GW bursts and the GWB.

The idea of a GWB coming from the superposition of weak, unresolved GWs was then
formalised in Chapter 2. We started by reviewing general concepts related to the GWB, and
introduced the standard method used to search for such a background, which relies on the
cross-correlation of data from multiple detectors. The explanation of a few helpful tools used
in GWB searches constituted the end of the chapter. This toolkit included concepts related to
Bayesian inference, power-law integrated sensitivity curves, and the pygwb package used to

perform GWB searches based on the cross-correlation of data.

The chapter above concluded the review of theoretical background knowledge needed for

the rest of this thesis. The remainder of this work was then dedicated to two main goals:
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the development of a new data analysis method, and the investigation of implications derived
from information contained in a GWB measurement, both for astrophysical and cosmological

models.

In this spirit, Chapter 3 was devoted to the development of a new data analysis method:
the stochastic search for intermittent backgrounds (SSI). This new data analysis method is
particularly relevant in the context of the detection of the astrophysical binary black hole (BBH)
background. Indeed, as the BBH signals are only visible in the IVK frequency band for a fraction
of a second, but happen every few minutes, this background is intermittent or popcorn-like.
Whereas standard GWB search methods assume the signal is continuously present, SSI relaxed
this assumption by introducing the duty cycle, which represents the probability of an analysis
segment to contain a signal. Although generalised to capture the intermittency of the signal,
this new method retains the core methodology of standard searches by looking for bursts of
cross-correlated power across the detectors in short analysis segments. Through a series of
toy models, we showed that our search performs better than the standard cross-correlation
search which assumes the background is present all the time. In addition, we provided several
examples of ongoing generalisations to the method. Although still in its development stages,
the method already shows promising results awaiting to be applied to real detector data and

potentially discover the background sooner than expected with traditional methods.

The next two chapters were dedicated to deriving constraints and discussing implications
for the astrophysical and the cosmological background. We started by considering the former in
Chapter 4. More concretely, we investigated the metallicity dependence and evolutionary times
of merging BBHs. Due to the limited sensitivity of current-generation detectors, our ability to
probe the evolution of these quantities at large redshifts remains minimal. However, as the GWB
comes from the superposition of events throughout the Universe, its detection could provide
additional information, even at larger redshifts. Our investigation was therefore performed by
considering both the individual BBH detections, as well as the current upper limits on the GWB
from the first three IVK observing runs. This allowed us to constrain some of the parameters
that govern the metallicity dependence and the evolutionary times of BBH formation, although
these results were entirely dominated by individual BBH detections. Nevertheless, even though
current detector sensitivities do not illustrate the added value of the GWB contribution yet,
our analysis showed that the (non-)detection of a GWB at Advanced LIGO A+ sensitivity will
provide additional information compared to using individual BBHs alone. In addition, our work
provides the methodology needed for this type of analyses, and allows for the generalisation
to more complex models with e.g., a different metallicity-dependent star formation history.

In the last chapter of this manuscript, Chapter 5, we slightly switched gears and considered
a cosmological source of the GWB: first order phase transitions (FOPTs). As the temperature

of the Universe decreases, a scalar field can tunnel through a potential barrier to reach the
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true vacuum of the theory. In doing so, bubbles of true vacuum are created, whose evolution
and collisions through the plasma of the Universe can generate a GWB of cosmological origin.
This chapter reviewed the main concepts related to FOPTs and their resulting GWB signal. We
then focussed on a specific type of phase transitions which typically enhances the GWB signal:
supercooled FOPTs. By using data from the first three observing runs of the IVK collaborations,
we were able to set constraints on the parameter space of supercooled phase transitions. In
addition to constraining general spectra describing supercooled FOPTs, we also considered
two concrete beyond the Standard Model particle physics models and studied the supercooled
FOPT GWB signal therein. By applying the same methodology, we were able to set limits on
the parameter space of these particle physics models. This was the first time IVK data were
used to constrain the parameter space of particle physics models directly.

Not only did the first few chapters of this work provide a complete review of the necessary
ingredients to perform GWB searches, but the subsequent chapters illustrated what was at
the core of the work during this PhD: modelling and observations. Both the data analysis
chapters as well as the chapters related to deriving implications for different astrophysical and
cosmological models reflect one of the main goals of this thesis which was to bridge the gap
between data analysis and modelling. Furthermore, those three chapters not only showcase the
quantity of potential science applications within the context of the GWB, but also the variety

of them, which makes the GWB an extremely exciting topic of investigation.

Future work

Contrarily to this PhD coming to an end, the list of things to investigate still seems never-
ending. Below, we list a few items that could be addressed in the future for each of the topics
discussed above.

As already discussed at the end of Chapter 3, several aspects need to be generalised before
the SSI method can be applied to real detector data. Some of these have been addressed
since the publication of [176], while others remain to be investigated. Before considering real
detector data, our first step is complexifying the injected signals and assessing the impact on
our method. One of the biggest challenges, however, will be related to real detector noise.
Whereas our simulated noise is Gaussian and well-behaved, real detector noise can come with
many features that could impact our search, e.g., glitches and non-stationarities. This should
be investigated, after which the method could be applied to data from the first three observing
runs of the IVK collaborations to assess the performance of our search on real data.

Additionally, the more complex modelling of our source population will allow us to make
increasingly realistic statements about the astrophysical objects that generated the astrophysi-

cal background. In particular, the duty cycle can be related to the BBH merger rate. Studying
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the merger rate within the context of SSI illustrates one of the possible synergies with the work
done in Chapter 4 and should be explored.

In addition to the interesting results provided in Chapter 4, some further generalisations
to the method described in that chapter could be looked into. The derived constraints on the
parameters describing the metallicity dependence and evolutionary times of BBH formation
were obtained assuming a specific metallicity-dependent star formation rate. However, it has
been shown in recent years that the model used in our work is oversimplified, see e.g., [243] for
a more accurate description of the metallicity-dependent star formation history. Assessing the
impact of generalising our work to other metallicity-dependent star formation rates forms an
interesting path to dedicate future work to. Nevertheless, it is important to stress that our work
provides the initial methodology that can then be applied to different metallicity-dependent star
formation rates. Furthermore, with the ongoing fourth observing run of the IVK collaborations,
updated constraints should be derived to assess how the improvements in detector sensitivity

affect our constraints.

Whether with traditional search methods as already in place within the IVK collaborations
or proposed methods such as SSI, the detection of the astrophysical BBH background will pro-
vide a wealth of information about the population of binaries that generated it. As we await
the better sensitivity of upgraded or future detectors, the methodology of combining individ-
ual detections with the detection of or upper limits on the GWB possibly forms our best hope
of capturing a glimpse of the high-redshift evolution of astrophysical quantities through GW
observations. Beyond probing the merger rate, this could also be used to probe the redshift
dependence of other distributions, e.g., the mass distribution, in an attempt to shine light on

the different properties of the binary population.

Regarding FOPTs, an abundance of options seems to be available. As pointed out in the ded-
icated chapter, the number of particle physics models exhibiting supercooled FOPTs appears to
be almost endless. It would be interesting to apply our methodology to other existing models
and investigate what part of other particle physics models’ parameter space can be excluded
using the (non-)detection of a GWB from FOPTs. Although we focussed on the resulting GWB
signal at the IVK detectors, studying FOPTs in the context of next-generation detectors such as
the Einstein Telescope and the Laser Interferometer Space Antenna are equally useful investi-
gations. This is especially true when future GW experiments probe different frequency ranges,
as these correspond to completely different energy scales at which the FOPT took place. Fur-
thermore, as mentioned in Chapter 5, the predictions for GWB spectra are evolving as more
simulation results are published. Applying our methodology to these more recent spectra and
assessing the impact on the bounds we derived for various models should be considered. In
addition, although only FOPTs were discussed in this thesis, various other cosmological sources

could have generated a GWB during the history of the Universe. Some time during this PhD
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was dedicated to the study of domain walls [61], but other sources could be investigated as
well. Studying each of these sources and the models in which these arise offers a unique and
complementary probe of the particle physics happening at the very early stages of our Universe,
unlocking the secrets of the Universe step by step.
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A APPENDIX A - SSI LIKELIHOODS

Throughout Chapter 3, various searches for GWBs were compared. In this appendix, we
provide the likelihoods corresponding to those searches. We start by giving an overview of
the likelihoods used in Section 3.3.1, i.e., applicable to white signals, and conclude with the
likelihoods for coloured signals used in Sections 3.3.2 and 3.3.3. We also remind the reader

that all likelihoods considered in this work are for stationary, white-Gaussian noise (see Eq.
(3.11)).

A.1 Likelihoods for White Signals

A.1.1 SSC-full

For white signals, we define the likelihood functions for a continuous stochastic search
(SSC-full) as [197]:

L(d|o?,,07%,0%)

N,

seg

:l_[ L exp 1 N [0' o, +8;,07 =267 0'2]
N/2 1,192 awi%gw | [ >
=1 @2n) (0202 — (02, )?) 2(0303~(02,7)
(A1)
where
o= 031 + agw, o= 022 + agw, (A.2)

are parameters describing the total auto-correlated power in detectors 1 and 2, and

Zdlh AglE—Zd2h 6-2 =N ZdlIleII’ (A.3)

are the quadratic combinations of the data from segment I that enter the likelihood function,

and i labels the time sample in data segment I. The noise variances in each detector are O'il
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and 0'312. It turns out that 62 , 62, &+, are the maximum-likelihood estimates of o, o2, agw

for segment I.

A.1.2 SSC-reduced

For a large number of samples per segment (N > 1), one can define a reduced version of
the likelihood function, which is given by [197]:

Nseg A2 . 2 2
1 (6 o)
(02,62 ,62) =] [ exp | L8| (A4)
Y oy /2rvar(62 ) 2var(62))
where 1
var(62, ) = Naf&i, (A.5)
with

(A.6)

being estimates of the total auto-correlated power in the two detectors constructed from all the
data. We expect SSC-reduced and SSC-full to perform equally well, assuming N > 1, which is

needed for the cross-correlation data to be approximately Gaussian.

A.1.3 SSI-full

For our proposed stochastic search for intermittent GWBs, we build upon the framework of
Drasco and Flanagan [111] and extend their proposed formalism to a larger number of samples
per segment (N > 1) and allow for the amplitudes to be drawn from a UIV distribution. The
likelihood takes the same form as Eq. (3.1), where the segment-dependent signal and noise

likelihoods are now respectively given by:

o
,max 1
Lidlo?),02 0%) = f do? w07 () -
5 min((05)) (2m)N (O'izo'%,l — (o} 1)2)
N A2 2 | A2 2 A2 2
X exp 57 2 2 [01,102,1 T05,01,— zab,lab,l] )
(01,102,1 —(o3,1) )
(A.7)
A2 A2
1 N[6}, &
L.(d;|o%,0%)= exp{——[i+£]} , (A.8)
n, ny N/2 2 0-2 0-2
(2m)N (a%pi) n ny
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where

=y D 0L =D = NE. 69

In the above expression for the signal likelihood, we used

ofI:a +o aglza +0 (A.10)

which are parameters describing the segment-dependent total auto-correlated power, with the
segment dependence coming from the burst variance o2 bl

Note that the segment-dependent signal likelihood requires a marginalisation over the
segment-dependent burst variances o » Which is taken into account by the appropriate use

of prior distribution, as introduced in Eq. (3.28):

( )(Gb max)l/2

n(o} {o2) = o2 )2, (A.11)
MR 31207, Jl02) -3
where
202 2
o) (o) = bmax , ol a=oi L (A12)
607 nax/ (03) —1—4/=3+ 1207 /{0}) i

are the limits of integration, which depend on the fixed (known) parameter r,;, and the (un-

. . 2
known) population-averaged variance (o).

A.1.4 SSl-reduced

Similarly to the case of SSC, one can define a reduced version of the SSI likelihood, provided
the number of samples per segment N is large. The segment-dependent signal likelihood still

requires a marginalisation over the segment-dependent burst variances O'b I

% 52 _ 12 2
b,max 1 (O' —o )
Lldil(0}),5,,,6,,) = J do}, n( (o)) = p[—z—}
LN (G V/2mvar(62 ) var(62 )
(A.13)

where the prior and limits of integration are the same as those used for SSI-full. In addition,

1
—2 y_ 1 -2 -2
Var(ab,l = NO'LIO'Z,I (A.14)
with
-2 _ =2 2 -2 _ =2 2
61, =0, t0y,, 61, =0, t0y,. (A.15)
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We estimate the white noise variances from the auto-correlated and cross-correlated power in
the two detector outputs using the full set of data:

2 _— A2 ) =2 A2 =2 A2 =2 —2 (A2 =2 A2 =2
O = UgWG(agw), G, = (6] —ogw)Q(crl —ogw), G, = (oz—agw)e(oz—agw),
(A.16)
where
j2 = 1 Ed d 52 = 1 Edz 52 = 1 Edz A.17
Oow = N 1L,Ii%2,1i » 0= N 1,Ii ° O,= N. 2,1i (A.17)
tot I,i tot I,i tot I,i

In the above expressions, 6 (x) is the usual Heaviside step function, which is defined as 8(x) = 0
or 1 depending on whether x < 0 or x > 0, and the hatted quantities (3'§W , 62, 62 are the
quadratic combinations of the data in the two detectors. This simplification is possible since

the simulated noise is stationary.

As before, the segment-dependent noise likelihood £,(d;|57 , 57 ) is given by:

A2 )2
N N (63,)
=2 =2 _ v ,
L,(dl6,,0;,)= Py exp[ TS5 er | (A.18)
no np n np

A.2 Likelihoods for Coloured Signals

The signal and noise-dependent likelihoods for SSI are specified in Section 3.2 for both the
full (infer noise parameters) and reduced (use estimated noise parameters) analyses. When
analysing stochastic bursts (Section 3.3.2) and deterministic chirps (Section 3.3.3), the segment

prior and integration bounds are specified in Eq. (3.35) and the subsequent paragraph.

A.2.1 SSC-full

For the continuous search, SSC, the full likelihood is specified by

NSeg
1
L(d 2 o2)=
oy oo =1 | | e mmagorngy—raom
M A A A
X €exp {_(P1(fk)P2(fk) _ szw(fk)) |:P1,Ikp2(fk) + Py Py (fi) — ngw,lkpgw(fk)]} , (A.19)
where
Pi(f)=P, (f)+Pg(f),  Py(f)=P,(f)+Pg(f), (A.20)
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with

o? 0'2

P, (f)= Gragn— from) P ()= m

P (f) = Qg H(f), (A.21)

and H(f) is given by Eq. (3.14) and encompasses the spectral shape. Note that the population
parameter for SSC is Q,,, the time and population-averaged energy density amplitude. In
addition, the data enter the signal evidence via the same quadratic combinations as for SSI-full

(see Eq. (3.15)), but with the cross-correlation combination now defining P, as opposed to
q & Faw 1k pPp

Py rk-

A.2.2 SSC-reduced

For SSC-reduced, we have [197]:

(A.22)

:2

Qo —2)?
L(d|Qy,, 5 M] ’

=1 ‘/27'cvar(Q )eXp |:_ 2var(ng)

where

A > Q(fk)f)gw[k
gl = Zk/Q(fk’)H(fk’) ’

are the optimally-filtered cross-correlation estimators and corresponding variances, which are

-1
var(Q,,) = (21\/1 > QUH( fk)) (A.23)
k

constructed from coarse-grained estimates of the cross-correlated power ﬁgw, x> and the optimal
filter function

H(f)
AR YTy (.29
In the above expression,
2 O, Q p O, Q 2
p = — qwhl p = — qwH A.25
' (f ) (fhlgh flow) " (f ) 2 (f ) (fhigh flow) " (f) ( )

where 6,211, 6i2 are measured estimates of the detector noise power as defined in Eq. (A.16),
and ng is related to C_’;W (also defined in Eq. (A.16)) via

-9 -1 4/3 -1
o =4 ( 3H; 1 ) (&)4/3_ (&) (A.26)
& 3 fref 1072 ref flow fhigh
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This last equation follows from the general relation between variance and power spectrum:

Fhigh Fhigh 3H?2 1 Shigh f —7/3
2 = — — o -
Oh = Jf df Pgw(f)—ﬂngf df H(f) =0 (10 ) f o (£) - @2

low low rEf

A.2.3 DSI-full

We also analyse the coloured data with DSI, our much simpler implementation of the
deterministic-signal-based search. Following [241] for two detectors, we define the DSI
segment-dependent signal likelihood to be

rmax

L (d; |7 max 07211, O'iz) ~ J

T'min

3 1(dy 1k — Peniep (15 FO)I? }

u=1,2 p”u

1
drl n(rllrmax) exp {_5(4Af) Z
k
(A.28)

where &M,Ik and ﬁchirp(r,; fi) are the Fourier transform of the data and chirp waveform, respec-
tively, with all of the other chirp parameters assumed to be known a priori. In the above signal
evidence, we are marginalising over the segment-dependent source distance r;, which is drawn
from a UIV distribution 7t(r;|r,.) as given by Eq. (3.24).

By taking ﬁchirp(r, ; fi) = 0, i.e., corresponding to no signal in the data, the corresponding
segment-dependent noise likelihood is

L,(d|o?,0%)~ exp{—%(4Af)Z Z Bl } (A.29)

k wu=1,2 nu

A.2.4 DSI-reduced

For the reduced implementation, we substitute the noise parameters with the auto-
correlated power estimates which gives,

rmax

d c1r 3 2
L,(d)rgn 62,62 )oc | dry ﬂ'(rflrmax)eXp{——HAf)Z > (e = Ry 113 1) }

pu=1,2 P”u

T'min

(A.30)
and

d 2
£,(d|62 ,62) o< exp {—%(mf)z Z | “”‘l } (A.31)
k u=12

"u

for the segment-dependent signal and noise likelihoods, respectively.
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B APPENDIX B - BBH TIME DELAY

B.1 Data

In this appendix, we provide more detailed information regarding the exact inputs to our
analysis in Chapter 4. In our analyses, we include the BBHs of the GWTC-3 catalogue [17]
detected with a false-alarm rate (FAR) below 1 yr . In the GWTC-3 catalog, there are two
events, GW190814 [13] and GW190917, that are possibly BBHs but which are known to be
outliers with respect to the bulk binary population [17]. We do not consider these two events,
leaving 69 BBHs to be included in our analysis. Publicly-available parameter estimation sam-
ples are used, which are provided by the GWOSC' [10, 225, 254] and/or Zenodo. We use
the “Overall posterior” samples” for GWTC-1 events [5], use the “PrecessingSpinIMRHM” sam-
ples for events from GWTC-2 [14]°, and use use the “C01:Mixed” samples* for new events in
GWTC-3 [17]. These contain the combination of parameter estimation samples from several
waveform families, each of which include the physical effects of spin precession. We note that
the GWTC-2 and GWTC-3 samples additionally include higher-order mode content, whereas
GWTC-1 samples, in contrast, do not.

In our analysis, injected signals are used to characterise selection effects, as given by
Eq. (4.17). We use the injection set” detailed in [17], labeling injections as “found” when they
are recovered with FARs below 1 yr ! in at least one search pipeline. However, the injections
for the O1 and O2 observing runs do not have associated FARs, only network SNRs p. We
therefore consider them “found” if p > 10.

In addition, for the joint analysis using both direct detections and GWB constraints at cur-
rent O3 sensitivity, we use the results of the search for an isotropic GWB following the IVK O3
observing run® [19]. Note that we only consider the LIGO Hanford — LIGO Livingston baseline,
since the LIGO-Virgo baselines have negligible sensitivity to CBC signals.

https: //www.gw-openscience.org/
2https://dcc.ligo.org/LIGO-P1800370/public
3https://dcc.ligo.org/LIGO-P2000223 /public
“*https://zenodo.org/record /5546663
Shttps://zenodo.org/record /5636816
Shttps://dcc.ligo.org/LIGO-G2001287 /public
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B.2 Results with an Alternative Star Formation His-

tory

In order to turn GW observations into constraints on evolutionary conditions (their metal-
licity dependence and time delays) of BBHs, it was necessary to assume an underlying global
SFR. In the main text, we used the [188] model, but the global SFR remains highly uncer-
tain, and thus represents a source of systematic uncertainty in our analysis. In this section, we
explore this systematic uncertainty by repeating our analyses under a different model for the
global SFR. We find that our conclusions in the main text remain robust under such alternative
assumptions.

We consider a global SFR as given by [255]:

exp(b(z —z,)) (B.1)

R*(Z) < a—b+b exp(a(z _Zo))’

where a = 2.8, b = 2.46, and z, = 1.72. We show an example of the corresponding merger
rate R(z) and the expected Q(f) spectrum in Figures B.1 and B.2, in analogy to Figures 4.1
and 4.2 in the main text. As the parameters of the underlying distributions are varied, both the
merger rate R(z) and the Q(f) spectrum vary similarly to the ones discussed in the main text.
We therefore refrain from providing a detailed discussion here about the various parameters,

and refer to the main text for more details.

—_
ja)
—

Arbitrary Units
=

—1n-1
/I\T 10 KR = -2, Zlnax = 10_2Z®
53 Kk =-1, Zm = 10727,
10_2 H/ — _27 ZIllaX — ZO
KR = -1, Zlnax = Z@
0 9 4 6 8 10

Redshift z
Figure B.1. As in Figure 4.1, but using an alternative global SFR given by [255].
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Figure B.2. As in Figure 4.2, but using an alternative global SFR given by [255].

Using this alternate SFR, we repeat our inference of the BBH metallicity dependence
and time-delay distribution, using both black hole detections in GWTC-3 and the latest
constraints on the GWB. The results are effectively identical to those shown previously in
Figure 4.3 using the [188] SFR model. We therefore do not show them here. Instead, we will
look ahead to constraints possible with future A+ LIGO instruments, as in Section 4.3.2.

Similarly to the analysis in the main text, we report the posteriors for the joint analysis
using both direct detections and GWB constraints using the [255] SFR for a simulated GWB at
A+ sensitivity, both detectable and undetectable. The analogue of Figures 4.6 and 4.9 in the
main text are reported in Figures B.3 and B.4. Comparing these sets of figures, we see that our
qualitative results show little dependence on the exact model used for global star formation.
Once more, we see that an undetectable GWB at A+ sensitivity results in strong constraints on
the slope of the time-delay distribution, but leaves the metallicity and the minimum time-delay
parameters unconstrained. Conversely, a detectable GWB at A+ sensitivity still results in larger
regions of the metallicity and minimum time-delay parameter space being excluded, and shows
support for larger negative values of the slope of the time-delay distribution. Therefore, also
with the SFR given in [255], both cases at future Advanced LIGO A+ sensitivity would yield
distinct and complementary information about the environment in which binaries formed and
their evolution throughout time.

In addition, our choice of model for the cumulative metallicity of star formation, as given
by Eq. (4.2), represents a similar systematic source of uncertainty. Future work will explore

how variations in metallicity models similarly impact our conclusions.
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Figure B.3. Posterior on the slope of the time-delay distribution x, the metallicity threshold
Z™ and the minimum time-delay parameter tg‘i“ for the joint analysis using both direct de-
tections and GWB constraints at Advanced LIGO A+ sensitivity, in the presence of a detectable
GWB. The dashed black lines represent the 1D histograms for the joint analysis on data from
the first three observing runs, for reference. We note that there is more support for larger neg-
ative values of the slope of the time-delay distribution x, and note that smaller values of the
metallicity parameter Z™* and the minimum time delay tg‘i“ are favoured. In addition, we
point out the complementarity of these constraints with the case of an undetectable GWB at
A+ sensitivity, as reported in Figure B.4.

B.3 Additional Distributions and Priors

In addition to the mass and redshift distribution described in the main text, we provide the

assumed distributions for the spin magnitudes and spin-orbit tilt angles. These are modelled
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Figure B.4. Posterior on the slope of the time-delay distribution «, the metallicity threshold
Z™ and the minimum time-delay parameter tg‘i“ for the joint analysis using both direct detec-
tions and GWB constraints at Advanced LIGO A+ sensitivity, in the presence of an undetectable
GWB. The dashed black lines represent the 1D histograms for the joint analysis on data from
the first three observing runs, for reference. We note that large negative values for the slope of
the time-delay distribution «k are disfavoured, and the support at larger values of the metallicity
parameter Z™ and the minimum time delay tg‘in. In addition, we point out the complemen-

tarity of these constraints with the case of an detectable GWB at A+ sensitivity, as reported in
Figure B.3.

as truncated Gaussian distributions [69]:

2 e—(;(,-—,ux)z/ZUf(

no2 1y, w, Y
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where u, stands for the mean of the distribution, 0')2( for the variance, and

2 e—(cos 6;—1)? /203
n(cos 6;) = 4 5 >
o —2
et

where the mean is assumed to be 1, and the variance 03 is inferred from the data.

(B.3)

Furthermore, we provide a list of priors used for the parameter estimation performed in the
context of Chapter 4 in Table B.1.

Mass distribution

Parameter Prior Minimum Maximum
My /Mg Uniform 5 15
Mpigh/ Mo Uniform 50 100

Um/ Mg Uniform 20 50
/Mg Uniform 1.5 15
Speak Log-Uniform 1073 1

SMyyy/ M, Log-Uniform 107! 1003

& Myign/ Mo Log-Uniform 1003 10%°

Parameter Prior Mean Standard deviation

a Gaussian -2 3
By Gaussian 0 3
Time-delay distribution
Parameter Prior Minimum Maximum
Ret/M, 'Gpc yr~" | Log-Uniform 1072 10
zmax /7 Log-Uniform 107* 1
t7" /Gyrs Log-Uniform 1073 1
Parameter Prior Mean Standard deviation
K Gaussian -1 3
Spin distribution

Parameter Prior Minimum Maximum
U, Uniform 0 1
o, Log-Uniform 107! 1
o, Uniform 0.3 2

Table B.1. Prior choice for the hyperparameters describing the mass distributions, the time-
delay distribution and the spin distribution.
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B.4 Computation of Q(f)

The computation of the expected Q(f), given a set of hyperparameters A, can be written as
in Eq. (4.5) in the main text. We recall that this depends on the average energy <fi—§:> radiated
by each binary, given by Eq. (4.6), where the integration is performed over the masses m;
and m,. Therefore, including the integration over redshift, the computation of the expected
Q(f) requires the evaluation of a three-dimensional integral. Numerically, the integral can be
evaluated on a grid, resulting in a fairly inefficient and slow implementation of the computation.
Alternatively, one can rely on a Monte Carlo integration technique to evaluate the integral,

where one relies on averaging many individual draws of the population.

In our implementation of this approach, N samples are drawn from a uniform distribution
at the start of the computation for each of the parameters z, m,, and m,. We denote the i-th
parameter draw as ¢' = {z',m!,m.}. We proceed by computing the energy spectra dE,/df,
for each of these parameter draws and label these dESi /df,. However, we want to compute
the Q(f) for the population corresponding to the distributions described in the main text, with
hyperparameters A. We therefore rely on reweighting dEsi /d f, given some hyperparameters A.
Schematically, the computation takes the following form:

N i
(f) ~ %Zw% (B.4)
where the average is taken over the number of sample draws N, and the weights w; are defined
as ‘ .
_REDA+2)HE)T ¢(my)  p(my)
a Pdraw(2) Pdraw(mil) pdraw(m;) '

The pg,.., distributions represent the uniform distributions used to make the initial draws of

(B.5)

i

the parameters ¢', whereas the numerators denote the distributions we are reweighting to,
characterising the population corresponding to a set of hyperparameters A for which we want

to compute the Q(f) spectrum.

In order to show the convergence of the Monte Carlo average, we show the Q(f) spectrum
computed by performing the integral explicitly and compare it to our implementation for sev-
eral values of the number of initial draws. The results are displayed in Figure B.5. Note that
although the results are only shown for one set of hyperparameters, i.e., one specific distribu-
tion, and therefore, one Q(f) spectrum in the plot, tests were performed on various other dis-
tributions to verify convergence. In general, a value N = 20000 approximates the full integral
computation well in the frequency range of interest for GWB searches with the IVK detectors,

with relative errors of O(10~! —1072). Therefore, throughout our work, we use N = 20000
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when computing the Q(f) spectrum with the Monte Carlo averaging procedure.
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Figure B.5. Convergence of the Q(f) spectrum using the Monte Carlo average approach, compared to the computation evaluating
the integrals in Eq. (4.5) directly. The black line denotes the Q(f) spectrum computed using by evaluating the integrals numerically
on a grid, whereas the red dashed lines show the result of the Monte Carlo approach for different numbers of sample draws. For
illustrative purposes, several numbers of sample draws N are used in the Monte Carlo average, namely 1000, 5000, and 20000. It
was found that N = 20000 approximates the Q(f) spectrum well enough.
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